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Preface

Physics is guided by simple principles, but for many topics the physics tends to be obscured in
the profusion of mathematics. As interactive software for computer algebra, Maple' can assist
educators and students to overcome the obstacle of mathematical difficulties. The objective
of this book is to introduce Maple both for teaching and learning physics by taking advantage
of the mathematical power of symbolic computation, so that one can concentrate on applying
the principles of setting equations, instead of technical details of solving equations.

Most physics textbooks were written before advanced computer software became conveniently
available. The conventional approach to a topic places emphasis on theory and formalism, de-
voting many paragraphs to performing algebraic operations in deriving equations manually;
other than some well known examples, most applications of theory are omitted. One reason
that those examples are well known is that they admit analytic solution: they typically rep-
resent simplified situations that generally fail to fully reflect the reality. In most situations,
analytic solutions simply do not exist, and one cannot proceed without the assistance of a
computer. Although some books have sections discussing numerical methods, many of them
contain just the theory of numerical methods, and one is required to possess programming
skill for practice; this part is hence generally neglected. Essentially all experiments in physics
measure numbers, so any formulation must eventually be reducible to numbers. Under a con-
ventional curriculum, a student’s ability to calculate and to extract numerical results from
the formalism is somehow inadequate. The result is not surprising: a student may be weak
in those areas, and he or she thus achieves only partial comprehension because of technical
difficulties.

Maple can remedy some deficiency or weakness in traditional training. Using Maple, one
can manipulate equations and diminish tedious paper work that distracts from the main focus
of learning physics. It is particularly useful in problems that require extensive calculations,
such as problems in calculus involving the chain rule, change of variables, and integration
by parts. Maple is such a powerful software that an educator can introduce more advanced
topics without being restricted to the presumed mathematical background of students, and a
student can explore more advanced applications without fear of mathematical difficulty. From
an analytic solution one can obtain numerical results by substituting numerical values. For
equations that admit no analytic solution, one can, in practice, solve them numerically if
proper initial conditions are supplied. An important feature of Maple is that it can produce

TMaple is a registered trademark of Maplesoft, a division of Waterloo Maple Inc.;
see http://www.maplesoft.com.
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Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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instant graphics to serve as a visual guide, which is generally the best way to understand the
underlying physics.

Take the Bessel functions as an example: many students and even researchers find these so-
called special functions alien, despite their frequent recurrence in diverse branches of physics.
One reason is that the treatment of Bessel functions requires numerical methods, with which
not everybody is adequately familiar. Many physicists have never produced a number from
such functions, and a worked example of expansion in Bessel functions is lacking from most
commonly used textbooks. Can we imagine a student learning the relations for the trigono-
metric functions and Fourier series without ever producing a number? Maple reduces routines
of the Bessel functions to a simple command, which spares one from a tedious and protracted
process of programming and debugging, and can produce plots interactively. The most effec-
tive way to learn such functions is to practise them, by calculating the expansion coefficients,
similar to those in the Fourier series, and observing the graphical output. Maple can serve not
only for pedagogical purposes: in practice it is much more convenient to evaluate coefficients
for expansions in orthogonal functions with a computer than it is by long manual calculations.

There already exist many books on Maple, which indicates that Maple is a common but intrin-
sically complicated software. Maple contains literally thousands of commands and operators,
from the most elementary to the quite complicated. Few people are proficient in every aspect
of this software, not even the author! The purpose of this book is to use basic commands in
Maple, so that one is not daunted by the software itself, to demonstrate what can be accom-
plished. From worked examples, a reader can develop a sense of knowing which problems
are amenable to the assistance of Maple. This book is not intended for someone who seeks
to explore diverse Maple commands; on the contrary, we generally limit ourselves to basic
ones. Although Maple is a powerful software, it is not the only tool nor is it the perfect tool
in mathematical physics. For some problems Maple can be of tremendous help, whereas for
others an alternative approach might be more appropriate. Identifying the types of problem
that are well suited to the capability of Maple is an important skill, and it is the main purpose
of this volume.

This book is organized according to the fields of physics, covering classical mechanics, elec-
tromagnetism, relativity, quantum mechanics and statistical mechanics. We select problems
that we consider suitable for Maple, and each is representative of its kind so that one can
modify and adapt a worksheet for a similar problem. Our philosophy of solving problems is
to apply Maple’s capability to attack the mathematics in a direct fashion, so that we avoid di-
gression into intricate mathematical manipulation. Because most problems admit no analytic
solution, we particularly emphasize forming plots based on numerical solution. A graphic pre-
sentation of a solution provides the most enduring impression, and by experimenting through
varying values of parameters and observing the graphic output, one can develop a sense of
intuition and order of magnitude. A strong physical intuition toward a problem is arguably the
most important asset of any physicist or engineer.

In our presentation, the relevant formulation precedes each problem; we devote particular at-
tention to subjects that are less commonly presented in conventional textbooks but are crucial
for computation. Mathematical formulas of the problem and results of calculations are out-
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lined, omitting the details of intermediate steps. Our intention is to guide the reader with a
clear mathematical objective through conventional equations and their symbols. The omitted
portion of calculations is listed in the attached Maple worksheet, with a short explanation if it
is not self-explanatory. In a worksheet, we attempt to perform most calculations using basic
Maple commands. Other than using a “FOR” loop in some examples, we do not explicitly uti-
lize the programming ability of Maple. In some situations, rearrangement and simplification
of an expression are done manually; we avoid unnatural steps in Maple that might confuse
readers. For most physical problems an alternative solution is practicable: we emphasize
directness and consistency, not elegance.

Maple is interactive software, thus presenting worksheets in a static form constitutes a great
challenge. Because the feature of this book is to use simple commands to solve physical
problems, most Maple plots are generated in the default mode. Without optional commands to
refine the plots, some of them might appear less satisfactory. Our compromise is based on our
contention that commands purely for graph ornamentation are less important and potentially
distracting for the purpose of this book. When one tries the worksheets on a computer, it
is easy to discern the plots. In the same spirit, we believe that no matter how detailed the
worksheet may be, the best way to learn Maple is to experiment with examples, and in this
process one naturally learns the commands which are new or unfamiliar to one when first
encountered in printed pages. Additionally, one should take advantage of the comprehensive
index of Maple commands used in this book, which greatly facilitates learning by examples.

The first chapter is an illustration of basic algebraic operations with Maple, through their
application to physics. Because most Maple commands are easy to understand, we hope that,
even if one is unfamiliar with this software, one can follow those examples and develop a
sense of the potential of Maple.

We begin our treatment of classical mechanics with oscillatory motion. Problems such as
solving a system of equations and solving differential equations with constant coefficients,
can be readily accomplished with Maple. We then introduce Lagrangian mechanics: this topic
provides a perfect example for which Maple can be of great assistance. The required mathe-
matics involves finding a function that extremizes an integral: this type of problem is called
the calculus of variations, and calculations are typically extensive even for simple systems.
We develop in Maple a method to derive the equation of motion without invoking an external
library. We further use Maple’s capability of solving differential equations, symbolically or
numerically, to find the actual motion of a particle. With this method we can practically solve
any problem in classical mechanics for which the Lagrangian function is known.

A chapter on expansion in orthogonal functions serves as a preparation for subsequent chap-
ters. We start with the Fourier series; a task such as calculating the Fourier coefficients is a
particularly valuable application of Maple. There is an even greater benefit in using Maple for
expansions involving other orthogonal functions, most notably the Bessel functions: the latter
topic is a common weakness among students. We present in detail many worked examples to
demonstrate Maple’s great utility for this purpose.
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We then proceed to consider electromagnetism in static conditions. The fundamental concern
of electromagnetism is to solve Maxwell’s equations, and much of any course on this subject
is devoted to vector calculus. To calculate an electric field and a magnetic field, we can
perform integration directly from Coulomb’s law and the Biot—Savart law. With Maple, we
can concentrate on the physics, such as distinguishing the coordinates of the source point and
the field point, and their separation, instead of properties of elliptic integrals. Maple provides
the necessary operations such as gradient, curl and divergence in curvilinear coordinates, so
that one has a minimal impediment of mathematics in learning the physics. We also introduce
the theory of potential and harmonic functions, which is a direct application of expansion in
orthogonal functions.

A chapter on circuits involves applications of solving a system of algebraic and differential
equations, a topic similar to oscillatory motion. In that chapter we further use Maple’s capa-
bility of complex numbers to treat problems of alternating-current circuits.

In our discussion of waves and optics, because a wave function contains both spatial and
temporal components, Maple excels in producing animations that allow visualization. From
simple motion and standing waves to advanced topics, such as a dispersion relation, which is
important in quantum waves, animations illuminate both the spatial and temporal properties of
waves. Physical optics involves the addition of waves: we approach this topic using Maple’s
graphic ability to display the final amplitude of waves in various combinations; Maple is
certainly also capable of handling the summation of trigonometric functions.

Progressing to special relativity, while we recognize that the mathematics required in basic
problems of special relativity is not particularly complicated, confusion arises from muddling
between inertial frames. We avoid devious arguments, such as switching the frames of ob-
servers, and use Maple’s capacity to solve equations so as to attack a problem directly.

After a short introduction to quantum phenomena, we present three chapters on quantum
mechanics. This arguably most important topic comprises diverse elements of mathematical
techniques. Most of the known solutions of prototypical problems are special functions, and
Maple supports essentially all of them. In problems involving a piecewise-constant potential,
one encounters transcendental equations; because a solution must be obtained from a graphical
or numerical method, this topic is commonly ignored in conventional teaching. We offer
several examples of this kind. We devote one chapter to quantum statistical mechanics, in
which we extensively employ Maple to perform improper integrals exactly or approximately.

General relativity concludes the book. As stated above, physics is guided by simple principles:
general relativity is the consummate example. Tremendously tedious calculations involving
geometry in curved space contribute to a popular misconception that relativity is difficult.
Maple allows one to perform these calculations so that one can focus on the elegance of phys-
ical ideas rather than being overwhelmed by mathematics. We deem this chapter particularly
appropriate to end our book because it so clearly reflects our philosophy.

Niels Bohr felt that he never understood philosophical ideas until he had discussed them with
himself in German, French and English, as well as in his native Danish. Because subtleties
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typically arose during translation, he had to ponder the details so as to achieve a thorough mas-
tery of the subject. Analogously, when we use Maple to solve a problem, we must translate
the problem into a computer language. Unlike in a written or spoken language in which minor
flaws might not impede communication, computer language requires accurate and precise in-
put to produce the correct results. In this process we are compelled to examine the underlying
physics in every layer. We believe that, through consideration of significant physical prob-
lems with computer software such as Maple, a student’s understanding of physics is greatly
strengthened.

Frank Y. Wang

New York City, August 2005
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The objective of this book is to enable a student to apply computer algebra to physical prob-
lems; most of these problems fall between intermediate and advanced undergraduate level, for
a student who has completed general physics and calculus courses. By solving problems with
Maple, one strengthens their physics knowledge, and acquires computer skills.

A trend in recent years for many physics textbooks is the inclusion of computer-related topics.
For instance, the third edition of Classical Electrodynamics by Jackson, published in 1999,
contains the following paragraph on page vii:

Because of the increasing use of personal computers to supplement analytical work
or to attack problems not amenable to analytic solution, I have included some new
sections on the principles [Jackson’s italics] of some numerical techniques for elec-
trostatics and magnetostatics, as well as some elementary problems. ... The aim is
to provide an understanding of such methods before blindly using canned software
or even Mathematica or Maple.

There already exist numerous books on the exposition of the principles such as Jackson’s;
therefore, we focus on the implementation of the principles. Our book is intended for use in
conjunction with standard traditional textbooks, see the Bibliography for a listing, on which
we rely, but we avoid repeating their formal theoretical treatment. In the context of university
physics education, we characterize our book as a supplement to introductory and intermediate
courses, and a preparation for graduate studies.

From the point of view of both depth and breadth, we include more material in this book
than an instructor can cover in one semester. To exploit the power of computer algebra, we
select some difficult topics that are conventionally encountered in advanced courses. Never
should a student feel discouraged — this book is packed with challenging problems and lengthy
calculations. The exact analysis of real physical problems is usually complicated, (which
constitutes the core of advanced courses), and because conventional teaching is restricted
by the assumed mathematical background of students, most problems are set in an artificially
idealized condition. With Maple one is empowered to pursue a more realistic situation beyond
oversimplification. Even if a reader does not understand everything at once, it does not prevent
them from experimenting with the worksheets to discover how they work, and in this process
one begins building up the foundation for their advancement of knowledge in later years. The
most important aspect for every topic is to discern the central physical ideas.

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Many exercises at the end of a chapter are sophisticated: they serve to provide additional
information to the main text and to whet a student’s appetite for advanced topics. One is not
expected to be able to solve all of them, but nonetheless one should grasp the central ideas.
Furthermore, identifying a problem for which solution with Maple is suitable is as important
as solving that problem; for all chapters, an open-ended question is provided for the reader
to discover problems from physics textbooks, and to create their own exercises by developing
Maple worksheets to illustrate the advantage of an approach with computer algebra. Such an
exercise provides research projects of infinite variety. The reader is strongly encouraged to
export a Maple worksheet as html text, and to establish a website to display it or to submit it
to the Maple Application Center at www.mapleapps.com for publication on the internet, so
as to make it available to a wide audience.

Few textbooks are meant to be taught or read from cover to cover. To adopt this book for an
integrated course, we classify chapters into five units. We recommend an instructor to follow
Unit 1 first, then to select topics across other units according to students’ backgrounds to tailor
a suitable curriculum. Each unit also corresponds to an individual course typically offered in
a physics department; it is practical for an instructor to adopt a unit as a supplement to a
respective course.

Unit 1 General Physics

Chapter 1 H Chapter 2 H Chapter 9 H Chapter 11 H Chapter 13

This unit is suitable for students who have completed introductory physics courses: it delivers
core skills such as solving equations, trigonometry, calculus, differential equations, complex
numbers and computer graphics, through direct applications to physics. Chapter 1 alone serves
as a comprehensive introduction to computation: the author has adopted it as one session in
a required laboratory course and many students became instantly fascinated by the power of
computer algebra and desired to explore this subject further.

Unit 2 Classical M echanics

Chapter 3 H Chapter 4

This unit is suitable for students who have completed, or are studying, classical mechanics at
the level of Marion and Thornton.! We emphasize skills for the Lagrangian formulation of
mechanics, which is indispensable for a student who intends to pursue advanced study in an
area such as quantum field theory.

Unit 3 Electromagnetism

Chapter 5 H Chapter 6 H Chapter 7 H Chapter 8 H Chapter 10

13, B. Marion and S. T. Thornton, Classical Dynamics of Particles and Systems, 4th ed., Fort Worth: Saunders
College Publishing, 1995.
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This unit is suitable for students who have completed, or are studying, electromagnetism at
a level of Griffiths.> We utilize Maple’s features on special functions and vector calculus for
problems that require extensive calculations.

Unit 4 Quantum Mechanics

‘ Chapter 14 H Chapter 15 H Chapter 16 H Chapter 17

This unit is suitable for students who have completed, or are studying, quantum mechanics at
the level of Gasiorowicz.> Employing Maple’s great strength in differential equations, special
functions and graphic ability, we systematically treat canonical problems based on wave me-
chanics. Chapter 17 on quantum statistics is applicable to a higher-level course on statistical
mechanics, but prerequisites are minimal because the main difficulty of this topic is tedious
mathematics for which Maple is particularly amenable.

Unit 5 Relativity

Chapter 12 ‘ ‘ Chapter 18

This unit is suitable for students who are interested in relativity, which typically occupies
an elective course, although most students have exposure to special relativity in courses on
electromagnetism, classical mechanics or modern physics. Chapter 18 on general relativity is
the subject of numerous books at advanced level; our concise outline of the theory serves as a
guide for the study of relevant literature, and our Maple worksheets provide concrete examples
of actual calculations of tensor analysis that is generally presented abstractly.

sk sk sk ok sk

A reasonably capable student should find this book a valuable companion throughout all the
years of their undergraduate studies: it reinforces understanding of topics and courses previ-
ously encountered in only a traditional format, and enables one to employ computer algebra
and associated powerful graphics to attack research problems.

Using a computer with a projector, the author has demonstrated the use of Maple during lec-
tures in a classroom; we perform calculations using Maple, and defer or skip lengthy algebraic
manipulation so that we maintain the focus of students on underlying physical principles. By
introducing a topic with results generated almost instantly with Maple, we provide a preview
of what a subsequent standard derivation on a blackboard eventually yields. For this pur-
pose, graphic output allows an instructor to display a plot or an animation, which is far more
efficient, accurate and illuminating than a manual sketch.

The Maple worksheets are available at
http://faculty.lagcc.cuny.edu/fwang/maplebook and
http://www.wiley-vch.de/publish/en/books/ISBN3-527-40640-9/,

and the author can be reached at fw@phys.columbia.edu.

2D. J. Griffiths, Introduction to Electrodynamics, 3rd ed., Upper Saddle River, NJ: Prentice Hall, 1999.
3S. Gasiorowicz, Quantum Physics, 3rd ed., New York: Wiley, 2003.
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Physics with Maple

Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co.

In this chapter we offer a brief introduction to Maple and its application to physics. We
demonstrate Maple’s capabilities in algebraic manipulations, graphs and calculus. Applying
basic principles in mechanics to set equations, we employ Maple to solve physical problems;
our approach is to learn Maple commands directly from working examples.

11

Overview

Maple is software for symbolic computation. With conventional software, calculations are
restricted to numerical values, but Maple can manipulate symbolic expressions. For the most
basic usage, Maple serves as a numeric calculator, as in the following examples. Using Maple
to do numerical computations is straightforward: at the prompt sign >, one enters an expres-
sion, and terminates the input with a semicolon to have the result of a calculation displayed.
A reader will best learn from this book by using his or her computer to try the examples; one
should attempt to deduce the meaning of each command line before executing a calculation.

Worksheet 1.1
> 2%3 + 4/2;
> 2%(3+5)/4;
>  27100;
> sqrt(179.0);

4/5 + 8/15;

evalf (%) ;

1267650600228229401496703205376
13.37908816

4
3

1.333333333

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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> sqrt(-4);
21

> Pij;

> evalf(Pi, 20);
3.1415926535897932385

> exp(Pi);

>  evalf(%);
23.14069264

> Pi~exp(1);
()

>  evalf(%);
22.45915771

The first calculation obviously is to find 2 multiplied by 3, plus 4 divided by 2, and the result
is 8; the precedence of arithmetical operations, such as multiplication before addition, follows
convention, but parentheses can be applied as desired to impose another order of operations,
such as the second example 2% (3+5) /4. The third calculation contains a caret (~), which is
Maple’s notation for exponentiation, in this case to find 2 to the one hundredth power; the
answer is displayed in 31 digits. To facilitate readability, spaces can be used liberally in an
input command, but naturally not within a number or name.

Most Maple commands are self-explanatory. The command sqrt (179.0) serves to evaluate
the square root of 179.0, which is 13.379. The most efficient way to learn a Maple command
is to use the online help facility; to invoke help, one types a question mark followed by the
name of the command.

?command

For instance, one can type ?sqrt to discover additional information about this command. In
most cases the help facility provides examples of usage. A rule of thumb is hence that, when
one examines a worksheet that contains an unfamiliar command, one simply seeks help to
elucidate the meaning.

An important feature of symbolic computation is shown in the calculation
4 8 4

5715 3

Maple can perform it without converting fractions to decimals, and automatically simplifies
the resulting fraction. A fraction is an exact quantity, and this calculation shows Maple’s abil-
ity to perform exact computations. To obtain an approximate numerical result as a decimal

number, we use the evalf command, which stands for “evaluate using floating-point arith-
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metic.” The evalf command converts a fraction to its approximate value in decimal form. To
learn more about this command, enter 7evalf. The character % denotes the “ditto” operator,
which recalls the previous result. The approximate value for 4/3 is thus 1.333 .. ..

Maple can handle complex numbers. In the example sqrt(-4), Maple returns 2/. The
symbol I is a default character in Maple that denotes the square root of minus one, that is

[=y1.

Maple defines standard mathematical constants, such as 7 for the ratio of the circumference of
a circle to its diameter, and e for the base of natural logarithms. Some characters and words are
reserved in Maple because they have initially defined meanings for the system. For example,
the letter I we have just seen to denote v/—1, or Pi stands for . We leave it as an exercise for
readers to type 7P1i to find more information about Maple’s reserved words. Because Maple is
case sensitive, we must ensure proper capitalization when calling these constants. As reserved
words, such as evalf and Pi, have special meaning, we should refrain from using them for
other purposes. Like any fraction, 7 is an exact quantity; to find its approximate value to a
specified number of digits, such as 20 in the example shown, we employ the evalf command.

The exponential function e [or exp(z)] is represented by the Maple function exp(x). To
invoke the number e, one should type exp(1), or exp(1.) for its decimal approximation.
We perform calculations to determine which value is greater — e™ or 7°, and the reader can
answer this question from the Maple output.

Maple can do far more than basic numerical calculations. With further examples we demon-
strate simple symbolic calculations and plotting capabilities.

Worksheet 1.2

> restart:
> g = (x+1)73;
g:=(z+1)°
> g*(x+3);
(z+1)% (z +3)
>  expand(g);
22 +322+3zx+1
> expand (%%) ;
zt+ 623 +1222+ 102 + 3
a*x~2 + b*x + c = 0;
Eql :=az’+bx+c=0
> Eq2 := solve({Eql}, {x});

e {x_—b+\/b2—4ac} { _—b—\/b2—4ac}

2a B 2a

> Eql :
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> solve({al*x + blxy = cl, a2*x + b2*y = c2}, {x, y});
{ b2 cl — c2 bl —a2cl + al 02}

YT b+ a1 b2 Y T "a2bi + a1 b2
> plot(x~2 + 4*x + 4, x=-5..5);

40-
30
20

10

> plot3d(x~2*sin(x-y), x=-Pi..Pi, y=0..1);

In this worksheet, we begin with a command restart, which clears previous assignments
from the computer memory. In succeeding worksheets, we omit listing this command
restart, but it is important to execute this to avoid interference from preceding calculations
in the same session.
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To assign a Maple expression to a name, one uses this syntax.
name = ea:pression M

In the example g := (x+1)"~3;, we assign the expression (z + 1)% to a symbol g that
becomes the name to represent that expression. We can then manipulate the expression
(x +1)3 with a shorthand notation g, such as multiplying by another expression, or expansion
using the command expand. To recall the previous result but one, we employ a double ditto
operator %%; in this example we expand the expression (z + 1)3(z + 3) symbolically.

We can also specify a name for an equation: in an example we assign the general form of
a quadratic equation to Eql. We next introduce one of Maple’s most important commands
solve. This command is a general-purpose equation solver; it takes a single equation or a
system of equations and attempts to solve exactly for a specified unknown or unknowns. To
solve a single equation for a single unknown, the syntax is shown in the worksheet. To solve a
system of equations, we provide equations in a set separated by commas within braces {. . .},
and instruct to solve for unknowns in a set also specified within braces.

Graphical presentation of a mathematical function generally provides the most illuminating
way to understand properties of that function. To plot an explicit function of a single variable,
one specifies the expression and the corresponding domain to the plot command. In the
example above, we plot the equation y = x? + 42 + 4, with a domain of x from —5 to +5.
This two-dimensional plot is the most elementary form. For more elaborate effects, such as
line style, title, legend, and so forth, one can find information by invoking ?plot [options].
We can plot a function of two variables as a surface in three-dimensional space, with the
plot3d command for an expression f of z and y. In our example, we plot the equation
z = 2? sin(z — y), for x from —7 to , and for y from 0 to 1.

Solving problems in calculus is a practical application of Maple. We offer the following
worksheet to demonstrate Maple’s capability in this subject.

Worksheet 1.3
> y := sin(4#*x)*cos(x);
y := sin(4 x) cos(x)
> Eprl := diff(y, x);
Eprl := 4 cos(4 z) cos(x) — sin(4 z) sin(z)
> Epr2 := diff(y, x$2);
Epr2 := —17sin(4 x) cos(z) — 8 cos(4 x) sin(z)

> plot([y, Eprl, Epr2], x=-5..5, legend=["y", "Eprl", "Epr2"]);



1

y
Eprl
Epr2
int(a + b*x + c*x~2, X);
I ba? I ca’
G ap H —— 4 ——
2 3

int(csc(x), x);
—In(esc(x) + cot(x))

Int(1/(a~2+x~2), x);
1
/7(12 e dx

value (%) ;

a5
arctan (— )
_ \Na/

a

Epr3 := -x72 + 7*x - 10;
Epr8 .= —22 4+ 7z — 10

plot (Epr3, x=0..8);

Introduction



1.1 Overview

10 ]

-15 ]

> int(Epr3, x=2..5);

> Eq4 := diff(u(t),t$2) + 5*diff (u(t),t) + 6*xu(t) = 0;

Bgj = (£ u(t)) +5 (% u(t)) +6u(t) =0

> dsolve({Eq4, u(0)=0, D(u) (0)=1}, {u(t)});
u(t) = _e(_Bt) _|_ e(_2t)

> soln := rhs(%);

soln := —e(=31) 4 (=21

> plot(soln, t=0..5);
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0.14-
0.12-

0.1-
0.08 -
0.06 -
0.04 -

0.02%

R S R

The commands for differentiation and integration are readily recognizable from the above
examples. The syntax to find %f(x) is diff (£(x), x). A sequence operator $ is useful
for higher-order derivatives; for example, to find the second derivative of f(x), we write
diff (f(x), x$2). We first assign the expression sin(4x) cos(z) to a name y, then find its
first and second derivatives with Maple’s diff command. We obtain

. sin(4x) cos(z) = 4 cos(4x) cos(z) — sin(4x) sin(x),

d2

) sin(4x) cos(z) = —17 sin(4x) cos(x) — 8 cos(4x) sin(x).
When we specify multiple functions separated by commas within square brackets to plot,
we present them in the same plot. Maple provides several structures for collections of items,
including sequence, list and set. Items in a sequence are simply separated with commas.
Such a sequence enclosed within square brackets [...] becomes a list, and enclosure of a
sequence within braces {. ..} prepares a set. In some situations a list and a set are actually
interchangeable, but a distinction between these structures is that order and repetition are
preserved in a list but not in a set. For the solve command in a preceding worksheet, the
order of equations does not affect the solution; thus we use a set. For the plot command in
this worksheet, we intend to specify a legend for each curve, for which order is important;
thus we use a list.

The syntax to evaluate an indefinite integral [ f(x)dz is int (£(x), x). For two formulas
according to above examples, we find that

1 1
/(a + bz + cx?) dr = ax + §ba:2 + gca:?’,
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and
/csc(x) dx = —In[esc(z) + cot(x)].

If we capitalize I in Int, Maple returns the integral unevaluated but in a “prettyprinted”
format; we can use the value command to evaluate the integral. Using Int and value in a
pair is very useful in catching typographical errors such as misplaced parentheses. Although
we do not use Int in the rest of the book because of limitations of space, the reader can easily
modify the worksheet to see what is typed. Definite integration can also be performed; for
example,

=

° 9
/ (=2 + 7z —10) dx = =.
2 2

In the Maple instruction the upper and lower limits are specified in the form of a range on the
integration variable. This result appears as a fraction, which illustrates again that by default
Maple performs an exact calculation, hence without approximation.

Maple can solve differential equations, with the dsolve command. For this differential equa-
tion,
d2

d
@u(t) + SEU(U + 6u(t) =0,

we specify these initial conditions:

u(0) =0, du_(t) =1.
dt g
The usage of the dsolve command is indicated in the worksheet; in a similar way to the format
with solve, we provide a differential equation and initial conditions as a set. In the differential
equation, we must enter the unknown function as u(t) to specify that u is a function of t. In
initial conditions, we can use the differential operator D. The meaning of the argument is
D(f) (x)=diff(f(x), x). The expression D(£) (0) thus defines the first derivative of f
evaluated at 0. Maple solves this differential equation directly and gives a solution

u(t) = —e 3 472,

From the Maple output, we extract the right side of the solution with the rhs command, and
plot this expression.

Through these worksheets, we acquire a taste of Maple, and we learn a few Maple commands.
With these commands we can manipulate and plot algebraic expressions, solve equations,
perform operations of differential and integral calculus, and solve differential equations. Ef-
fective usage of these basic commands can greatly improve our productivity. In the rest of this
chapter, we employ Maple to solve physical problems in illustrating the application of Maple
to physics. We introduce further commands when we encounter a situation that warrants it, to
provide a reader with the context of its utility.
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1.2 Basic Algebra and Solving Equations

We mentioned that Maple’s solve command is exceedingly useful. In this section we apply
it directly to solve real physical problems.

Example1.1 From elementary mechanics, the necessary conditions for static equilibrium
of an object are that vector sums of the forces and the torques about any axis are zero:

S F-o, (L.1)
ZN:O. (1.2)

This type of problem involves solving several equations simultaneously; such a task can be
tedious as manual work, but it can be readily accomplished with Maple.

Consider a problem from an introductory physics textbook: a stepladder of negligible weight
is constructed as shown in Figure 1.1." A man of mass 70.0 kg stands on the ladder 3.0 m from
the bottom in a direction parallel to the leg of the ladder. Assuming the floor to be frictionless,
we seek to evaluate the tension in the horizontal bar, the normal force for each leg, and the
components of the reaction force at the single hinge at the top.

2m

Figure1.1: A man on a ladder.

Solution 1t is convenient to treat each half of the ladder separately. The free-body diagram
appears in Figure 1.2. The man of mass 70.0 kg exerts a force mg = (70.0 kg )(9.8 m s~2)
= 686.0 N. The angle 0, defined in the following diagram, is calculated from geometry,

1.0
o= —.
O 10

From the left half of the ladder, equilibrium of forces of the = component gives

> F,=0, T—R,=0,

IThis problem is similar to one in Halliday, Resnick and Walker 2005, p. 731, problem 77.
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np

Figure 1.2: Free-body diagram.

and for the y component,
> F,=0, R,+mns—686=0.
Choosing the top of the ladder as the pivot, we find for equilibrium of torques
> N =0, (686)(1.0)(cos) + (T)(2.0)(sin0) — (n.4)(4.0)(cos ) = 0.
From the right half, equilibrium of forces in the y component gives
> F,=0, ng—R,=0,
and equilibrium of torques gives
> N, =0, (np)(4.0)(cost) — (T)(2.0)(sind) = 0.

Because we have five equations, and five unknowns — n 4, ng, R,, R, and T', we can solve
these five equations simultaneously.

Worksheet 1.4 We first perform a simple calculation: (70.0)(9.8) = 686.0. To evaluate 6,
we use the arccos command. Entering five equations above, we assign them as Eql, Eq2,
..., Eqb. We insert these five equations as a set (separated by commas and enclosed within
braces) to solve, and evaluate the five unknowns.

m =70
g:=9.8
> m*g;

686.0
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> theta := arccos(1.0/4.0);
0 :=1.318116072

> Eql :=Rx - T = 0;
Eql == Rx—T =0
nA + Ry - 686.0 = 0;
Eq2 :=nA+ Ry —686.0=0
> Eq3 := 686.0%1.0*cos(theta) + T*2.0*sin(theta) -

> Eq2 :

> nAx4.0xcos(theta);
Eq8 := 171.4999998 + 1.936491673 T'— 0.9999999988 n.A
nB - Ry = 0;
Eq) :=nB—-Ry=20
nB*4.0*cos (theta) - T*2.0*sin(theta) = 0;
Eqg5 :=0.9999999988 nB — 1.9364916737 = 0
> solve({Eql, Eq2, Eq3, Eq4, Eq5}, {nA, nB, Rx, Ry, T});

> Eq4 :

> Eqgb :

{T = 132.8433286, nB = 257.2500000, n4 = 428.7500000, Ry = 257.2500000,
Rz = 132.8433286}

We find that the tension is
T =132.8N,
the normal forces for each leg are
na =428.8N, np =257.3N,
and the = and y components of the reaction force at the hinge are

R, =1328N, R, =2572N.

Example 1.2 For a collision of two particles, we assume the net external force on this system
to be zero. Under this condition, the linear momentum is conserved,
d
F= P _ 0, p = constant. (1.3)
dt
For an elastic collision the kinetic energy is also conserved. These conserved quantities enable
us to calculate the velocities of the two particles after collision.

Consider the elastic collision in one dimension shown in Figure 1.3: particle 1 with mass m;
moves with initial velocity v;,, and particle 2 with mass my moves with initial velocity vg;.
Because vy; > vy, particle 1 will catch up with particle 2. Find the final velocities of particles
1 and 2 after the collision.
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V13 U2 Uif Uaf
mp® > Mt my mo® >
before after

Figure 1.3: One-dimensional collision problem.

Solution We know that both momentum and kinetic energy are conserved, which yield these
two equations:

mM1v1; + MaU2; = M1vV1f + Mavay, (1.4)

and
2 1 o 1 2 1 2 15
§m1v1i + §m2v2i = gmlvlf + §m2v2f. (1.5)

Solving these two equations simultaneously, we can find v;; and vay. Because undertaking
this calculation manually is tedious, we use Maple’s solve command to accomplish this task.

Worksheet 1.5 Tt is straightforward to enter these two equations and to use the solve com-
mand.

> Eql := ml*vli + m2%v2i = ml*xvlf + m2x*v2f;
Eql := m1 vli + m2 v2i = m1 vif + m2 v2f
> Eq2 := 1/2*ml*v1i~2 + 1/2#m2%v2i~2 = 1/2*ml*v1if~2 + 1/2*xm2*v2f~2;
mivli®  m2v2i®  mivif? m2wvaf’
Eq2 = 2 aF 5 = 5 f + 5 f

> solve({Eql, Eq2}, {vif, v2f});

{vif = vli, v2f = v2i},
v2f = m2 v2i — v2i ml1 + 2ml1 vl vif = —vltm2 + ml vii +2m2 v
B m2 + ml ’ B m2 + ml

As the second equation is quadratic in velocities, Maple returns two sets of solutions; we
select the non trivial one,

_ myvy; — Mavy; + 2mavyy; _ Mavg; — M2 + 2myuy;
Vip = ) Vaf = .

1.6
mi + mo (1.6)

mi + mo

We employ two examples in this section to demonstrate the usage of the solve command. Af-
ter application of physical principles, solution of this type of problems requires essentially no
skill other than basic algebra, but manually performing repetitive substitutions, cancellations
and simplifications can be laborious; they represent examples for which Maple proves useful
and convenient. If one does not consider such a problem of an elastic collision tedious, try a
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problem in Section 12.2, in which we solve a problem of collision that takes into account the
relativistic effect. The basic idea is simple: the mass of a body increases with velocity; thus
we must modify the mass by a factor of (1 — v?/¢?)~1/2. The presence of square roots makes
solving the equations awkward; calculations typically extend over many pages of paper. With
Maple, we simply apply the principle of relativity to set the equations, and the rest is left to
Maple to solve the equations!

1.3 Calculus

Performing calculations involving operations of differential and integral calculus constitutes
a major task in solving physical problems. One can in principle differentiate any continuous
function, employing techniques such as the chain rule; many calculations are merely repetitive.
For example, one can try to calculate this second derivative:

d2

— sin(4x) cos(x).

s sin(4) cos(x)
The calculation is straightforward to undertake: one only needs to be patient and careful to
perform it term by term. In contrast, we have demonstrated that Maple can perform it quickly
and reliably. This facility is particularly useful in expanding a function as a Taylor series,
which we will discuss in Section 2.1.

Integration is a much more complicated process than differentiation. Some applicable tech-
niques are change of variables and integration by parts, but for other than basic functions
there is no general rule for performing an integration. For example, evaluating the integral
J esc(z) dz is not so obvious. Essentially, because an indefinite integral corresponds to an
antiderivative, for an integral

mmzjfwm@ (L.7)

we seek a function g(x) such that

d
—g@) = (@), as)

We can search an integral table in a mathematical handbook for this purpose. No matter
how extensive a table might be, one typically needs to make a suitable substitution so that an
integrand conforms to that listed in the table, which can itself be a tedious task. Employing
Maple to perform an indefinite integration we can regard as an implicit “computer search” to
expedite the process, with most required transformations also automatically undertaken.

A definite integral

/12 f(z)dx (1.9)
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is defined as the area bounded between a curve defined by f(z) and the x axis, between two
specified values x; and x2. In principle, such an area can be calculated as

limOZf(xi)Axi. (1.10)

Ax;—

In practice, it is possible to conduct definite integration numerically by letting Ax; become
small and adding all f(x;)Az; in a designated range. It is reasonable to expect Maple to
perform numerical integration also.

We choose three integrals to test Maple’s capability and to illustrate its utility.

Example 1.3 Evaluate the following integrals:

1.
© 1
/ {xz (@+x\/a:2+2—1—a:2>} dx; (1.11)
0
2.
! 1
/ S 1 (1.12)
0 1-Q+2720
3.
! 1
/ - iy, forQ> 1. (1.13)
0 1-Q+2710

As a justification for such calculations, the first integral appears in evaluating the energy of
a system that consists of mutually interacting particles, a subject of advanced quantum sta-
tistical mechanics. The second and third integrals are involved in calculating the age of the
universe according to specific models.> We will discuss statistical mechanics in Chapter 17,
and cosmology in Chapter 18.

Solution Although no integrand appears complicated, performing these integrations is intri-
cate. One can consult an integral table for a particular standard form. For instance, one can
find

2 2
/a:?’\/ 2?2 +a?dx = <% — 21%) V(a2 + 22)3, (1.14)

which is useful for the first integral, but naturally we can invoke Maple to spare us this trouble.

Worksheet 1.6 We simply type the integrand and use the int command to evaluate the
integrals. Infinity oo is entered as infinity. We introduce the assuming command to inform
Maple about conditions imposed in performing calculations within that integration.

2E. W. Kolb and M. S. Turner, The Early Universe, Redwood City, CA: Addison-Wesley, 1990, p. 52.
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> Eprl := x"2x(1/(2%x72) + x*sqrt(x~2 + 2) - 1 - x72);
1
Eprl = z? (2—2+x\/x2+2—1—x2>
0
> Epr2 := int(Eprl, x);
Epr2 = 2% (32 +2)6/2  4(2? 4+2)6/2 LT @ o
5 15 2 3 5
> Epr3 := int(Eprl, x=0..infinity);

82
Epr8 .= ——
. 15

> Epr4 := int(1/sqrt(1 - Omega + Omega/x~2), x=0..1);
V-1

=1l 4@
int(1/sqrt(1 - Omega + Omega/x), x=0..1) assuming

Epry =

> Eprbd :
Omega>1;

—24+Q -2+ 0
—Qr + Q%1 — 4(-1 4+ Q)B/2) — 2Qarcsin( g_; ) +292arcsin< J )
(—1+Q)6/2)

1
Eprs :=—
pT 1

For the first integral in indefinite form, Maple yields a result

[ (s rovmTio1-2)]w

212

r o 22(x?4+2)32 4@ +2)%?2 23 2
2" 5 135
which is consistent with what we find in a table. This problem concerns an improper integral,
which involves an end point at infinity. It seems that this improper integral diverges, because

each term produces an infinite number. Using Maple to make the calculation, we obtain

oo
/ {xQ (i +x\/x2+2—1—x2)]dx:@, (1.15)
0 222 15

which is finite and exact! The reason is that, as one infinity cancels another, we obtain a net
result that is a finite number. In treatments of numerous mutually interacting particles, infinity
typically appears in calculations, which constitutes a major mathematical challenge. Many
great physicists considered ways to cancel one infinity with another so as to obtain a finite
result. The above calculation was a celebrated achievement in statistical mechanics published
in Physical Review in 1957 by two Nobel laureates.?

For the second and third integrals, we refrain from repeating results from the Maple output,
but merely indicate to the reader that a simple integrand can yield a complicated result. It

3T. D. Lee and C. N. Yang, “Many-body problem in quantum mechanics and quantum statistical mechanics,”
Physical Review, 105, 1119-1120 (1957).
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is possible that your version of Maple cannot execute these integrals (or display the results
differently), which would exemplify the fact that Maple is not omnipotent. We need not be
concerned with these integrals for now. Maple is capable of producing undesired results, and
we take this opportunity to remind the reader that it is often necessary to manually check
the results obtained by Maple. In many calculations of integrals, signs of parameters are
important. For example, to proceed to calculate the third integral, we must know the sign of
1—€; for this reason we provide Maple with such information using the assuming command.
The latter command has only a local effect; if one seeks to impose an assumption on a specified
variable or name for the entire worksheet, one should use the assume command, of which we
present an example shortly.

1.4 Differential Equations

An equation containing derivatives of an unknown function is called a differential equation.
Many a problem in physics is formulated as a differential equation. For example, the most
famous, Newton’s second law,

F = ma, (1.16)

is expressed explicitly as this differential equation:

d d?
F (t, x(t), Ew(t)) = m@x(t) (1.17)

Differential equations are closely related to integration: indeed, by definition, evaluating the
integral

(@) = [ fa)do

is equivalent to solving the differential equation

2 o) = 1)

Finding solutions of differential equations is an even greater challenge than integration. There
exist techniques such as separation of variables and integrating factor, but there is no single di-
rect approach that one can universally apply to a differential equation. The essential objective
in solving a differential equation is to find a function that satisfies the differential equation.
Adopting the same point of view as for integration, we regard that we invoke Maple as an
assistance to find such a function.

One can easily write a differential equation that Maple cannot solve exactly, which generally
implies that such a differential equation admits no analytic solution. In fact, one must be ex-
tremely lucky to have a differential equation that both reflects the reality of an experimental
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situation and admits an exact solution. For most equations numerical methods are inevitable.
The concept of numerical solution of a differential equation is similar to that of numerical in-
tegration, which we will discuss in Chapter 2. In practice, there are many effective numerical
algorithms, many of them having been coded as routines in computer languages such as C
or FORTRAN. Maple has implemented most numerical methods so that they become read-
ily available to a user in a simple line command. This facility enables great flexibility and
convenience in investigating a differential equation without a tedious and protracted process
of programming and debugging. Combining dsolve with the plot facility, we can visualize
the result immediately. In this book we strongly emphasize forming plots based on numerical
solutions.

1.4.1 Exact Solutions

Example1.4 A sky diver of mass m falls vertically downward. At time ¢t = 0, she attains a
velocity vy, and opens the parachute. The force of air resistance is proportional to the velocity.
Find the velocity of the sky diver after time ¢t = 0.

Solution Assuming the force of air resistance to be
Fy = bu(t),

and using Newton’s second law, we set a differential equation
d
mg — bu(t) = mav(t). (1.18)

For this simple first-order differential equation, one can readily find a general solution in any
textbook on differential equations:

o(t) = % T oepett/m, (1.19)
This general solution contains an undetermined coefficient c;, arising as a constant of integra-
tion. Although Maple invariably omits the constant of integration in the result of an indefinite
integral, the solution of a differential equation is output with the correct integration constants.
To choose a particular value that is consistent with our physical situation in this case, we must
identify a particular point, commonly the initial velocity v(¢ = 0) = vo. With this condition,
we have

v(t:0):@+clzvo, clzvo—@.
b b
The solution of the given initial-value problem is therefore
v="2 4 (vg— ) entiim, (1.20)

Maple can solve an initial-value problem; it can also find the general solution. In the following
worksheet we introduce some techniques of algebraic manipulation using the eval and subs
commands.
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Worksheet 1.7 We employ the dsolve command to solve equation (1.18), and obtain a
general solution that contains an undetermined coefficient, _C'l. The eval command serves
to evaluate the solution at t = 0. After we find _C'1 using solve, we can substitute it into
the general solution, also using eval or with the subs command. We can avoid all these
operations by simply providing Maple with an initial condition in dsolve as shown in Eq6.

> Eql := mxdiff(v(t), t) = m*xg - b*v(t);
Eql :=m (L v(t)) =mg—bv(t)
> Eq2 := dsolve(Eql, v(t));
Eq2 :=v(t) = % +e=%)_c1
> Eq3 := vO = eval(rhs(Eq2), t=0);
Eq3 :=v0 = % + _C1
> Eq4 := solve({Eq3}, {_C1});

Eq4 = {_Cl =
> Eqb := subs(Eq4, Eq2);

v0b—mg
b

5 (00 b —
Eq5:=v(t):%+€ (va mg)

> Eqg6 := dsolve({Eql, v(0)=v0}, v(t));

_gm =) (v0b—myg)
b b

Eq6 :=v(t)

1.4.2 Special Functions

Certain types of differential equation appear repeatedly in diverse branches of physics. Many
of them are profoundly investigated and have well established solutions, to which one refers
as special functions. For example, Bessel’s equation,

2

d d
2? —u() + a—y(@) + (2% = 1P)y(x) =0, (1.21)

appears in boundary-value problems in electrostatics, in the wave equation, in optics, in the
Schrodinger equation — to name only a few. Solutions of this differential equation are called
Bessel functions.
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We employ Maple to solve this equation directly.

Worksheet 1.8

> Eql := x"2xdiff (y(x),x$2) + x*diff(y(x),x) + (x°2 - nu~2)*y(x)
> = 0;

Bql = a? (& ¥(@)) + 2 (£ y(@)) + @ —1*)y(2) = 0
> Eq2 := dsolve(Eql, y(x));

Eq2 :=y(z) = _C1 BesselJ(v, x) + _C2 BesselY (v, z)
> plot([BesselJ(1,x), BesselY(1,x)], x=0..15, -2..1, legend=["J",

> llYll]) ;

In the Maple output, we discern BesselJ and BesselY, which are Bessel functions. Because
the Bessel equation is a second-order differential equation, we have two independent solutions
with two undetermined coefficients _C'l and _C?2, which can be found from imposed bound-
ary conditions. We plot the Bessel functions; from the graph, we see that BesselY diverges
at z = 0: if the domain of our interest includes z = 0, we must therefore reject BesselY. We
can also observe visually the locations of roots of Bessel functions, at which the curve crosses
the x axis, which are important in many calculations. This example demonstrates the utility
of a graphical representation of a function. For an eager reader, the fsolve command can be
used to locate the roots; see Section 5.5.
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1.4.3 Numerical Solutions

A fact that we must bear in mind is that, for most physical systems, analytic solutions simply
do not exist. Problems appearing in most textbooks that admit exact solutions in closed form
generally reflect an idealized situation. We take the following simple problem as an example.

Example 1.5 One can make an experimental arrangement shown in Figure 1.4: a cart of
mass m; is released at rest from x = 0 at ¢ = 0, and is dragged along a table by another
mass my descending from an elevated position. Assuming both the surface of the table and
the pulley to be frictionless, find the position of m; as a function of time.

A

Figure 1.4: A cart of mass m moves on a horizontal track under a variable force.

Solution We evaluate the angle ¢ from geometry,

cosf = L (1.22)
(d—x)?2+h?

Because the angle varies with time, the force acting on m; likewise varies. Let the tension of
the string be 7'; Newton’s second law for m; is

T cos = mqid, (1.23)
and for ms is

mag — T = may, (1.24)
where the dot accents denote derivatives with respective to time,

d L d?

= Em(t), &= Wx(t)

We adopt this notation in succeeding chapters.
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The length [ of the string is constant, which imposes a constraint,

VAd—aPt 2 +y=L.

We thus express y and its derivatives in terms of z,
. d—z .
§ = ——t,
V(d—2)? + h?
d—2x . h? 9

(Y s e A T R e

Eliminating 7" from equations (1.23) and (1.24), we obtain

mli

+ may = mag.
cos

Substituting cos # and ¢ with the above results, we form a second-order differential equation
governing the motion of m;,

(d—z)? + h? N d—z . h?
d—x m d— )2+ h2 a2 [(d—2)2 + 2]

372 mgx'Q—mgg =0,
(1.25)

for which the initial conditions are

As this differential equation describing a simple situation has no analytic solution, we must
resort to a numerical method in order to solve it.

Worksheet 1.9 The significance of names in the worksheet should be evident: 1 denotes [,
and y denotes y. We find the second derivative of ¥, and assign it to another name ddy. We can
type the differential equation, for which we have already a convenient shorthand notation ddy
that we have just assigned for §j. A command to arrange the terms in the equation is collect.
To find a numerical solution of an equation, we must provide each parameter with a numerical
value, such as mass, height, gravitational acceleration, etc., using the eval command. Then
applying the dsolve command with the numeric option, we find the solution. Maple’s output
of a numerical solution is a procedure that provides a numerical value of  at any value of £.

> 1 := sqrt(d~2 + h~2);
L= VBT
> y :=1 - sqrt((d-x(t))~"2 + h~2);

y:=vd2+h? —\/(d—x(t))? + h?
> dy := diff(y, t);
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> ddy := diff(y, t$2);

ddy = A= XOP (Fx(0)? (Fx®)? |, [@d—x() (= x(t)

(d=x))2+ 18R Jd—x@)2 + 12 J[d—x(?)? 2

> Eql := mi*xdiff (x(t),t$2)*sqrt((d-x(t))~2+h~2)/(d-x(t)) + m2*ddy =

> m2%g;
mi (L x 7
Bgt = ™ <§_}<(t(>t>)m
(d—x(1)? (Ex(1)®  (Ex®)*  (@d—x() (1) i
+m2 ( 013/2) N SiE Nio: —m2g

%1 := (d —x(t))? + h?
> Eq2 := collect(Eql, diff);

[ mIV%L | m2(d—x(t)) >
Eq2 = (d_x(t) + N ) (j?x(t))

d—x(t))?
+m2 <( %1(3(/?)) = \/;_1> (& x(t))2 =m2yg

%1 := (d —x(t))? + h?
> Eqg3 := eval(Eq2, {m1=0.5, m2=.05, d=1.5, h=0.5, g=9.83});

[ 05V%1 | 0.05(1.5—x(t)) >
Bqs = (1.5—X(t) * N ) (37 Xm)

15-x()? 1 2
+0.05 <( %1(3/(2?) _\/%) (£x(t))” =0.490

%1 := (1.5 — x(t))*> + 0.25

> Eg4 := dsolve({Eqg3, x(0)=0, D(x) (0)=0}, x(t), numeric);
Eqj = proc(z_rkf45) ... end proc

> Eq4(0.3);

[t = 0.3, x(¢) = 0.0383714136584611329, % x(t) = 0.255734795915910474]
> Eq4(1.1);

[t =1.1, x(¢t) = 0.513698937324709281, % x(t) = 0.928984803649962832]
> with(plots):

Warning, the name changecoords has been redefined
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> odeplot(Eq4, [t, x(t)], 0..1.2);

0.6

Maple has a large library of packages containing specialized commands; to use a command
from such a package, one employs the with command to load the package. In the above
example, we use the odeplot command which is contained in the plots package. With this
command we plot the result of the numerical solution, which is a procedure, of a differential
equation. (In preceding worksheets we plot an explicit function with the plot command,
which is inapplicable in this situation.) One can invoke help to discover further information
about any Maple usage.

1.5 Vectorsand Matrices

Many physical quantities are vectors, which have both magnitude and direction. Maple
provides the LinearAlgebra package to facilitate manipulations of vectors and matrices;
in earlier versions of Maple, the 1inalg package served for this purpose. In Maple 8, a
new package VectorCalculus is introduced; with the combination of LinearAlgebra and
VectorCalculus, most tasks involving vector and matrix operations, as well as vector cal-
culus, can be accomplished. In this book we avoid use of the 1inalg package; we will use
the LinearAlgebra package extensively in our treatment of electromagnetism and relativity.
Here we offer a few examples to demonstrate basic operations.

Example1.6 We discuss projectile motion under a constant gravitational field. Newton’s
second law in vector form is

F = ma. (1.26)
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We choose the coordinate system such that the y direction is vertical with the positive sense
upward. The equations of motion are thus

mz =0, my=—mg,

and their integration are components of the position vector:

L o

T = vozt, Y= voyt— §Qt .
We consider an inclined plane that makes an angle o with the horizon; a projectile is launched
from the bottom of the incline with speed vy in a direction making an angle 3 with the horizon,
as shown in Figure 1.5. (a) Find the range R, which is the distance from the origin to the
position at which the projectile lands on the plane. (b) Find the maximum value of the range.

Y
vy 7
.
R

// r

/

/
'3

@ x

Figure 1.5: Shooting a projectile uphill.

Solution The position vector of the projectile is a function of time,

1
r = (vg cos B)t X + | (vo sin @)t — ith Y,

where X and y are unit vectors along the coordinate axes. The position vector of a point on
the incline is

s=xX+axtanay.

Landing occurs at a time and position at which the trajectory of the projectile and the inclined
plane intersect, r = s. We require the solution of equations

1
(vocos B)t =z, (vosinf)t — Eth = rtana.

We again apply Maple’s solve command.
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Worksheet 1.10 We activate the LinearAlgebra package by means of the with command.
Because we work with trigonometric functions, we must provide Maple with information
about our domain of interest. We apply the assume command to indicate the range of o and
(; we also employ the additionally command to impose a further condition on a name to
which is already attached an assumption. To choose items from lists or sequences, we use
[n], where n identifies the position of the desired element; for example, with Eq1[2] we
choose the second solution. We use the assign command, which converts an equality sign
= in the solution set into an assignment sign :=, so that we can call the names directly. The
simplify command appears in various places, for obvious purposes.

> with(LinearAlgebra):
> assume(alpha>0, beta>0); additionally(alpha<Pi/2, beta<Pi/2);
additionally (beta>alpha) ;

> 1 := < vO*cos(beta)*t | vO*sin(beta)*t-1/2xg*t~2>;

: gt?
r:= |v0 cos(B) t, v0sin(B)t — 5
> s := < x | x*tan(alpha) >;
s := [z, x tan()]

> Eql := solve({r[1]=s[1], r[2]=s[2]},{x,t});

Eql :={2=0,t=0},
{x _2 v0? cos(B) (sin(B) — cos(B) tan(a)) . 2 v0 (sin(3) — cos(B) tan(c)) }

3

g g
> assign(Eql[2]);

>t x;
20 (sin(B) — cos(B) tan(«))
g
2 v0? cos() (sin(B) — cos(B) tan(a))
g

> R := x/cos(alpha);

_ 2 v0? cos(B) (sin(3) — cos(B) tan(a))

I g cos(a)

> R := simplify(R);

2 v0? cos(B) (—sin(B) cos(a) + cos(B) sin(ar))

= cos()? g

> dR := diff(R,beta);

dR = 2 v0?sin(B) (—sin(B) cos(a) + cos(B) sin(a))
' cos(a)? g

2 v0? cos(3) (—cos(3) cos(a) — sin(B) sin(«))

cos(a)? g
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> Eql2 := solve({dR=0}, {betal});

Eq12 := { = arctan(tan(a) + y/tan(a)? + 1)},

{8 = —arctan(—tan(a) + y/tan()2 + 1)}
> Rmax := eval(R, Eql2[1]);

9 002 (_ %1 cos(a) N sin(a) )

VIt % V14 %1
V14 %1% cos(a)? g

%1 := tan(«@) + /tan(a)? + 1

Rmax == —

> Rmax := simplify(Rmax);
02

Rmaz = 1}7

(sin(a) +1) g

We find
i vo(sin 3 — cos B tan «) 21}8 cos 3(sin 8 — cos B tan )
= y xr = s
g g

and

R 2118 cos B(sin 3 — cos B tan )
N gcosa '

The simplify command transforms R into

vg cos B(sin B — cos ftana) 21}8 cos f(sin G cos o« — cos B sin @)

R=2 5
gcosa gcos?

)

but we can further simplify this expression. The angle sum relation for sine is
sin(f — a) = sin [ cos v — sin a cos 3.
We manually obtain a simplified result for R:

v cos Bsin(f — «)

R=2 5
g cos? «

Maple has powerful methods for simplifying expressions, but the definition of a “simplified”
form varies from situation to situation and from user to user. One can force Maple to perform
the above manipulations, but it is easier to do them manually. On many occasions in this book
we discover that an optimally expressed result is obtained from a combination of computer

and manual calculations.

To find the maximum range, we differentiate R with respect to (3, and solve for 3,
dR

az =
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then substitute this value of 3 into R. Although the expression for 3 appears ugly,

B = arctan(tan a + V/tan? o + 1),

Maple’s simplify command produces an elegant final result for 12:
v

Ryagx = ——.
T g(sina + 1)

The above example can be regarded merely as writing a system of equations in a more compact
notation. We use the following example to demonstrate a basic vector operation — the dot
product.

Example 1.7 For some problems, spherical coordinates are superior to Cartesian coordi-
nates. The relations between Cartesian coordinates (x, y, z) and spherical coordinates (7, 0, ¢)
are

xr=rsinfcos¢, y=rsinfsing, z=rcosé. (1.27)

The kinetic energy expressed in Cartesian coordinates is
1 .92 .9 .2
T = §m(x +y° + 27). (1.28)
We seek the expression of kinetic energy in spherical coordinates.
Solution The kinetic energy is calculated as a dot product of the velocity vector with itself,
1 ..
T = 5mr~r. (1.29)
We write the position vector as

r=rsinfcos¢X+ rsinfsingy + rcosf z, (1.30)

and perform the calculation with Maple.

Worksheet 1.11  We must explicitly specify that (r, 6, ¢) are functions of time by typing
r(t), theta(t) and phi(t). The map command applies operator diff to each component
of the vector. Once LinearAlgebra is loaded, we can perform a scalar product by simply
using the dot (.); alternatively, the DotProduct (v, v) command accomplishes the same
task. A line over an expression denotes the complex conjugate. We first apply the evalc
command, which is a symbolic evaluator over the complex field, and then the simplify
command to the result, to achieve an optimal form.
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> with(LinearAlgebra):

> x := < r(t)*sin(theta(t))*cos(phi(t)) |

> r(t)*sin(theta(t))*sin(phi(t)) | r(t)*cos(theta(t)) >;

2 = [r(t) sin(0(¢)) cos(o(t)), r(t) sin(A(t)) sin(p(t)), r(t) cos(6(t))]
> v := map(diff, x, t);

vi= | (g 1(t))sin(0(t)) cos(¢(t)) +x(t) cos(6(t)) (7 0(t)) cos(¢(t))

—x(t) sin(6(t)) sin(4(t)) (4 6(1)),
(i x(t)) sin(8(1)) sin(6(t)) + 1(t) cos(0(t)) (F; (1)) sin(4(t))
+r(t) sin(6(2)) cos(4(t)) (5 4 (1)),

(£ (1)) cos(8(2)) — r(t) sin(0(2)) (& e(t))}

&l

> VsQq = V.Vj

vsq = ((% r(t)) sin(0(t)) cos(¢(t)) + x(t) cos(O(t)) (5 0(t)) cos(e(t)) \

53

—r(t) sin(0()) sin(9(1)) (2 6(1)))
(4 r(t) sin(8()) cos(6(t)) + x(¢) cos(01(1)) (& 6(t)) cos(6(1))
—r(t)sin(0(8)) sin(9(1)) (& 6(1)))

53

((% r(t)) sin(0(t)) sin(¢(t)) + x(t) cos(6(t)) (g 0(1)) sin((t)) \

+r(t) sin(6(¢)) cos(

(( £(0)) sin(8(®)) sin(#()) + x(¢) cos(0(2)
+r(t) sin(6(¢)) cos(

+ (G (1)) cos(0(8)) — r(t) sin(6(t >><% e(t))) (4 x(®)) coste®))
—r(t) sin(8())

(g 0(1)) sin(g(t))

v\_/v

&=
>
—~~
~~
~—
=
"
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> vsq := evalc(vsq);
usq = (( r(2)) sin(0(1)) cos(9()) +x(t) cos(0(t)) (£ 0(1)) cos((t))
(1) sin(0(1)) sin((1)) (& 6(0))
+ (4 £(0)) sin(0(2)) sin(6(0)) + 1(2) cos(6(2)) (4 0(1)) sin(9()
$2(1) sin(0(0) cos(6(0)) (& 6(1)))
+ (2 (1)) cos(01(1)) — x(t) sin(011))

> vsq := simplify(vsq);
vsq == 1(t)? (& ¢(1))? — 1(t)? (& B(1))? cos(6(t))? + (£ r(1))?
+r(t)? (5 0(1))?

&l
>
—~
~
~—
=
S
[

This Maple worksheet shows that algebraic manipulation is considerable; we eventually obtain
V-V = r2§f>2 — 7“2(;.52 cos? 0 + 12 + r262.

We combine the first two terms using the relation 1 — cos? § = sin? 6, and obtain the kinetic
energy as

1 . .
T = Em(i‘z + 726 4+ 1% sin% 0p?). (1.31)

Maple does not automatically simplify 1 — cos? # = sin? 6; although one can make Maple
do so, it is easier to do it manually. Here arises another instance of combining manual and
computer calculations to produce an elegant final result.

Maple intrinsically assumes every variable to be complex. The general definition of the dot
product involves a complex conjugate; explicitly,

Vv = 0jv1 + 0302 + U303,

where the asterisk indicates the complex conjugate. A typical result of simplify is not the
simplest form that we might desire, and a Maple user requires experience to instruct the soft-
ware to produce a result nearest one’s intent. The evalc command is useful when we have an
expression that contains complex conjugates.

Matrix operations constitute the most important subject in linear algebra. There exist several
books devoted exclusively to applying Maple to linear algebra. We use the following example
to introduce diagonalization of a square matrix, which is a standard operation on a matrix.
This topic is not crucially important for the rest of the book, and one need not panic if one
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does not fully understand the underlying physics and the corresponding Maple commands.
We merely provide the reader with an idea of the capability of the LinearAlgebra package
for matrix operations.

Example 1.8 When we discuss the motion of a rigid body in space, we generally need to
calculate the tensor of moments of inertia. At this point we can regard such a tensor simply as
a 3 by 3 matrix,

Iww Iacy Iwz
I= 1. I, I,.]|, (1.32)
1., Izy 1.

where the elements are
Low = /p(y2 + 2% av,
and

Iy Z/p(—yz) av,

and so on, with p as the mass density. According to a compact notation, in which occurs the
Kronecker delta function (6;; = 1 if ¢ = j and 0 otherwise),

I; = /p(T25ij —rir;)dV. (1.33)

This matrix depends on the orientation of the chosen z, y and z axes. It is possible to find
a particular orientation of a set of three mutually perpendicular axes such that, in this new
coordinate system, matrix elements differ from zero only along the principal diagonal; these
axes are called principal axes, and elements of the diagonal matrix are called the principal
moments of inertia.

Find the tensor of moments of inertia of a uniform cube of side a taken about axes z, vy, 2
coinciding with three intersecting edges of the cube, then diagonalize this matrix.

Solution The constant mass density is

M
Pzg-

Directly from the definitions,

a a a 2
Low = / / / p(y? + 2%)de dydz = = Ma?,
o Jo Jo 3

a a a 1
I,. = / / / p(—yz)drdydz = —=Ma?,
o Jo Jo 4
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and so on. From direct evaluation of these integrals, we obtain
%Ma2 —%Ma2 —%M{f
I= —%Ma2 %Ma2 —ZMa2 . (1.34)
2 1 2 2 2
-7 Ma -7 Ma 3 Ma
To diagonalize a matrix, we find its eigenvalues I and eigenvectors x, which satisfy

Ix = Ix. (1.35)

The eigenvalues are roots of the determinant

EMa? -1 —iMa®> —1Ma?
det —%M& 2Ma* -1 —iMad* | =0, (1.36)
—iMa* —iMd* 2Ma® -1

which generates a cubic equation in /. Because I is symmetric, we have three real roots Iy, I
and 3. Maple has an integrated command to find eigenvalues and eigenvectors.

Worksheet 1.12 We perform triple integration as a nested structure. This worksheet in-
volves sophisticated operations on vectors, but most are rarely needed in our future chapters.
We leave it to the reader to discover further information from help under ?LinearAlgebra.
The Eigenvectors command computes the eigenvectors. We select the matrix elements us-
ing [n, m]. The Normalize command normalizes a vector so that its inner product with
itself is unity. The CrossProduct command evaluates the vector product of two vectors.
Matrix multiplication can be performed with a dot (.) within the LinearAlgebra command.

> rho := M/(a*axa);
M
Pizg
> Ixx := int(int(int(rhox(y~2+z~2), x=0..a), y=0..a), z=0..a);
2 M a?
Jerp = a

> Iyy := int(int (int (rho*(x~2+z~2), x=0..a), y=0..a), z=0..a);

2 M a?
Iyy = 3
> Izz := int(int(int(rho*(x~2+y~2), x=0..a), y=0..a), z=0..a);
2 M a?
Izz .= a

> Ixy := int(int(int(rhox(-x*y), x=0..a), y=0..a) ,z=0..a);

M a?
Izy .= —
Ty 1
> Ixz := int(int(int(rho*(-x*z), x=0..a), y=0..a), z=0..a);
M 2
Ixz .= — a4

4
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> Iyz := int(int(int(rho*(-y*z), x=0..a), y=0..a), z=0..a);
M a?
lyz == —
Yz 1
> Iyx := Ixy;
M a?
Iyxr .= —
yr 1
> Izx := Ixz;
M a?
Izx .= —
2T 1
> TIzy := Iyz;
M a?
Izy := —
2y 1
> with(LinearAlgebra):
> In := <<Ixx | Ixy | Ixz>, <Iyx | Iyy | Iyz>, <Izx | Izy | Izz>>;
2 M a? M a? M a?
3 4 4
In — Ma?> 2Ma? M a?
o= | = _
4 3 4
M a? Ma®> 2Ma?
4 4 3
> (lam, vec) := Eigenvectors(In);
M a?
6
-1 -1
2
lam, vec := L w , |1 1
12 1 0 1
11 M a?
12
> vl := vec[l..3, 1];
1
vl =] 1
1
> vl := Normalize(vi, 2);
vl =

| & =&
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> v3 := vec[l1..3, 3];
-1
W o= 0
> v3 := Normalize(v3, 2);
V2
2
v8 = 0
V2
2
> v2 := CrossProduct(vl, v3);
BT T
6
w2 = | _V3V2
3
V32
L 6 i
> Rot :=<vl | v2 | v3>;
(V3 VBV2 o V2
3 6 2
Rot .= ﬁ _\/5\/5 0
3 3
V3. V3V2 V2
L 3 6 2
> Prin := Transpose(Rot).In.Rot;
M a?
0 0
6
. 11 M a?®
Prin = 0 0
12
11 M a?
0 0
12

From the output of the Eigenvectors command, we find three sets of vectors that satisfy

2Ma? —iMa2 —1IMa? 1 1

31 2 24 2 LIL 2 1 2
—=Ma gMa —ZMa 1 :gMa 1
—iMa* —iMda®>  2Ma? 1 1
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2Ma®> —iMa? —iMa?\ [-1 ~1
gz 2hr o 12 (R
—%Ma sMa —xMa 1 ZEMCL 1],
—1Ma* —iMa*>  2Ma? 0 0
2Ma®> —iMa?> —iMa?\ [-1 ~1
a2 2hr o 172 (R
—%Ma sMa —xMa 0 ZEMCL 0
—1Ma* —iMa*>  2Ma? 1 1
We thus obtain three principal moments of inertia, two of them equal:
1 11
I, = EMCL2, Iy =13 = EMa2.

The normalized principal axis associated with I is the first eigenvector divided by the square

root of its inner product, v/12 + 12 + 12 = /3,

Sl

S

which specifies the body diagonal of the cube. Because I» and I3 are repeated roots, their
associated principal axes are two mutually perpendicular vectors in a plane perpendicular to
1,. As Maple provides a pair of vectors that are not mutually perpendicular, we must make a
construction for this purpose. We choose the third principal axis to be

ol

so that the second principal axis can be constructed as the cross-product of the other two:

~SlLS-

S

We form a matrix R of which columns are the eigenvectors of I. We form a transposed matrix

R, which simply converts columns of R into rows, and make the following calculation,

R

=

which is called the similarity transformation. We obtain a matrix with diagonal elements only:

1 1 1 1 1 -1
B V3 V) [ sMe?  —iMa® —yMa?\ (35 g
5 T (i 2wer im0
Ecc) W A e v ) O
V2 V2 i z 3 Vi V6 V2

%Ma2 0 0

= 0o HLma® 0

0 0 Uma?

—
no
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1.6 Summary

Here follows a list of Maple commands that we have encountered in this chapter.

arccos additionally assign assume assuming Bessell]

BesselY collect cos csc D diff
dsolve eval evalc evalf exp expand
int map Pi plot plot3d restart
rhs simplify sin solve subs sqrt

Mastering these commands allows us to overcome many predicaments that we experience in
every problem in physics, from basic arithmetic to sophisticated integral; for this reason it
is important to understand their functional purpose and the context of their usage. Take the
utmost advantage of the help facility, which provides many examples; moreover, help on one
command typically prompts “see also” which gives related commands for further exploration.

We invoke the plots package, which contains odeplot; we also call the LinearAlgebra
package, which contains these commands.

CrossProduct DotProduct Eigenvectors Normalize Transpose

These are basic tasks in linear algebra, and we will discuss them extensively in the chapters
on electromagnetism and relativity.

Exercises

1. Type 7Pi in a Maple input line, and read the help text. Notice that gamma is pre-defined
as Euler’s constant; any attempt to use it for another purpose (e.g., Lorentz factor ) will
result in error.

2. Find the roots to a generic cubic equation

az’ 4+ bx? + cx+d=0. (1.37)

3. Find the solution of a system of three linear equations

a1z + by + 1z = dy,
asx + by + coz = do, (1.38)
asx + bsy + csz = ds.

4. Essentially all integrals listed in standard mathematical tables can be performed with
Maple. For example, evaluate the following integrals:

/ L4 / - d / =4
- —dx ————dx.
22 +az " (a+bx)(c+dx) 3+ a3
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Discover more examples so as to become confident in the use of Maple to evaluate inte-
grals.

5. Verify that
° 1,.2
/ e 2% dx=+V2m.

A physicist claims that “believe it or not, a significant fraction of the theoretical physics
literature consists of performing variations and elaborations of this basic Gaussian inte-
gral.”* For a > 0, evaluate the following integrals in his book:

° 1.2 ° 1,..2 ° 1.2
/ e 20 dCC, / e 20 +Jx dI, / e 20 +iJx dZE;
—0o0 —0o0 —0o0

the assume command is necessary.

6. Most differential equations in textbooks on this subject can be solved with Maple. Dis-
cover differential equations in your past or current textbook to verify this statement. For
example, find the general solution of this system of first-order linear equations:

1 =11 + T2 + T3,
Tg = 2x1 + T2 — T3,

$.3 = —8$1 — 5ZE2 - 3133.

Multiple equations in a set are accepted in the dsolve command analogous to the syntax
in solve.

7. From experiment one obtains a rule of collision for two particles moving in one dimen-
sion,

Vif —V2f = —G(Uli - 'U2i)7 (1.39)

where € is called the coefficient of restitution. This coefficient, ranging from 0 to 1, is a
measure of the loss of energy at a collision: if € = 1, a collision is elastic; if e = 0, the
two particles move with the same velocity, as if they have become amalgamated. Using
this rule of collision, and conservation of momentum, find the velocities of the particles
after collision. Verify that, when ¢ = 1, one obtains the result of elastic collision as in
equation (1.6).

8. The motion of a rocket projected vertically upward in a uniform gravitational field is
described by an equation

(mo — ozt)%v(t) —ave = —(mo — at)g, (1.40)

where v, is the velocity of the exhausted gases relative to the rocket, my is the initial
mass, and « is the rate of loss of mass, all assumed to be constant. If the rocket begins

4A. Zee, Quantum Field Theory in a Nutshell, Princeton, NJ: Princeton University Press, 2003, p. 13.
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from rest at time ¢ = 0, that is v(0) = 0, solve the differential equation with Maple.
Verify that, with further manual arrangement of the Maple output, the velocity is

o(t) = —gt + veIn (&> . (1.41)

mo — at

Assuming v, = 2072.6 m s~! and « to be 1/60 s~ of the initial mass, plot the velocity
fromt =0tot = 55s.

9. Employ the Eigenvectors command in the LinearAlgebra package to find all eigen-
values and eigenvectors of this matrix:

3 2 2
1 4 1
-2 -4 -1

10. For every chapter in this book, the most important exercise is to apply Maple to the so-
lution of problems, which one might discover in various textbooks. Among the infinite
possibilities of doing so, we provide an example of the use of Maple to perform calcula-
tions that appear in Feynman Lectures vol. 3.

(a) Find eigenvalues of the following matrices:

A 0 0 O
Hyi Hipo 0 —A 24 0
<H12 H22>’ 0 24 —-A 0}’

0 O 0o A

which are Hamiltonian matrices taken from p. 9-6 in explaining the ammonia maser,
and p. 12-6 in explaining the “21-centimeter line” of hydrogen.

0.87
0.74
0.6
0.57
0.4
0.31

0.2 /
01

0 1e-10 2e-10 3e-10 4e-10
t

Figure 1.6: The absolute square of C'_ in equation (1.44).
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(b) On p. 11-17, there is a system of differential equations:

Z& = UJQCJ,. + AC_ + AO+,
d‘g (1.42)
Zd—t_ = UJQC_ + AO+ + AO_,

where i = v/—1and A = (a—i3)/2 (both « and 3 are real). With initial conditions
C+(0) = 1and C_(0) = 0, prove that the solution for C_ (t) is

1 . .

C. = §e—zwot(e—ﬁt6—w¢t o 1) (143)
The absolute square of C_ is

1

|IC_|> = Z[l + e 2Pt _ 2¢7 Pt cos(at)], (1.44)
although proof of this condition requires a command conjugate not discussed in
this chapter. Plot equation (1.44), with = 7 x 10'° s=' and 3 = 1010 s~ 1,
which should resemble Figure 1.6; as a test, make another plot with these values:

a = 47 x 10*° s7! and B = 10'° s~!. Feynman used this plot to introduce a
fascinating quantum system consisting of neutral K mesons.’

SFor the reader interested in particle physics, see D. H. Perkins, Introduction to High Energy Physics, 4th ed., New
York: Cambridge University Press, 1999, p. 230; to produce a plot based on experimental data, use 3 = (2 75) ™"
and oo = Am, where 79 = 0.89 x 10710 s is the lifetime of K2 and Am = 0.53 x 1019 s=! (withc = A =1)
is the mass difference between K g and K g.
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2 Oscillatory Motion

Second-order differential equations with constant coefficients serve as mathematical models
for important physical processes, such as the motion of a spring-mass system, and oscillat-
ing electric circuits. Mathematically this type of problems involve comparing undetermined
coefficients, and Maple can conveniently solve them symbolically and numerically. We use
the capability of Maple to solve differential equations to investigate an important subject in
mechanics — oscillatory motion.

2.1 Simple Harmonic Oscillator

An object of mass m is attached at the end of a spring; the spring exerts a restoring force
proportional to a displacement = from its equilibrium position. We write this force as —kx,
where £ is the force constant (or spring constant). According to Newton’s second law, the
equation of motion is

mi = —kx. 2.1)

We solve this equation directly with Maple’s dsolve command.

Worksheet 2.1

> dsolve(mxdiff(x(t),t$2) + kxx(t) = 0, x(t));
[ VEt Vit
X(t) = _01 Sin (ﬁ + _02 COS W

In the Maple output, the general solution is

r = C1sin <\/Et> + C5 cos < E t) . 2.2)
m m

The angular frequency is hence

k
wo = \/;, (2.3)

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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and we write the solution as

r=C sin(wot) + Cs COS(UJQt). 2.4)

If the initial displacement and initial velocity are supplied, both coefficients C; and C» can be
determined.

Example2.1 Suppose that an object of mass 5.0 kg stretches a spring 0.01 m. If the object

is displaced an additional 0.01 m, and is then set in motion with an initial velocity 0.3 m s~

determine the equation of motion.

Solution The force constant is calculated as
(5.0kg)(9.8 ms~2) = (k) (0.0l m), %k =4900Nm~!.
The differential equation and associated initial conditions are
5.0 + 4900z =0, 2(0) =0.01, %(0)=0.3.
Providing this information to the dsolve command, we obtain the solution

3v5 1
T= oy sin(14v/5 t) + 100 cos(14+/5 ).

Worksheet 2.2  If we provide a differential equation with initial conditions as a set (enclosed
within braces) to the dsolve command, Maple returns the result without undetermined coef-
ficients.

> Solnl :

dsolve ({bxdiff (x(t),t$2) + 4900*x(t) = 0, x(0)=.01,
By =(B)) g

Solnl :=x(t) = % sin(14v/5t) V5 + ﬁ cos(14/5t)

> D(x)(0)
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> plot(rhs(Solnl), t=0..1);

=T
ﬁvvvvv

A simple harmonic oscillator is governed by a restoring force that is linear with respect to
the displacement from the equilibrium position, for instance, —kx in the spring-mass sys-
tem. Most oscillating systems are governed by a more complicated restoring force. If the
displacement from the equilibrium position is small, we can approximate the force as being
proportional to the displacement. A function f(x) can generally be expanded about = a as
a Taylor series:

(z —a)"

n!

+7f”’(a)+.--+ f(")(a)+.... (2.5)

If © — @ is small, we can retain only the linear term so that f(z) becomes a linear function.

We use the following example to illustrate this approximation of a small oscillation.

Example2.2 Two identical charges +¢ fixed in space are separated by a distance d. A third
charge —@ of mass m is free to move and lies initially at rest on the perpendicular bisector
of the two fixed charges. Show that, with a displacement 2 small compared with d, the third
charge —(@) undergoes simple harmonic motion along the perpendicular bisector.

Solution From Figure 2.1, the distance r between —() and either +¢ is

2
r = (g) + z2.
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a2
—Q

r
H%
X

d/2

otq

Figure2.1: Configuration of three charges.

According to Coulomb’s law (see Section 6.1), the = component of the force that charge —()
experiences is

kqQ =

b
rZ r

F=-2

where x/r is the cosine of the angle between r and the « axis. For small ;, we can expand F'
about z = 0 to obtain

B 16kqQ 96kqQ 4 B 480/€qu5 L

F = pE T 7 T T cee

and retain only the linear term. We obtain the equation of motion for charge —Q):

16kqQ
FER

which has the same form as for a simple harmonic oscillator. The angular frequency is then
identified as

_ [16kqQ
wo = —md3 .

Worksheet 2.3 In this worksheet we introduce the taylor command, which forms an ex-
pansion as a Taylor series. We use the convert command to convert the result of that series
expansion to a polynomial, specified by the polynom option.

> assume(d>0):
> r := ((d/2)"2+x~2)"~(1/2);
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> F := -2xk*q*Q/r~2*x/r;
2kqQx

a2 (3/2)
(5+=)
> taylor(F, x=0);

16kqQ 96kqQ , 480kqQ
e tTte U@ ¢
> convert (%, polynom);
16kqQz  96kqQa® 480kqQa®
_ d3 + d5 - d7

F:=—

+0(27)

Practically any binding force can be approximated as a linear restoring force for sufficiently
small displacement from equilibrium, and the force constant & is the first derivative of the
force evaluated at equilibrium.

2.2 Damped Oscillation

For a real oscillator, the amplitude of oscillation gradually diminishes as a consequence of the
existence of a damping force. An approximation commonly employed for this damping force
is

Fy = bi, (2.6)

so that force F}; is proportional to the velocity, with b as the damping coefficient. We modify
the equation governing the spring-mass system by adding this extra component for a more
realistic situation,

mi + bz + kx = 0. 2.7)
We again submit this equation directly to the dsolve command to obtain

b—\/b2—4km _biVb2—dkm

x=Cre” 2n 4 Che 2m (2.8)

Worksheet 2.4

> dsolve(m*xdiff (x(t),t$2) + bkdiff(x(t),t) + kxx(t) = 0, x(t));
(—b+\/l;27;4km)t) 4 02 e(_(b+\/b§:n4km)t)

x(t) = _C1 €
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Based on the sign of b> — 4mk, we classify the solution as:
1. overdamping, for which b? > 4mk,
2. underdamping, for which b < 4mk, and
3. critical damping, for which % = 4mk,

which we treat separately.

221 Overdamping

If b2 > 4mk, the solution is written as

b—+/b2—4km —b+\/b2 —4km
r=Cre” 4 Che” T Ezm L (2.8)

To evaluate Cy and C5, we apply the initial conditions in order to solve for these coefficients.
This task can be directly accomplished with dsolve if we provide the initial conditions.

Example2.3 A block attached to a spring and moving through a viscous material serves as
an example of overdamped motion. Suppose that we have such a mechanical system governed
by a differential equation’

T+ 1.2¢ 4 0.252 = 0.
Find the solution for initial conditions in two cases:

(a) z(0) = 0.5, #(0) = 1.75;
(b) z(0) = 0.5, &:(0) = —1.75.

Solution Maple produces these solutions.

(2)
x=3.3¢7 02 _ 287093,
(b)

z=—1.9e"T" 4 246709,

Worksheet 2.5 The usage of dsolve is straightforward. At the end we convert fractions
into decimals with the evalf command: after all, most physical quantities are measured in
decimals.

Many differential equations in this chapter are taken from Boyce and Diprima 2001, § 3.8 and § 3.9.
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> Soln4 := dsolve({diff(x(t),t$2) + 1.2xdiff(x(t),t) + 0.25xx(t)
0,

> x(0)=0.5, D(x)(0)=1.75}, x(t));

1 41+/11 (—=6+VI1) ¢ 41+/11 1 (6+VIT) ¢
. _ [ = (A=) _ - (===
Solns := x(t) (4 + o > e 10 + ( m 4 4) e 5
> Solnb := dsolve({diff(x(t),t$2) + 1.2xdiff(x(t),t) + 0.25xx(t)
0,

> x(0)=0.5, D(x)(0)=-1.75}, x(t));

1 29VIT\ corvme  (20VIT1 1 t
Solnb = X(t) = <Z — [) e(%) + ( 4?1— 4 Z) e(_(GJﬂl/OH) )

> plot([rhs(Soln4), rhs(Soln5)], t=0..10, legend=["(a)", "(b)"1);

1.5

0.5

0.5 ]

> evalf(Soln4); evalf(Soln5);
x(t) = 3.340491282 ¢(~0-26833752101) _ 2 840491282 ¢(~0-9316624790%)
x(t) = —1.935957248 ¢(=0-26833752101) | 9 435057248 ¢(~0-9316624790%)

In (a), the block has a positive velocity and at first moves away from the equilibrium position.
In (b), it has a negative initial velocity, and it moves toward then across zero, the equilibrium
position. In both cases, the block eventually returns to zero displacement with an exponential
decay.
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2.2.2 Underdamping

In this situation, it is convenient to use Euler’s formula,

e = cosf + isinb, (2.9)

to rearrange the equation. The solution becomes

. V/ — 2 / )
x=e 2m |Acos <Mt> + Bsin <Mb‘>1 , (2.10)
m m

where A and B are linear combinations of C; and C5. We define a quantity wq as the quasi-
frequency,

VAakm — b2

o 2.11)

wq:

When b = 0, the quasi-frequency is

[k
wo = —
m

which corresponds to the angular frequency of a simple harmonic oscillator. We generally call
wp the natural frequency.

From given initial conditions, we can also evaluate numerically the two coefficients A and B.

Example 2.4 An object of mass 1.0 kg is attached to a spring of force constant 1.0 N m~1;
the damping coefficient is 0.125 kg s~1; the initial displacement is 2.0 m, and initial velocity 0.

Solution The object is governed by this equation:
2401256 +x =0, z(0)=2, #(0)=0.

For comparison, we write an equation without damping, that is with b = 0:
Z+x=0, z(0)=2, (0)=0.

As before, we employ the dsolve command to find the solutions, which are

r = 2cost, without damping,
x = 2e7 0025 ¢05(0.998t) + 0.125¢ 9625 5in(0.998t), with damping.

The solution for damped oscillation differs from that for undamped oscillation in incorporat-
ing an exponential decay; we also observe that the quasi-frequency wq is 0.998 s™1, slightly
different from the natural frequency wy = 1.0 s~ for the undamped case.

Worksheet 2.6  Although Maple gives a generic solution of mi + bt 4+ kx = 0 in terms of
exponential functions, when we provide the values of m, b and k such that b? < dmk, Maple
returns the solution in terms of sinusoidal functions.
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> Soln7 := dsolve({diff(x(t),t$2) + x(t) = 0, x(0)=2, D(x) (0)=0},

> x(£));
Soln7 == x(t) = 2 cos(t)

> Soln8 := dsolve({diff(x(t),t$2) + 0.125xdiff(x(t),t) + x(t) = O,

> x(0)=2, D(x)(0)=0}, x(t));
Soln8 :=x(t) = A /255 e(=15) sin <v255t> 4 261 cos <\/255t>

255 16 16
plot ([rhs(Soln7), rhs(Soln8)], t=0..50);

\%

> evalf(Soln7); evalf(Soln8);
x(t) = 2. cos(t)

x(t) = 0.1252448582 ¢(~0:06250000000%) &ipy (0. 9980449638 1)
+ 2. £(70-06250000000%) (45(().9980449638 1)

2.2.3 Critical Damping

One rarely encounters a situation of critical damping, because such an exact mathematical
equality does not occur in a physical situation: a measurement is necessarily made for slightly
greater or less than the critical value. The mathematical structure of the solution in this sit-
uation differs from the other cases. Because the root of the quadratic equation is repeated,
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another independent solution is required. The general solution takes a form
x = Cre”mmt 4 Cote™ om. (2.12)
Example 2.5 Find solutions of the differential equation

i+d+0250=0 z(0)=05, &(0)=175.

Solution A calculation with Maple yields
T = %e‘t/Q +2te™t/?,

which is consistent with the general form of critical damping.

Worksheet 2.7 Maple can discern the situation of critical damping and give two independent
solutions correctly.

> Solnl0 := dsolve({diff(x(t),t$2) + 1.0xdiff(x(t),t) + 0.25*x(t)
> =0, x(0)=0.5, D(x)(0)=1.75}, x(t));

1 o .
Soln10 = x(t) = 3¢ —3) 4+ 2e(=2)¢

We leave it as an exercise for the reader to make a plot of the above solution.

2.3 Sinusoidally Driven Oscillation

Before discussing the physics of a driven oscillation, we digress to explore some Maple com-
mands that are useful in further study.

Example2.6 We pose the following problems to introduce Maple commands that are help-
ful for our next topic.

1. A function is defined as
flz) = 2%+ 1.
Evaluate f(5).

2. The expression A cos(wt) + B sin(wt) can be written as C cos(wt — §); find C and ¢ in
terms of A and B.
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Solution For the first problem, we know how to assign an expression to a name, using the
operator : =, To evaluate 2 +1 at z = 5, we can employ the eval command, but this operation
is inconvenient for multiple evaluations of the same expression. In the following worksheet
we introduce both an arrow notation -> and the unapply command, either of which enables
us to define our own functions.

For the second problem, we have observed the phenomenon that adding two sinusoidal func-
tions of the same frequency results in another sinusoidal function, of the same frequency, but
different amplitude and phase. For instance, in the example in Section 2.1, the solution

x = 0.01cos(31.3%) + 0.0096 sin(31.3¢)
is equivalent to
x =0.14cos(31.3t — 0.76).

One can verify this result using the trigonometric addition formula, or directly from the graph.

In general, we can combine two sinusoidal functions of the same frequency to become one
function,

A cos(wt) + Bsin(wt) = C cos(wt — 0), (2.13a)
where
B
C=+A2+ B2, §=arctan T (2.13b)

Worksheet 2.8 We assign the expression 22 + 1 to a name y, and evaluate y at z = 5
using the eval command. We try to define the function using £ (x) := x"2 + 1;, but this
operation is unsuccessful. This line merely assigns the expression to a name f (x); when we
type £ (5) this symbol is interpreted as a separate name. To define a function, we require an
important command: the arrow notation, shown for our definition of g, produces the desired
effect. We define a function alternatively using the unapply command, as in our usage for
h. For the trigonometric equation, we employ a rather tricky combination of the expand and
identity commands to solve for C' and ¢.

>y :=x"2 + 1;
y:=x>+1
> eval(y, x=5);
26
> f(x) :=x"2 + 1;
fz) =22 +1
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> £(5);
f(5)
> g :=x ->x72+1;
g=z—1x2+1
> g(5);

> h := unapply(y, x);
hi=z—2%+1
> h(5);
26
> solve(identity(A*cos(alpha*t) + B*sin(alphaxt) =

> expand(Cxcos(alpha*t-delta)), t), {C, deltal});

B A
{C:m75:arctan<\/32+A27 \/BQ+A2)}7

B A
C = —v/B? + A2, § = arctan (— , = )}
{ VB2 + A2 /B2 + A?
> solve(identity(0.01*cos(31.3*t) + 0.0096*sin(31.3*xt) =

> expand(Cxcos(31.3*t-delta)), t), {C, deltal});
{C' = —0.01386217876, 6 = —2.376599821}, {§ = 0.7649928327, C' = 0.01386217876}

Here we return to physics. If we apply a periodic external force to a spring-mass system, the
situation is called forced oscillation or driven oscillation. The differential equation governing
this system is that of damped oscillation with an additional sinusoidal function,

mi + bt + kx = Fy cos(wt). (2.14)

We distinguish two types of frequencies in such a problem. The driving frequency is denoted
by w, which is typically a controllable variable: using a motor to drive the motion, we can
vary w by adjusting the speed of rotation. The natural frequency is denoted as

[k
wo = )
m

which is the same definition as for the simple harmonic oscillator; this natural frequency is
determined once we have chosen the mass and the spring with its particular force constant.

This type of differential equation can be solved analytically. To illustrate the forced response,
here is an example with three distinct driving frequencies.
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Example 2.7 For the equation,
P+0.1250+x=F(t), x(0)=2, #(0)=0,
plot the solution x(t) and F'(t) for the following driving forces:
(@) F(t) =3cos(0.3t); (b) F(t)=3cos(t); (c) F(t)=3cos(3t).

Observe the relation between amplitude and phase of the force and the solution.

Solution The natural frequency is

[k
wo = — =1.0.
m

The three forces represent situations when the driving frequency is (a) less than, (b) equal to,
and (c) greater than, the natural frequency. The solutions for the three driving frequencies are

(@) x=—0.12e7%0625%5in(0.998t) — 1.29¢2-9625% ¢05(0.998t) + 0.14 sin(0.3¢)
+ 3.3 cos(0.3t),

(b) 2 = —23.9¢ %2 5in(0.998t) 4 2.0e V%25 cos(0.998t) + 24.0 sin(t),

(¢) x=0.096e" %0525 gin(0.998t) + 2.37e %0525 ¢os(0.998t) + 0.018 sin(3t)
— 0.37 cos(3t).

Worksheet 2.9 This worksheet illustrates that Maple’s dsolve command works for nonho-
mogeneous differential equations as well.

> Eprl := diff(x(t),t$2) + 0.126xdiff (x(t),t) + x(t);
Bpri = (<5 x(t)) 4 0.125 (& x(1)) + x(¢)
> F1:=3%cos(0.3%*t);
F1 :=3cos(0.3t)
> Solnll := dsolve({Eprl = F1, x(0)=2, D(x)(0)=0}, x(t));

257758 5 255t
) — I i ([ N
Soln x(t) 33843855 ¢ Sib ( T ) 55
171358 o= 15) cos V255t n 18000 sin 3t n 436800 cos 3t
132721 16 132721 10 132721 10

> plot([rhs(Solnil), F1], t=0..150, legend=["x", "F1"]);
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NN
AT

> F2 := 3xcos(t);
F2 := 3 cos(t)
> Solnl3 := dsolve({Eprl = F2, x(0)=2, D(x) (0)=0}, x(t));

2 p /255 /5%
Soln13 = x(t) = —ﬁe(_l_ﬁ)sin< o9 t) V255 + 2e(~ )cos< 1565t>

255
+24 sin(t)
> plot([rhs(Soln13), F2], .150, legend=["x", "F2"]);

= L

= TR
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> F3 := 3%cos(3*t);
F3 :=3cos(3t)
> Solnlb := dsolve({Eprl = F3, x(0)=2, D(x)(0)=0}, x(t));

Soln15 = x(t) = — - o(~15) sin <V25 t) \/ﬁ+9746 (- )COS<\/21257¢>

12315

. 1536
4 1105 sin(3t) — 1105 & s(3t)
> plot([rhs(Soln15), F3], t=0..50, legend=["x", "F3"]);

> evalf(Solnll); evalf(Solnl3); evalf(Solnlb);

x(t) = —0.1216192771 (~0-06250000000%) &i1y (09980449638 t)

— 1.291114443 (~0-06250000000%) ¢45((.9980449638 1)
+ 0.1356228479 sin(0.3000000000 ¢) + 3.291114443 cos(0.3000000000 ¢ )

x(t) = —23.92176792 ¢(~0-06250000000%) giyy (0.9980449638 t)
+ 2. £(~0-06250000000) ¢5((0.9980449638 t) + 24. sin(t)

x(t) = 0.09595495227 (~0-06250000000%) giy) (().9980449638 t)
+ 2.374177832 ¢(~0-06250000000) ¢5(().9980449638 t) 4 0.01753958587 sin(3. t)
—0.3741778319 cos(3. t)

From the graphical output we observe that, in each case, after an initial irregular motion,
the mass oscillates at the driving frequency w with a constant amplitude. This stabilized
sinusoidal curve is the force response; the amplitude and phase of the force response vary
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according to w. When w is smaller than wy, the force response roughly follows the driving
force, and they oscillate in phase. When w is equal to the natural frequency wy, the response is
extremely large, and the phase lags behind the driving force by /2. When w is larger than wy,
the force response is small and it oscillates nearly out of phase (a phase difference of ) with
the driving force.

According to the above results, the solution for driven oscillation has a general form:

bt
€Tr=e€ 2m
m 2m

V4km — b2 [ VAkm — b2
Ajcos| ———t | + Bysin | ———¢
(2.15)
+ Cssin(wt) + Cy cos(wt).

The first two terms of the solution are called transient, because they diminish when ¢ becomes
large; they contribute to irregular motion at the beginning of oscillation. This transient is
simply the general solution for a damped oscillation. The third and fourth terms constitute
the steady-state solution, because they do not decay; they correspond to the force response.
From our trials we have discovered that C's and Cy depend on experimental conditions such
as mass m, damping coefficient b, force constant k, and driving frequency w, but not on the
initial conditions x( and 2. To evaluate the amplitude, we write the sum of sine and cosine
in this form:

Cssin(wt) + Cy cos(wt) = A cos(wt — 0); (2.16)
we already know how to express A and ¢ in terms of C'5 and Cy from equation (2.13). A

relation between amplitude and phase of the force and its response is thus derived. Using
Maple to undertake the rearrangement, we have

A= N F02)2 —. (2.17)
me(w* —wg)® + b*w
and
b
§ = tan~! d (2.18)

m(wg — w?)’

Worksheet 2.10 To break an expression into parts, the op command is convenient. We
extract the force response, which is the third part of Epr3, using op(3, Epr3). We again
adopt a combination of the expand and identity commands to find the amplitude and phase.
Using the assign command, which turns = into :=, we can call A and delta directly. We
require the unapply command to define the amplitude and phase as functions of b. Finally,
we introduce Maple’s operator seq, which generates a sequence of expressions; see 7seq for
additional information.
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> Eql := m*xdiff(x(t),t$2) + bxdiff(x(t),t) + m*omegal~2xx(t) =
> FOxcos(omegaxt) ;

Eql :=m (j—; x(t)) + b (& x(t)) + mw0?x(t) = FO cos(wt)

> Soln2 := dsolve(Eql, x(t));

(=b+ Vb2 —4w02m?2) ¢ (b+Vb2—-4w02 m?2) ¢
2m ) - 2m )

Soln2 := x(t) = el _C2 + el
FO ((mw0? — w?m) cos(wt) + wsin(wt) b)
wim? + (b2 — 2w02 m?) w? + w04 m?

_C1

> Epr3 := rhs(Soln2);

— 2_ 2 2 2 _ 2 . n2
(=b+Vb 2:14;.:0 m )t) _ (b+Vb 24;:;0 m )t) 01

Epr3 := el _C2 + ¢l
FO ((mw0? — w?m) cos(wt) + wsin(wt) b)
wtm? + (b2 — 2w02m?2) w2 + wo* m?

> Epr4 := op(3, Epr3);
FO ((mw0? — w?m) cos(wt) + wsin(wt) b)
wim? 4+ (b2 — 2w02m?) w? 4+ w0t Mm?

FEprj =

57

> Solnb5 := solve(identity(Epr4 = expand(A*cos(omega*t-delta)), t),

{A, deltal);

Fo wb m(w02—w2)>}
Solns :=4 A= ——, § = arct
o { Nk a““(wm V%1 ’

{A _ 0 = arctan (— wb _m(wOQ — w2))}
VR V%1’ V%1

%1 := b% w? + w0*m?2 — 2w0% m?w? + w*m?

> assign(Soln5[1]);

> A; delta;

FoO
Vb2 w2 + w0t m?2 — 2w02 m2 w2 + wt m?
b
arctan( @ ,
Vb2 w2 + w0rm?2 — 2w02m2 w? + wim?

m (w0? — w?) >

Vb2 w2 + w0 m?2 — 2w02 m?2 w? + wim?
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> FO :=1.0; m :=1.0; omegal := 1.0;

FO:=1.0

m = 1.0

w0:=1.0
> Amp := unapply(A, b);

1.
Amp :=b— 0
Vb2 w2 + 1.000000 — 2.0000 w? + 1.00 w*

> pha := unapply(delta, b);

pha := b — arctan(

wb
Vb2 w2 +1.000000 — 2.0000 w2 + 1.00 w?*’

1.0 (1.00 — w?) >

Vb2 w2 + 1.000000 — 2.0000 w? + 1.00 w*

> plot(Amp(0.125), omega=0.3..3);

1.5 2
omega
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> plot([pha(0.125), Pi/2], omega=0.3..3);

0 o5 1 15 2 25 3
omega

> plot([seq(Amp(i/4), i=0..4)], omega=0..2, 0..4.5, legend=["b=0",
> "b=0.25", "b=0.5", "b=0.75", "b=1"]);

07 T T T T T T T T T 1
0.2 04 0.6 O.SOmé.gal.Z 14 16 18 2



60 2 Oscillatory Motion

> plot([seq(pha(i/4), i=0..4), Pi/2], omega=0..2, legend=["b=0",
> "b=0.25", "b=0.5", "b=0.75", "b=1", "Pi/2"1);

07 J\/J T T T T T T T 1
0.2 04 0.6 O'Soma'gal'z 14 16 18 2

a0
SO0

O1N

For one specific value b = 0.125, we plot the amplitude and phase versus the driving fre-
quency w. These plots indicate that when w = wy, the amplitude is large; this phenomenon
is called resonance. At this frequency, the force response lags behind the driving force by
/2, as we have seen. The plot also indicates that, at small frequency, the force response and
driving force are in phase; at large frequency, they are out of phase.

We plot curves of the force response with various damping coefficients b in a series. For small
b, the response at resonance is much larger than the amplitude of the driving force. We also
plot curves of phase angle in a sequence with various damping coefficients b; at resonance,
the phase angle is 7/2.

2.4 Phase Space

A second-order differential equation with constant coefficients is exactly solvable; it serves
as a satisfactory model for many oscillatory systems, but for some situations this model is
inadequate. For instance, to describe the motion of a pendulum in a gravitational field with a
damping force, the angle x relative to the vertical is governed by an equation

mi%i + bli + mglsin(z) = 0. (2.19)
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~

When z is small, we can make the small-angle approximation such that sin(z) = z, and
reduce it to the same equation of damped oscillation. For a large angle, it is difficult to write
the solution.

As explained in the preceding chapter, most differential equations that we encounter in physics
admit no analytic solution, even for simple systems. In subsequent chapters we rely strongly
on numerical solutions, for which reason here we discuss numerical methods to solve differ-
ential equations. We also introduce a related topic, phase space, in which a dynamical system
can be represented.

A second-order differential equation of this form

d’z dx

can be reduced to two equations of first order:

d

d_f =, (2.21a)

dv

pri r(z) — q(x)v = f(z,v). (2.21b)
For instance, we write the equation for the pendulum as two first-order differential equations:

d

d—f —u, (2.22a)

dv g b

=2y - . 2.22

o ; sin(x) v (2.22b)

According to this approach we regard x and v as separate variables. Treating a variable and its
derivative as separate dependent variables is an important concept in the calculus of variations
and the Lagrangian formulation of mechanics, which we discuss in the next chapter.

If we have initial conditions, that is if 2y and vy at time ¢y are given, we use these
two first-order equations to integrate forwards in time, and obtain approximate values
(z1,v1), (X2,02), ..., (Tn,v,) at t, = to + n At. Using the Euler method as an illustrative
example,

1 = T +vo At, vy = v+ f(w0,v0) At,
o =11 +v1 At, v = v + f(z1,01) At,
we advance to a subsequent time ¢,,,
Ty = Tp—1 + Un—1 At, Up = Up—1+ f(l'n—la Un—l) At. (223)

Numerical solution conforms to this principle. The Euler method is merely a pedagogical
model, which typically lacks sufficient accuracy. In practice the Runge—Kutta method is com-
monly used; we do not discuss this method here but the idea is the same as the Euler method.
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There are many computer codes in existence to undertake calculations of numerical solutions
to differential equations. Maple’s dsolve command includes an option for numerical solu-
tion, which conveniently incorporates those routines in a simple line command.

We define a two-dimensional plane with coordinates of position x and velocity v as a phase
space; in this phase space, each point (x, v) represents an instantaneous state. A second-order
differential equation of the above form can be geometrically presented in such a phase space.
At any point (z, v), we evaluate a slope as

dv % flz,v) .

de  dz v

We can draw a short arrow through the point (x, v) with this slope; a collection of all such
arrows is called a direction field. It is a simple task for Maple to generate such a plot with the
DEtools package.

Example2.8 Suppose a pendulum to be governed by an equation
Z 4 0.2¢ + sin(x) = 0,

find the numerical solution with initial conditions

Solution We can numerically solve this equation. To produce a plot of the direction field, we
must write the second-order equation as two first-order equations:

dx

=,
a4

7 +0.2v +sin(z) = 0.

Worksheet 2.11 We first invoke the DEtools and the plots packages. The differential
equation is solved numerically using dsolve with an option numeric. To write the second-
order equation as two first-order equations, we employ the subs commands to substitute &
with v. The dfieldplot command produces the direction field, and the odeplot command
graphs the numerical solution from dsolve, for both = versus ¢ and x versus . We introduce
the display command in the plots package to superpose two or more plots.

> with(plots): with(DEtools):

Warning, the name changecoords has been redefined
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> Eql := diff(x(t), t$2) + 0.2*diff(x(t), t) + sin(x(t)) = 0;
Eql = (& x(t)) + 0.2 (& x(¢)) + sin(x(t)) = 0

> Soln2 := dsolve({Eql, x(0)=Pi/1.01, D(x)(0)=0}, x(t), numeric);
Soln2 := proc(x_rkf45) ... end proc

> odeplot(Soln2, [t, x(t)], t=0..8%Pi, numpoints=100);

0/ 5 0 15 20/ 25

> Eql1l := diff(x(t), t) = v(t);
Eq11 := £ x(t) = v(¢)
> Eql2 := subs(Eqll, Eql);

Eq12 := (& v(t)) +0.2v(t) +sin(x(t)) = 0

> pl := dfieldplot([Eqll, Eq12], [x(t), v(t)], t=0..8%Pi,
> x=-Pi..3/2%Pi, v=-Pi/2..Pi/2):

> p2 := odeplot(Soln2, [x(t), diff(x(t), t)], t=0..8*Pi,

> color=blue, thickness=2):
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> display([pl, p21);
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According to this numerical solution, we plot the position (angle) = versus time ¢. To represent
the solution in an alternative way, we plot the velocity v = & versus x, which gives a trajectory
in the phase space. For an oscillatory system, representation of the solution as a trajectory in
the phase space is generally superior, because it indicates a cyclic or chaotic property more
markedly. In this example, the trajectory spirals into the center. A dynamic system can be
classified according to the pattern of such a trajectory; this topic can be found in many books.

Superposing the trajectory and the direction field, we see that the trajectory traverses the phase
space tangential to the direction arrows. A plot of direction field in phase space thus allows us
to understand qualitative properties of differential equations.

In classical physics, we can in principle completely determine the motion of a particle if we
are given the position and velocity at one instant with the governing differential equation. This
view can be understood with the plot in the phase space. We mentioned above that each point
(x,v) in the phase space represents a state, which is a possible initial condition. Tracing the
arrows we can find its past and future.

However, no physical measurement can be given as an exact number. For the pendulum
system, within the regime of small angle (small z), the arrows form a stable stream, in the
neighborhood of (7, 0) in phase; that is, if the pendulum is released nearly upright vertically,
the trajectory might differ greatly for two similar initial conditions. In this situation, a minute
variation of the initial state can result in a great variation at a subsequent stage. This sensitive
dependence on initial conditions is one characteristic of a nonlinear dynamic system; see next
example.
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Example2.9 An equation to describe the current x in a triode oscillator, called the van der
Pol equation, is

i—pu(l -2 +x=0, (2.24)

where (4 is a positive constant. Discuss the solution of this van der Pol equation at y1 = 1.

Solution We make a set of trajectories in the phase space, referred to as a phase portrait,
using the DEtools package. In the phase space, there seems to exist a limit circle, which
implies a stable periodic solution. Experimenting with numerical solutions, we discover that,
if an initial condition is slightly less than (2, 0.169), the trajectory completes almost one cycle
then begins to sink into the center, whereas, if an initial condition is slightly greater than
(2,0.169), the trajectory also completes almost one cycle but then drifts away. On the basis
of these trials we conclude that a periodic solution exists with = 2 and 0.168 < v < 0.170.
This example illustrates the sensitive dependence on initial conditions, a characteristic of a
nonlinear system.

Worksheet 2.12 This worksheet illustrates the possibility of using DEplot to produce the
direction field and a set of trajectories in the phase space (when initial conditions are provided)
in an integrated command, instead of using the combination of odeplot and dfieldplot as
in the preceding worksheet; see 7DEtools,DEplot for additional information.

with(DEtools):
mu := 1;
pwi=1
> EqO0 := diff(x(t),t$2) + mux(1 - x(t)~2)*diff (x(t),t) + x(t)=0;

Eq0 == (L x(t)) + (1 — x(t)2) (£ x(t)) + x(t) = 0
diff(x(t),t) = v(t);
Eql := % x(t) = v(t)
subs (Eql, EqO);
Eq2 = (Lv(t)) + (1 —x(t)?)v(t) + x(t) =0
.2

> DEplot([Eql, Eq2], [x(t), v(t)], t=0..2.2%Pi, [[x(0)=2,
v(0)=0.169],

> Eql :

> Eq2 :

> [x(0)=2, v(0)=0.168]1, [x(0)=2, v(0)=0.170], [x(0)=2,
v(0)=0.1705],

> [x(0)=2, v(0)=0.1711], stepsize=0.1, linecolor=[black, red, red,
blue, green]);
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Scientists traditionally work in a domain for which stable solutions exist, such as with a small
angle for the pendulum system. A computer can evidently be of great assistance in helping
scientists to explore a region of instability. In recent decades there has been much research in
this area, and numerous books are published on this topic. Our purpose in this section is to
introduce the representation of a dynamic system in the phase space, and bring an awareness
of the tremendous utility of Maple in nonlinear dynamics. In Section 4.5 we will focus on the
Duffing equation to study chaotic phenomena.

Exercises

1. For a system of forced oscillation, suppose that there is no damping; the differential

equation governing such a system is

mi + kax = Fy cos(wt). (2.25)
Find the general solution to this equation.
Consider a numerical example for the above system:

¥+ x=0.5c0s(0.8t), x(0)=0, #(0)=0.

Find the solution for z. Plot 2 as a function of time, and observe the modulation of the
amplitude.
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3. For a system with forced oscillation but without damping, if the driving frequency is
equal to the natural frequency, such as for this equation,

Z+ax=0>5cost, x(0)=0, %(0)=0,
find the solution for  and make a plot.

4. According to a model by Thomson, when a free electron of charge —e and mass m
is driven by a monochromatic electromagnetic wave, the electron is accelerated and so
emits radiation. To fully understand this classical theory of scattering requires advanced
knowledge of electromagnetism, but we offer this challenging problem for a reader to
practice algebraic manipulation with Maple.

(a) Motion of an electron is governed by this differential equation:
mi = —ekE cos(wt). (2.26)

Show that the steady-state solution is

E
x = % cos(wt) = g cos(wt). (2.27)

(b) The power of radiation emitted by an accelerated electron is given in Chapter 10 in
equation (10.75),

e?xdwt

ﬁ:

2.28
12meqc3’ (2.28)

identify xo from equation (2.27), so as to find P.

(c) The cross-section is defined as

g =

) (2.29)

~I ol

where the intensity of the incident wave is

1= %eocEg. (2.30)

Show that

4

1 e

This quantity is the Thomson cross-section.

(d) The Thomson cross-section is commonly written as

o= %”rg, (2.32)
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where

e2

Te (2.33)

4megmc?

is called the classical radius of an electron. Use Table A.1 to evaluate numerically
both ¢ and 7.

Hint: one might employ the ScientificConstants package (Maple 8 or higher)
for physical constants.

5. Plot the direction field for
I+ 0.125& +x = 0;

this is the equation for damped oscillation in Section 2.2.2. Overlay the trajectory of the
solution for an initial condition z(0) = 2 and #(0) = 0.

6. For positive x and y, the system

Cfl—f = z(1 — 0.5y), (2.34a)
dy
i y(—0.75 + 0.25z) (2.34b)

represents typical predator—prey equations,” a model encountered in mathematical bi-
ology. Plot the direction field for this system. Choose an initial condition such as
x(0) = 0.5 and y(0) = 2.0 to find the numerical solution, and overlay the trajectory
on the direction field. Make another plot showing two curves x(t) versus ¢ and y(t)
versus ¢.

7. For a hypothesized sequence of reactions involving reactants A and B, intermediates X
and Y, and products D and E,

29X +Y *5 83X,
X Mg,

the concentrations of X and Y exhibit oscillatory behavior during the reaction. According
to chemical kinetics, X and Y are governed by the so-called Brusselator equations:>

X

dd—t:klA—szX+k3X2Y—k4X, (2.352)
Y

dd—t =kBX — k3 X?Y. (2.35b)

2Boyce and Diprima 2001, § 9.5, p. 503.

31 Prigogine and R. Lefever, “Symmetry breaking instabilities in dissipative systems,” Journal of Chemical
Physics, 48, 1695-1700 (1968); D. Kondepudi and 1. Prigogine, Modern Thermodynamics, Chichester; New York:
Wiley, 1998, p. 438ff.
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We assume that k& = 1.0, ko = 1.0, ks = 1.0, k4, = 1.0, A = 1.0, B = 3.0, and X and
Y are functions of time ¢. For X(0) = 1.0 and Y(0) = 1.0, find the numerical solution;
plot X(t) versus ¢ and Y (t) versus ¢. In another plot overlay the trajectory in the phase
space on the direction field. They should resemble Figure 2.2.
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Figure 2.2: Solution to equation (2.35).
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3 Calculusof Variations

The calculus of variations involves minimizing expressions that depend on a function. The ob-
jective is not merely to discover a point at which some particular function assumes a minimum
value, but to determine an entire dependence of some function in such a way that it minimizes
an integral involving that function and its derivatives. This problem played an important role
in classical physics during the eighteenth and nineteenth centuries, and in quantum mechanics
and relativity during the twentieth century. For these applications, Maple proves useful partic-
ularly in the following ways: to obtain the Lagrangian requires a coordinate transformation;
in formulating equations of motion, calculus involving the chain rule is generally tedious. In
this chapter we develop a method with Maple that we can apply systematically to diminish the
extent of manual manipulation.

3.1 Euler—-Lagrange Equation

We first consider a problem in one-dimensional form. A function f(y,%’, x) is defined on a
path y = y(x) between two values 24 and x5, where 3 is the derivative of y with respect to
x’

dy
=2, 3.1
v=a (3.1
We seek a particular path y(z) such that the line integral J,
TB
J =/ fy. 9 x)dz, (3.2)
TA

has an extremal value. We consider z to be the independent variable, and y and 3’ two separate
dependent variables. The solution of this problem requires that the following condition be
satisfied:

d (0f\ Of
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Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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The derivation can be found in many books,' which justifies our omission. Equation (3.3),
called the Euler—Lagrange equation, is a most useful equation that recurs many times in this
book.

3.2 Mathematical Examples

There are several famous problems of the calculus of variations. To demonstrate how to use
the Euler-Lagrange equation in Maple, we begin with a simple problem: what is the plane
curve connecting two given points having the shortest length?

The line element in a plane is the infinitesimal separation between two points:

ds = +/dz? + dy?; (3.4)

the total length of any curve between the points .4 and B is hence

B TR 2
J=/ ds:/ 1+<@) da. (3.5)
A zA dx

We identify f as the integrand,

f=Vity?

Substituting f into the Euler-Lagrange equation and solving the differential equation, we
would obtain the desired function.

Maple contains a package VariationalCalculus that allows one to employ the Euler—
Lagrange equation in an integrated procedure. Instead of using this package, we develop a
method of solving this type of problem explicitly from the original equation. According to
the Euler-Lagrange equation, one must differentiate a function f(y, y’, x) with respect to two
related functions, y(z) and y'(z), but the diff command fails to support the performance of
such a task without invoking an external library or inserting a procedure. Our approach is
to treat y(x) and y'(x) as separate variables by substituting distinct symbolic quantities for
them, so that Maple can differentiate with respect to those symbols. We then substitute back
those symbols with their original assignments, and continue to calculate the second derivative
with respect to the independent variable x, and solve the differential equations. We outline the
method as follows.

* Define £ as a function of x, y (x), and diff (y(x) ,x).

* Substitute y (x) and diff (y(x) ,x) by two symbols, for example varl and var2 respec-
tively, f1 := subs({y(x)=varl, diff (y(x),x)=var2}, f);, so that £1 becomes
a function of var1 and var2.

Goldstein et al. 2002, p. 36ff.
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* Differentiate f1 with respect to varl and var2: Eprl := diff(f1, var2);

Epr2:=diff (f1, varl);

* Replace var1 and var2 with their original assignments in Epr1 and Epr2:

Epr3 := subs({varil=y(x), var2=diff(y(x),x)}, Eprl);
Epr4 := subs({vari=y(x), var2=diff(y(x),x)}, Epr2);.

« Differentiate Epr3 with respect to x: Epr5 := diff (Epr3,x);
* The Euler—Lagrange equation states that Eq6 := Epr5 - Epr4 = 0;.

* Use the dsolve command to solve the differential equation.

These substitutions might appear tedious, but they are readily accomplished with routine edit-
ing operations such as “cut” and “paste.” We consider that they enable a direct approach to

the solution of each problem step by step, and we oversee each operation.

Worksheet 3.1 In this worksheet, we define a function £, then substitute y with var1 and ¢/’

with var2, according to the method outlined above.

\%

f := sqrt(l + diff(y(x),x)"2);

Fi= 1+ (5 y(2))?
> f1 := subs({y(x)=varl, diff(y(x),x)=var2}, f);

fl :=+/1+ var2?

> Eprl := diff(f1, var2);
Eprl = %
V1 + var2?
> Epr2 := diff(f1, varl);
Epr2 :=0
> Epr3 := subs({varl=y(x), var2=diff(y(x),x)}, Eprl);
Eprs = —% y(@)
1+ (& y(2))?
> Epr4 := subs({varl=y(x), var2=diff(y(x),x)}, Epr2);
Eprj =0
> Eprb := diff(Epr3, x);

(& v(@) (F y(a o), e ¥(2)
(1 + (35 y(2))2) /2 1+ (L y(x))?

Epry (= —
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> Eq6 := Eprb - Epr4 =
@ (o ) ey
(1+(di y(2))?)B/2) 1+ (L y(z))?
> Solnl := dsolve(Eq6, y(x));

Solnl :=y(x)=_Clx+ _C2

=0

Eq6 = —

We obtain the solution for the shortest distance between two points; as expected, it is a straight
line,

Yy =c1x + co. (3.6)

Example3.1 The brachistochrone problem is the following: given two points A and B in a
vertical plane, characterize a curve joining two points along which a particle falling from rest
under the influence of gravity travels from the higher to the lower point in the least amount of
time.

Solution Let v be the speed of the particle along the curve; the required time of transit is

B
t:/ ds 3.7)
A v

From the conservation of energy, we find v:

1
§mv2 =mgy, v=+/29Y. (3.8)

With the line element ds the same as in the preceding problem, we have an integral

TB /2
= / LR (3.9)
29y

Defining the integrand as f,

1+ y/Q
f= =
Y
and employing the technique described above, we find the condition for the minimum time.
Upon use of the dsolve command, Maple delivers an implicit solution, which relates y to x
as

_ &
Ve toay—Ltant Y2 . (3.10)
2 V—yrtay
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Worksheet 3.2 The substitutions are the same as in the preceding worksheet.

Vv

f := sqrt((1 + diff(y(x),x)"2)/y(x));

11 (@)
=\

> f1 := subs({y(x)=varl, diff(y(x),x)=var2}, £f);

1= 1 + var2?
varl
> Eprl := diff(f1, var2);
Epri = var?
/1 4+ var2?
—— varl
varl
> Epr2 := diff(f1, varl);
1 2
Epr2 .= — i var,i
DY LI
varl
> Epr3 := subs({varl=y(x), var2=diff(y(x),x)}, Eprl);
d
Epr3 .= 1Y)
1+ (g y(@))?
— ()
y(@)
> Epr4 := subs({varl=y(x), var2=diff(y(x),x)}, Epr2);
1 1+(£ °
Eprj := -5 + idz y(@)
EXETC
y(@)
> Eprb := diff(Epr3, x);
2
(L y(2) 2(£y@) (& y@)  %L(Ey)
Eprs = o y(x) y(@)?
proi=—5 PENCE)
i
@) @
2
L _dmy@)  (Gy@)”
%1 %1
T —— y(z)?
@ @
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> Eq6 := Eprb5 - Epr4 = 0;

Eab — - y(z) y(x)?
q6 == —2 <%1 (3/2) e
y(z)
L dey@  Gy@? 1w
%1 %1 ) 2 %1 )
@) y(z) @) y(z) @) y(z)
%1:=1+ (&L y(@))?
> Solnl := dsolve(Eqg6, y(x));
_C1
Soint = 7T+ 0t arctan |2 2 = 0
olnl = 0 5 arctan Nl z—_C2=0,
_C1
T Lt artan |2 2| oo
0 —5_ arctan %1 — T — _ =

%1 := —y(z)? + _C1 y(x)
To express the result in a parametric form, we make some manual rearrangements. Introducing
a parameter 7 defined as
1
y— <
2 - ’

VY t+ay
and after some trigonometric arrangement we find that

V=12 +cy = %cosn. (3.12)

We write equation (3.10) as

tann = 3.11)

x = %(cosn—n) — ¢a, (3.13a)
C1, .
y = S(sing +1). (3.13b)

These equations generate a cycloid, which represents the motion of a fixed point on the cir-
cumference of a circle of radius ¢ /2 that rolls on the line y = 0. We plot the curve below.

Worksheet 3.3 We demonstrate an example of the plot command for functions in paramet-
ric form. The coefficients are set to be ¢c; = —2 and c; = 0. To produce a parametric plot,
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we place the x and y expressions with the name (in this example 1) and range (0 to 47) of the
parameter in a list (thus enclosed within brackets).

> cl := -2; c2 := 0;
cl ;= -2
©2 =
> plot([cl/2*(cos(eta) - eta) - c2, cl/2*(sin(eta) + 1),

> eta=0..4*%Pi], scaling=constrained);

Example 3.2 Find the geodesic, which is a curve that corresponds to an extremum of the
distance between two points on the surface of a sphere.

Solution On a sphere of fixed radius a, the line element is
ds? = a%db? + a® sin?0 do°. (3.14)

We make a transformation x — ¢, ¥y — 0 in the above formulation, so that ¢ becomes the
independent variable and 6 is the dependent one that is hence a function of ¢. The length of
the curve is

J:/ds=/\/a2 <ﬁ)2+a25in29d¢. (3.15)
dé

We identify f as

2
f= \/0,2 (%) + a2 sin? 6.
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Applying the Euler—Lagrange equation, and solving the differential equation, we obtain a
solution

0= —tan"! <1 ! ) . (3.16)

21 sin ¢ — co cos ¢

Worksheet 3.4 The substitutions are similar to those in preceding examples: 6 and % are
assigned to be var1l and var2 respectively.

> f := sqrt(a~2*diff (theta(phi),phi)~2 + a~2xsin(theta(phi))~2);

f =/ (5 6(6))” + a?sin(6(¢))?
> fl:=subs({theta(phi)=varl, diff (theta(phi),phi)=var2}, f);
f1 := /a2 var2? 4 a2 sin(varl)2

> Eprl := diff(f1, var2);
Eprl = a® var2
Va2 var2? + a2 sin(varl )2
> Epr2 := diff(f1, varl);
2 .
a“ sin(varl ) cos(varl
Epr2 = ( ) cos( )
Va2 var2? + a2 sin(varl )2
> Epr3 := subs({varl=theta(phi), var2=diff (theta(phi),phi)},
> Eprl);

(2 006))
e (5 00)? + atsm(0()?

> Epr4 := subs({varl=theta(phi), var2=diff (theta(phi),phi)},

Epr3 =

> Epr2);

a” sin(6(¢)) cos(0(¢))
V@ (5 6(0))* + @ sin(6(¢))?
> Eprb5 := diff(Epr3, phi);

Epry =

ors L CHLR@ L (5 0(6) + 2% sin(0(6) cos(6(¢)) %1)
pro = —g (a2 %1 + a2 sin(6(¢))2) 3/

a? (452 0(9))
\/a2 %1% + a2 sin(6(¢))2

%1 := 45 6(¢)
> Eq6 := Eprb5 - Epr4 = 0;

+
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1 a® %1 (2a” %1 (5 6(9)) + 2a” sin(6(9)) cos(8(9)) %1)  a® (5 6(9))

Eq6 = 5 %2(3/2) * V%2
B a?sin(0(¢)) cos(0()) -0
V%2

%1 := % 0(o)

%2 := a2 %1% + a2 sin(6())2
> Eq7 := simplify(Eq6);

BT := —a*(2 (5 0(9))? sin(6(6)) cos(0(9)) — (5= 0(9)) + (5= 0(0)) cos(6(9))?
+5i0(0(0)) cos(0(6)) ~ sn(6(6)) cos(6(0))") |

\/a2 (35 0(¢))? +1 — cos(6(¢))?)) = 0
> Solnl := dsolve(Eq7, theta(phi));

1 1
Solnl := 0(¢) = arctan (5 —sin(¢) _C1 + _C2 cos(¢)>

A
=
=
i<y
&=
>
=
-
S—
S~—
[\
A
i
|
(@)
o
w0
—
>
—~
-
&
=
[\
S~—

We verify the solution by transforming to Cartesian coordinates. With a substitution

¢=tan"' 2 (3.17a)
T
1 z
0 =cos” " ———, (3.17b)
VaZ+y? + 22
Maple gives
z = —2cox + 2¢2y, (3.18)

which represents a plane that passes the origin at the center of the sphere. The intersection of
this plane with the sphere » = a produces a geodesic, or a great circle, on the surface of the
sphere.

Worksheet 3.5 The transformation of coordinates involves a simple command subs. We
use the isolate command, to isolate z on the left side of the equation.

> Eqll := theta = -arctan(1/2%1/(_Clxsin(phi) - _C2*cos(phi))):
> Eql2 := subs({theta=arccos(z/sqrt(x"2 + y~2 + z72)),
phi=arctan(y/x)}, Eqll):
Eql3 := simplify(Eql2):
Eql4 := isolate(Eql3, z);

Eql) :=2=-2_Cly+2_C2«x
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3.3 Symmetry Properties

Symmetry plays a fundamental role in physics, and we often exploit this subject in classical
mechanics. We use a mathematical example to demonstrate one type of symmetry — trans-
lational invariance. Suppose that a function f(y,y’, x) contains no explicit appearance of y,
although it may contain y’, then

o _

O.
Oy ’

the Euler-Lagrange equation becomes
dof _y,
de oy

hence

g—;/ = constant. (3.19)

The order of the differential equation is reduced from second to first.

Example 3.3  Find the surface of revolution about the y axis with minimum area that passes
two given fixed points, (x4,y4) and (z5,yB).

Solution We seek to minimize the surface area,

B B
J = / 2nmx ds = 271'/ /14 y'? duw. (3.20)
A T
Defining f as

f=a/T+y2,

we notice that f contains no explicit dependence on y. This situation reflects the fact that
there is no preferred origin for y: a transformation y — ¥y + €, namely an arbitrary shift of the
origin, does not alter the result. Therefore, we need only to solve

of
B_y/ =a, (3.21)
where a is a constant.

Worksheet 3.6 The substitutions are similar to those in preceding worksheets; we assign a
constant a as discussed above.



3.3 Symmetry Properties 81

> f := xxsqrt(1 + (diff(y(x),x))"2);

fr=a\1+ (FEy(@)?

> f1 := subs({y(x)=varl, diff(y(x),x)=var2}, f);

fl :=z /14 var2?

> Eprl := diff(f1, var2);
Ebrlzzz__ﬁiﬂﬂfl__
V1 + var2?
> Epr2 := diff(f1, varl);
Epr2 :=0
> Epr3 := subs({varl=y(x), var2=diff(y(x),x)}, Eprl);

Eprs = m

> Solnl := dsolve(Eq6, y(x));

Solnl :=y(z) = aln(x + Va2 —a?) + _C1, y(x) = —aln(z + Va2 — a?) + _C1

Using Maple we obtain
y=aln(z +vVa?—a?) +c. (3.22)

This curve is called a catenary; we plot the surface of revolution in the next worksheet.

Worksheet 3.7 In this example, we demonstrate the method of plotting a surface of revo-
lution around the z axis using the plot3d command in parametric form. We provide a list
containing the x, y and z expressions, and the name and range of two parameters (in this ex-
ample p and ¢). The = expression is p cos ¢, and the y expression is p sin ¢, with the range of
¢ from 0 to 27.

> Z = ln(rho P Sqrt(rhOA2 - 1));

z:=In(p++/p?—1)

> plot3d([rho*cos(phi), rho*sin(phi), z], rho=1.2..4.8,

> phi=0..2%Pi);
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3.4 Principle of Least Action

Newton’s second law expressed as F' = ma is a differential equation because a is the second
derivative of the coordinate with respect to time, yet classical mechanics has an alternative
formulation in an integral form. Hamilton’s principle states that the motion of a particle from
time ¢; to t5 is such that the time integral

ta
S:/ Ldt (3.23)
t1

takes the least value for the correct path of motion. The quantity S is called the action, and
the integrand L is called the Lagrangian.

In classical mechanics, the Lagrangian for a particle of mass m moving in an arbitrary poten-
tial field is the difference between the kinetic energy and potential energy,

L(g,q,t) =T =V = —— = V(q). (3.24)

A Lagrangian in its most general form is a function of a coordinate g, its derivative ¢, and time
t; the reason that we write ¢, which signifies the generalized coordinate, will be discussed in
the next section. We apply the mathematical formalism of the calculus of variations to physics
through these transformations:

r —t,
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Yy—4q
y =Y
dt’
fy.y' 1) = Llg, 4, 1).
Finding the equation of motion simply involves solving the differential equation derived from
the Euler-Lagrange equation,

d (0L 0L
— (=) ——=—=0 3.25
dt (54) 9q 6.2
Applying this equation to the Lagrangian of one particle, we obtain

ov

mqg+ —— = 0; (3.26)
dq

because —0V/9q is the force, the Lagrangian formalism reproduces Newton’s second law in
the familiar form,

F =ma. (3.27)

One advantage of mechanics in a Lagrangian formulation is that in some situations the force
diagram is complicated, but one can readily identify energy. We provide the following exam-
ple to demonstrate this concept.

Example 3.4 A particle of mass ms slides without friction along a wedge of angle o and
mass mq that can move without friction on a horizontal surface. Find the acceleration of the
wedge.

Figure3.1: A particle of mass ms sliding along a wedge of mass 71 on a smooth surface.
Solution The coordinates are defined in Figure 3.1; the origin is set on the top of the wedge
at t = 0. The kinetic energy of the system is

1 1 1
T= §m1$% + §m2$§ + §m2y27

and the potential energy is

V = magy.
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From the conservation of momentum, the horizontal component of the center of mass remains
fixed; we have
mi
mix1 +meoxs =0, X9 =——x1.
ma
Because the block my is restricted to move along the wedge, we have
Y
To — I1

= tan a.

With these two equations, we can write x2 and y in terms of x1, so as to express the Lagrangian
with only one dependent variable. We define z; = ¢(t¢), and obtain L as a function of ¢(t)
and ¢(t). These substitutions (using Maple) yield the Lagrangian as

2
1 1
L=-m (1—|— m) §® + =maytan® a (1—|— m) ¢
2 mao 2 mao (3 28)

my
+ mogtan o (1 + —) q.
mo

Substituting L into the Euler—Lagrange equation, we obtain the equation of motion:
m mi\’ m
my <1+—1>ij+m2tan2a<1+—l) éj—mggtana(1+—1>:0.
ma ma ma2
After we isolate ¢ from the differential equation, the acceleration of the wedge is identified as

mg g tan «

o= .
4 miy + (my + ma) tan?

Worksheet 3.8 We assign x1, x2 and y, as defined above, and have Maple rearrange expres-
sions for kinetic and potential energies. Our derivation of an equation of motion involves the
same technique as we have employed in preceding worksheets. We use the isolate command
to isolate an expression on the left-hand side of the equation.

> x1 := q(t);
z1 = q(t)
> x2 := -ml/m2%x1;
1
o )
m2
> y := (x2-x1)*tan(alpha);
ml q(t)
=|————qa{t) ) ¢t
y ( o Q()> an(a)
> T = 1/2%mixdiff(x1,t)"2 + 1/2%m2+diff (x2,£)"2 +

> 1/2*m2*diff (y,t)"2;
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d 2 d ’
. (%q(t))2+lmz2<£2q<t>> - (—ml(ﬁgng _(%q@))) tan(a)?
>V o= m2xgxy;
Vi=m2 < min(;(t) q(t)) tan(«)
> L := T-V;
mi2(% 2 mi1 (< 2
L:=-mi1(Zqt)%+ % %gq(t)) + % m2 (—1(%7'5;(”) - (4 q(t))) tan(a)?

“mzg (-1 1)) tanca)

> L1 := subs({q(t)=varl, diff(q(t),t)=var2}, L);

mlvar2?  mi1%var2? 1 ml var2 2
il o= Z _ _ 2
> + 52 + > m2 ( — wr?) tan(a)
— m2 _mdvarl varl | tan(a)
. m2

> Eprl := diff (L1, var2);

1? 1 1
o e e e (R A SR e (R B
m2 m2

> Epr2 := diff (L1, varl);
ml
Epr2 := —m2 =—=1]t
DT m g( o ) an(«)
> Epr3 := subs({varl=q(t), var2=diff(q(t),t)}, Eprl);

Epr3 :=m1 (L q(t)) + m1® (4 q(t))

m2
ml1 (£ a(t)) d 2 m1
+m2 (—T — (g7 4(t))] tan(a) vl 1
> Epr4 := subs({varl=q(t), var2=diff(q(t),t)}, Epr2);
Eprj .= —m2g (—:—; — 1) tan(«)
> Eprb := diff(Epr3, t);

m1? (L q(t))

2
Epr5 := ml (% q(t)) + -
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> Eq6 := Eprb5 - Epr4 = 0;

mi? (F= a(t))
m2

+me (—7’”1 (dza®) _ g q(t))) tan(a)? (-m—l - 1)

Eq6 := m1 (;—; q(t)) +

m2

1
+m2g (—% = 1) tan(a) =0
> Eq7 := simplify(isolate(Eq6, diff(q(t),t$2)));
m2 tan(a) g

E — d_2 t) =
q7 := gz a(t) mi + m1 tan(a)? + tan(a)? m2

3.5 Systemswith Many Degrees of Freedom

To describe the position of a system of NV particles in space, we generally need 3N coordi-
nates. In some situations, particles’ Cartesian coordinates are not independent of each other.
The number of independent quantities which must be specified to define the position of a
system is called the number of degrees of freedom. Any n quantities q1, g2, ..., ¢, Which
completely define the position of a system with n degrees of freedom are called generalized
coordinates, which can be distances, angles, and so on. Generalized coordinates are related to
Cartesian coordinates through the transformation equations. We demonstrate such transfor-
mations in an example below.

Suppose that L is a function of generalized coordinates q1, qa, - .., ¢n, and their derivatives
with respect to time are ¢, go, - . ., Gn.,
L:L(qlaq27"'7qn7q17q27"'7Qn7t)7 (329)
the Euler-Lagrange equation becomes
d (0L oL
— — =0, 1=1,2,...,n. 3.30
dt <6q1) 6(]1 ’ ? ) < y ( )
The generalized momentum conjugate to a generalized coordinate g; is
oL
i = S - 3.31
P 94, (3.31)

If some particular generalized coordinate g, is absent from a Lagrangian L (although ¢;, might
not be), we call it an ignorable coordinate. According to the symmetry property discussed in
Section 3.3, a generalized momentum pj;, conjugate to an ignorable coordinate is a constant.
Therefore, according to this Lagrangian formulation of mechanics, a conserved quantity such
as energy, momentum or angular momentum, is a direct consequence of symmetry.



3.5 Systemswith Many Degrees of Freedom 87

Example3.5 A block of mass m is free to slide on a frictionless track, as sketched in
Figure 3.2. Another particle of mass mso suspended by a light rod of length [ is attached to the
block. Find equations of motion for both bodies.

Im1| z

vy
Figure 3.2: A pendulum suspended from a block moving on a frictionless surface.

Solution In this problem objects are characterized by three coordinates: the horizontal dis-
placement of the block of mass m; is denoted by z; the position of the particle of mass ms
is denoted by x and y,. Because the rod constrains the motion of the ms, there remain only
two degrees of freedom: the horizontal displacement x; of m;, and the angular displacement
0 of ma. The transformation equations pertaining to the particle of mass my are

ro =1 + [sin 6, (3.32a)
y2 = lcost. (3.32b)
The kinetic energy of this system is
1 .2 1 .2 .2
T = 5t + §m2($2 +42°),

and the potential energy is

V = —magys.
Using Maple to perform the calculations, the Lagrangian is expressed in generalized coordi-
nates as

Lo 1 2 | 1242 )

L= 3 + §m2($1 + 1#0% + 21024 cos ) + magl cos 6. (3.33)
The equations of motion are obtained on invoking the Euler-Lagrange equation. In this prob-
lem there are two variables x1 and 6. For x1, we have

M1t + moin — malsin 062 + mal cos 06 = 0, (3.34)
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and for 6 we find
iy cosl + 10 + gsinf = 0. (3.35)
The differential equations obtained from the Euler—Lagrange equation are typically coupled.

To simplify these equations, we undertake rearrangements to decouple them. In this example,
we obtain an equation of ¢ alone by eliminating x; in the above two equations,

(mzlcos9 ! )9-_ malsing ;,  sinb (3.36)

m1 + mo Y mi1 + mo gcos@ a

To derive the differential equations is straightforward, although perhaps tedious, but to solve
them is more difficult; we will discuss this point in Chapter 4.

Worksheet 3.9 In this worksheet, we first define the transformation equations to obtain the
Lagrangian in generalized coordinates. We apply our customary technique to derive the equa-
tions of motion. Eq7 concerns the x; coordinate, and Eq17 concerns the 6 coordinate. To
eliminate the variable z;, we isolate & from Eq7 and Eq17 then equate their right-hand sides.

> x2 := x1(t) + l*sin(theta(t));
22 :=x1(t) + Isin(6(t))
> y2 := -1xcos(theta(t));

y2 = —lcos(6(t))
> T := 1/2%mixdiff(x1(t),t)"2 + 1/2«m2*x(diff(x2,t)"2 +

> diff(y2,t)"2);

T = % m1 (4 x1(8))? + % m2 (L x1(8)) + Lcos(8(2)) (2 6(¢)))?
+?sin(0(1))” (£ 0(t))%)
>V i= m2*gky2;
V= —m2glcos(6(t))
L:=T-1V:
L := simplify(L);
= % m1 (4x1(t))? + % m2 (4 x1(t))? + m2 (4 x1(t)) Lcos(6(t)) (4 6(t))

1
+gm2 2 (L 0(t)? + m2 glcos(6(t))
> L1 := subs({x1(t)=varl, diff(x1(t),t)=var2, theta(t)=var3,
diff (theta(t) ,t)=vard}, L):
Eprl := diff (L1, var2):
Epr2 := diff (L1, varl):
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> Epr3 := subs({varl=x1(t), var2=diff(x1(t),t), var3=theta(t),

> var4=diff (theta(t),t)}, Epril):

> Epr4 := subs({varl=x1(t), var2=diff(x1(t),t), var3=theta(t),
>  var4=diff (theta(t),t)}, Epr2):
> Eprb := diff(Epr3,t):
> Eq6 := Eprb5 - Epr4 = O:
> Eq7 := simplify(Eqg6);

Eq7 == m1 (& x1(t)) + m2 (&5 x1(t)) — m2Isin(0(t)) (& 6(t))?

+m2 Lcos(0(t)) (5 (1))
=0
Epril := diff (L1, var4d):

> Epril2 := diff (L1, var3):
> Epril3 := subs({varl=x1(t), var2=diff(x1(t),t), var3=theta(t),
> var4=diff(theta(t),t)}, Epril):
> Epril4 := subs({varl=x1(t), var2=diff(x1(t),t), var3=theta(t),
> var4=diff(theta(t),t)}, Epri2):
> Eprilb := diff(Epril3,t):
> Eql6 := Eprl5 - Epri4 = 0:
> Eql7 := simplify(Eql6);

Eq17 :=m21 ((% x1(t)) cos(0(t)) + 1 (% 0(t)) + gsin(0(t))) =0
> Eqg21 := isolate(Eq7, diff(x1(t),t$2)):
> Eq22 := isolate(Eql7, diff(x1(t),t$2)):
> Eq23 := rhs(Eq21) = rhs(Eq22):
> Eq24 := collect(Eq23, diff);

~ m2lsin(0(t) (L 0(1)2  m2leos(0(t)) (L 0(t))
ml + m2 B ml + m2
O UE ) gsin(8(2)

cos(0(t)) cos(0(t))

3.6 Forceof Constraint

In many physical situations, a particle is restricted to move on a surface; for example, a bead
slides on a sphere. Under such a condition, there is a normal force exerted on the bead from
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the surface, called the force of constraint. Our interest concerns a particular class of constraint,
namely that in which the generalized coordinates are subject to / constraint equations of the
form

fi(ql,QQ,...,qn,t):O, 12172,71 (337)

Before formulating such a problem, we explain the principle of virtual work. Consider a
dielectric slab partially inserted between two parallel plates maintained at a potential differ-
ence V, for which we seek to evaluate the force acting on the slab. To find the force directly
is difficult, but to find the energy of the system is easy. We imagine that the material slides
a little, and note the change in the energy; on differentiating the energy with respect to the
displacement, we obtain the force. As the displacement exists only in our imagination, we
describe it as a virtual displacement, and the energy change is the virtual work.

The Lagrangian formulation can be elegantly extended to include constraints. We introduce
the Lagrange undetermined multipliers, denoted by )A;, on constructing a modified Lagrangian

l
L= L+Z)\ifi. (3.38)
=1

The physical interpretation is that the extra terms represent the virtual work; because f; can
be considered a virtual displacement in the direction of the normal force, \; is the force of
constraint.”

Example3.6 A bead of mass m slides freely on a frictionless circular wire of radius a that
rotates in a horizontal plane with constant angular velocity w about a point; see Figure 3.3.
Find the force of constraint acting on the bead.

Solution 1In addition to 6, we assume a degree of freedom r for the radial displacement. The
equation expressing the constraint is

f=rt)—a=0. (3.39)
The transformation equations are
x = acoswt+rcos(f +wt), y=asinwt+ rsin(d + wt). (3.40)
The kinetic energy is
Lo oo
T =—(z°+9°).
2
As there is no potential energy, the Lagrangian is

L=T= %[7”2 + 2fawsin @ + a®w? + 12( 4+ w)? + 2awr(d + w) cosH].  (3.41)

2Strictly speaking, \; itself might not be the force, but is related to the force in a simple way.
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wt

fixed point

Figure 3.3: A bead sliding on a wire.

We form a function with an undetermined multiplier,
L'=L+ Xr —a),

and employ the Euler—Lagrange equation. For the r coordinate,
mit — maw? cos  — mr(f + w)? — X =0,

and for 0,

2rsinf = 0.

2mrfi + mr6 + 2mriw + maw
According to the constraint,
T =a,
which we substitute into the equations that we obtained above, so as to produce
—maw? cos§ — ma(f +w)? — X = 0.
The reactive force is thus solved:
A = —ma(f + w)? — maw? cos 6.
Because r is fixed at a, 7 = 0. The equation of motion for the # coordinate becomes

6+ w?sinf = 0.

91

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

The motion of the bead on the wire is governed by an equation of exactly the same form as

for a simple pendulum.
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Worksheet 3.10 We first define the transformation equations for x and y, and use Maple to
find the expression for kinetic energy in generalized coordinates. We employ the combine
command which greatly simplifies an expression containing trigonometric functions. The
techniques of using commands such as subs, diff and isolate are similar to those in pre-
ceding worksheets.

> x := axcos(omegaxt) + r(t)*cos(theta(t) + omegaxt);
x:=acos(wt) + r(t) cos(0(t) + wt)

> y := axsin(omegaxt) + r(t)*sin(theta(t) + omegaxt);
y = asin(wt) +r(t)sin(0(t) + wt)

> T := 1/2*m*(diff(x,t)"2 + diff(y,t)~2);

T e= %m((—a sin(wt) w + (&4 1(t)) cos(%1) — r(t) sin(%1) (L 6(t)) + w))?

+ (acos(wt)w + (< r(t)) sin(%1) + r(t) cos(%1) ((< 0(¢)) + w))?)
%1 :=0(t) +wt

> L := simplify(T):

> L := combine(L);

L= "“; Y fmaw(Lr(t)sin(0(t) + mawr(t) (L 0(t)) cos(6())
+maw?r(t) cos(8(t)) + % mr(t)? (2 08)2 + mr(t)? (L 0(8)) w + % mr(t)? w?
+ 5 m (&)

> f :=r(t) - a;

f=r(t) —a
> Lp := L + lambdaxf;
ma2 w2

Lp := 5 +maw (& r(t)sin(0(t) + mawr(t) (L 0(t)) cos(6(t))
+maw?r(t) cos(8(t)) + % mr(t)? (4 6(6) + mr(t)? (& 0(8))w + % mr(t)? w?

1
+ im(% r(t)2 + A (r(t) —a)
> L1 := subs({r(t)=varl, diff(r(t),t)=var2, theta(t)=var3,

> diff(theta(t),t)=var4}, Lp):

> Epril := diff (L1, var2):

> Epril2 := diff (L1, varl):

> Epri13 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),
> var4=diff(theta(t),t)}, Epril):
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> Epril4 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),
vard4=diff (theta(t),t)}, Epri2):
Epri5 := diff(Epri3, t):
Eql6 := Eprlb - Epri4 =0;

Eq16 :==m (% r(t)) — maw?cos(0(t)) — mr(t) (L 6(t))?

—2mr(t) (L 0(t))w—mrt)w>—A=0

Epr21 := diff (L1, var4d):
Epr22 := diff (L1, var3):
> Epr23 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),

> var4=diff (theta(t),t)}, Epr21):

> Epr24 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),
var4=diff (theta(t),t)}, Epr22):
Epr25 := diff (Epr23, t):
Eq26 := Epr2b5 - Epr24 =0;

Eq26 :=2mr(t) (4 0(t)) (& x(t)) + mr(t)? (;_; 0(t)) + 2mr(t) w (L (1))

+maw?r(t)sin(0(t)) =0

Eq31 := £ =0:

Eq32 := isolate(Eq31, r(t));

Eq32 :=1(t) =a
> Eq41l := eval(Eql6, Eq32):
> Eq42 := eval(Eq26, Eq32):
> Eq43 := simplify(Eq41l);
Eq48 = —maw?cos(0(t)) —ma (L 0(t)*—2ma(L0(t)w—maw?—A=0
> Eq44 := simplify(Eq42);
Eq4d :=ma? (L 0(t)) + w?sin(6(t))) = 0
> Eqg45 := isolate(Eq43, lambda) ;
Eq}5 ==X = -maw?cos(0(t)) —ma (L 0()* —2ma(L0(t)w—maw?

We use another example to review the concept of conserved conjugate momentum and force
of constraint.

Example 3.7 What is the motion of a particle moving under gravity if it is constrained to
remain on the surface of a fixed solid sphere of radius a?
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Solution Tt is convenient to use spherical coordinates. The kinetic energy in spherical coor-
dinates is derived as in Section 1.5,

T = %m(i“2 + 1r20% 4 r?sin? 0¢°);
the potential energy is

V =mgz = mgrcosé.
In this problem we express the constraint of r as

f=r—a=0. (3.48)
We form the modified Lagrangian

L'=L+\f, (3.49)
and apply the Euler-Lagrange equations. For the r coordinate,

mit — m(rf? + rsin® 0¢%) +mgcosf — X = 0, (3.50)
and for the 6 coordinate,

2mror + mr20 — mr? sin 0 cos 09> — mgrsin@ = 0. (3.51)

For the ¢ coordinate, because the Lagrangian does not contain ¢ explicitly, we obtain a con-
served quantity, denoted [,

mr? sin? 0¢ = L. (3.52)
Solving the constraint equation, we have
r=a, (3.53)

which imposes the condition that the particle moves only on the sphere. We again rearrange
the three coupled equations. First, we express ¢ as

: !
- 3.54
¢ ma?sin? 0 ( )

so that we can eliminate ¢ from the other equations. The equation of motion for the  coordi-
nate is simply the constraint of equation (3.53). The force of constraint is solved by

12

A= 0 — maf* — ————. 3.55
mg cos ma S anZg ( )
We decouple the 6 equation:
12 cos gsiné _o (3.56)

m2a* sin® 0 a
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Worksheet 3.11 We modify the Lagrangian by including an equation of constraint. There
are three degrees of freedom: Eq6 concerns the r coordinate, Eq16 concerns the 6 coordinate,
and Eq24 concerns the ¢ coordinate, for which the conjugate momentum p, is conserved,
denoted by 1. The equation for 7 is readily solved in Eq36. To decouple equations, we isolate
the part that we seek to eliminate to the left-hand side, and equate the right-hand sides of the

equations.
> T := 1/2%mx(diff (r(t),t) "2 + r(t) "2xdiff (theta(t),t)" 2 +
> r(t) 2*sin(theta(t)) ~2xdiff (phi(t),t)"~2);
1 .

T:=g5m ()2 +1(t)? (£ 0()* + 1(8)? sin(6(1))* (£ ¢(1)?)

> V := mxg*r(t)*cos(theta(t));
V :=mgr(t) cos(6(t))
> L := T-V;
1 .
L=gm (F ) +r(t)? (£ 0(1)% + () sin(0(1))* (5 #(1))?)
—m gr(t) cos(6(t))
> f :=r(t)-a;
f=r(t)—a
> Lc := L + lambdaxf;
1 .
Le=5m (Fr@®))? +1(t)? (& 0(t)* +1(8)* sin(8(t))* ( ¢(1)?)
—mgr(t) cos(6(t)) + A (x(t) — a)

> L1 := subs({r(t)=varl, diff(r(t),t)=var2, theta(t)=var3,
> diff (theta(t),t)=var4, phi(t)=varb5, diff (phi(t),t)=var6l}, Lc):
> Eprl := diff (L1, var2):
> Epr2 := diff (L1, varl):
> Epr3 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),
> var4=diff (theta(t),t), var5=phi(t), var6=diff (phi(t),t)}, Eprl):
> Epr4 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),

var4=diff (theta(t),t), var5=phi(t), var6=diff (phi(t),t)}, Epr2):
Epr5 := diff(Epr3,t):
Eq6 := Eprb5 - Eprd4 = 0;
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Epril := diff(L1, var4d):
> Epril2 := diff (L1, var3):
> Epril3 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),
> var4=diff(theta(t),t), varb5=phi(t), var6=diff(phi(t),t)}, Eprll):
> Epril4:=subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),

var4=diff (theta(t),t), varb=phi(t), var6=diff (phi(t),t)}, Epri2):

Epri15 := diff(Epri3,t):

Eql6 := Eprlb5 - Epri4 = 0;

2
Eq16 :=2mrx(t) (L 0(t) (& x(t)) + mr(t)? (45 0(t))
—mr(t)?sin((t)) (% #(t))? cos(8(t)) — mgr(t)sin(d(t)) =0

Epr21 := diff(L1, var6):
> Epr22 := diff (L1, varb):
> Epr23 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),
> var4=diff (theta(t),t), varb=phi(t), var6=diff (phi(t),t)}, Epr21):
> Epr24 := subs({varl=r(t), var2=diff(r(t),t), var3=theta(t),

var4=diff (theta(t),t), varb=phi(t), var6=diff (phi(t),t)}, Epr22):

Eq27 := Epr23 = 1;

Eq27 := mrx(t)%sin(0(t))? (% o(t)) =1
> Eq35 :=f = 0;
Eq35 :=1(t) —a=0
> Eq36 := isolate(Eq35, r(t));
Eq36 :=1(t) =a
> Eq37 := eval(Eq6, Eq36);
1

Eq37 := —5m (2a (L 0(1)% +2asin(0(t))? (£ 6(t)?) + mgcos(6(t)) — A =0
> Eq38 := eval(Eql6, Eq36);

Eq38 := ma? (;—; 0(t)) —ma?sin(0(t)) (L ¢(t))? cos(A(t)) — mgasin(f(t)) = 0

>

>

>

Eq39 := eval(Eq27, Eq36);
Eq39 :=ma®sin(0(t))? (4 ¢(t)) =
Eq4l := isolate(Eq39, diff(phi(t),t));

l
Eqjl = L p(t) = ——s
“li= G0 = e
Eq42 := eval(Eq37, Eq4l);

212

1 2
Egj2 = —5m <2a(% ()" + a3sin(0(t))2 m?

) +mgcos(0(t)) —A=0
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> Eqg43 := isolate(Eq42, lambda);
212

o ! 4 ) P
By = A= —5m (2“ @ YO + FmmmEme

) + m g cos(0(t))
> Eq44 := eval(Eq38, Eq4l);

cos( t? —mgasin(é(t)) =0

Eq44 :=ma® (4 6(t)) - m

The reader is encouraged to read Chapter 19 of The Feynman Lectures, vol. 2, in which
Richard Feynman described how he became fascinated by the principle of least action. Ex-
ploiting this simple idea, he proceeded to formulate his famous space—time approach to quan-
tum mechanics. In addition to his physical intuition, Feynman possessed an extraordinary
ability to calculate, which is essential in the evaluation of cumbersome path integrals. Al-
though this topic is beyond our scope, we remind the reader to make optimum use of computer
algebra to enhance productivity. The first three exercises below provide basic but important
results useful for path integrals, and we will encounter them again in exercises for quantum
mechanics in Chapters 14 and 15.

Exercises

1. For a free particle of mass m in one dimension, the Lagrangian is simply

1
L = —mi?.

5 (3.57)

(a) Derive the equation of motion for this particle.

(b) Suppose that the particle moves from point x,, at time ¢,, to point z;, at time £; solve
the equation of motion under those conditions to obtain x as a function of ¢.

(c) Show that the minimal action, i.e., the time integral of the Lagrangian from ¢t = ¢,
tot =1tp1is

m ( )2
L — . .
S = t/ at = % %_t (3.58)

ta

2. For a particle of mass m in one dimension under the influence of gravity, the Lagrangian
is
1

L:Emﬁ—mm. (3.59)

(a) Derive the equation of motion for this particle.
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(b) Solve the equation of motion for the particle to move from x, att = 0to zp att = t;.

(c) Show that the minimal action in that motion from¢ = 0 to t = 3 is

ty 2
m (zp — T4) mg 1
S = Ldt=———— —t o) — — 3.60
/0 2 2, g to(@e +7a) = 5ymg*t] (3.60)

3. For a particle of mass m under the influence of a linear restoring force, the Lagrangian is

1 1
L= 5maz':2 - §mw2x2. (3.61)

(a) Derive the equation of motion for this particle.

(b) For this particle subject to boundary conditions x(0) = z, and x(t;) = 3, solve for
x(t).

(c) Show that the minimal action for motion from¢ = 0 to t = t;, is

b mw
= L = — 2 2 s(wi 2 a . .62
S /0 dt 2 sin(why) [(x + x}) cos(wtp) ZaTp) (3.62)

4. For an integral

/ Vit @A) HZ (3.63)

+ZO

derive the differential equation that the function z(x) must satisfy, so that 7" has an ex-
tremal; find the solutions for z(x).

. Derive the Euler—Lagrange equation to describe a brachistochrone curve for a particle

moving inside a spherical planet of uniform mass density.

. A bead of mass m is constrained to move on a vertical hoop of radius a, rotating at

angular velocity w. Derive the Lagrangian for the bead and the equation of motion.

A thin rod of length 2a and mass m is connected, at one end, to a vertical axis rotating
at angular velocity w, see Figure 3.4. Assuming that the rod subtends an angle 6 with the
axis, derive the Lagrangian and equation of motion for 6.

Hint: the only degree of freedom is 0; the transformations are
r=rsinfcoswt, y=rsinfsinwt, 2z =2a—rcosh.
The kinetic energy is obtained on integrating

_1 2 2 | 52 _m
dT = 2(dm)(x +9°+2%), dm= 2adr,
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35
Figure 3.4: A rod of length 2a rotates around a vertical axis.

and the potential energy from

dV = (dm)gz.

8. A particle of mass m is connected by a massless spring of force constant &£ and unstressed
length rg to a point P that is moving along a horizontal circular path of radius a at a
uniform angular velocity w, see Figure 3.5. Show that the Lagrangian for this system is

1 . . 1
L= §m[7'“2 + a?w? + 10?4 2awr sin(0 — wt) + 2awrf cos(0 — wt)] — §k(T —1rg)%.
(3.64)

Derive the equations of motion for r and 6.

Figure 3.5: A particle connected to a rotating point by a spring.

Hint: let the coordinate of P be (x1,y1) = (coswt,sinwt), and that of the particle be
(x2,y2) = (x1 +7rcosb,y; + rsind), then T = %m(ajf +4j2?).

9. A particle of mass m is placed at the top of a vertical hoop of radius a; see Figure 3.6.
Calculate the reaction of the hoop on the particle by means of the Lagrange undetermined
multipliers and the Euler-Lagrange equation, and find the point at which the particle falls
off.
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Figure 3.6: A particle placed at the top of a hoop.

Hint: to find the point at which the particle falls off, one needs to use the fact that 7'+ V'
is conserved.
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4 Integration of Equations of Motion

In Chapter 3 we derived the equations of motion by employing the Euler-Lagrange equation.
As most differential equations admit no analytic solution, in this chapter we first introduce the
small-angle approximation so that we can linearize differential equations to obtain analytic
solutions. In the rest of the chapter we tackle most problems using numerical methods. It is
not our purpose to treat those problems formally, because such an approach can be found in
numerous books. We exploit Maple’s ability to solve equations numerically and to produce
plots based on numerical solutions. Our emphasis is on experimenting with various numerical
assignments and viewing the outcome so as to develop physical insight.

4.1 Linearization of Equations

In the example in Section 3.5, we have a pendulum suspended from a block that is confined
to move on a frictionless surface. We have derived the equations of motion; after further
simplification we obtained a decoupled equation for the 6 coordinate,

(mglc059 1 )9_ mglsin6‘6-.2 sinf

0. .1

myi+mso  cosf mi1 + mo gcos@ a

This equation has no exact analytic solution, but, if the amplitude of oscillation is small — that
is when |f| < 1, we can apply the small-angle approximation:

sinf = 0, 4.2)
and
cosf = 1. 4.3)

Furthermore, we can discard terms to higher powers such as 62. This technique is commonly
used in approximation. With these preparations, equation (4.1) becomes a linear equation,

l mq
Its solution is
0 = cq sin g mt + 5 cos g mt . 4.5)
I m I m

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Wor ksheet 4.1 In this worksheet we use the subs command to substitute sin 6 with ¢, cos 0
with 1, and 62 with 0. To solve the linear differential equation, we use dsolve.

> Eql := (m2xl*cos(theta(t))/(ml+m2) -

> 1/cos(theta(t)))*diff (theta(t),t$2) -

\Y%

m2*1*sin(theta(t))/(m1+m2)*diff (theta(t),t)~2 -

> g*sin(theta(t))/cos(theta(t)) = 0;

__ [(m2lcos(6(t)) l 2 m21sin(6(t)) (4 60(t))?
Eql := ( ml+m2 cos(G(t))) (3= 6(6)) ~ ml + mz
_ gsin(6(t)) —0
cos(0(t))

> Eq2 := subs({cos(theta(t))=1, sin(theta(t))=theta(t)}, Eql);

g2 ::< m21 z) (& H(t))_mgw(t)(%a(tw_ge(t)zo

m1+m2_ at ml + m2

> Eq3 := subs(diff (theta(t),t)~2=0, Eq2);
m2 2
Eq3 = ———— —1) (£ 0(t) —g0(t) =
3= (o 1) (5 00) — 980 =0
Eq4 := isolate(Eq3, diff (theta(t),t$2)):

Eqb5 := simplify(Eq4);

g0(t) (m1 + m2)

2
Eq5 =4 6(t) = — T,

> Solnl := dsolve(Eg5, theta(t));

NGRYL! —|—m2t> © eos <\/§s/m1 +m2t>
Vivmi - Vivmi

Soln1 = 0(t) = _C1 sin (

4.2 Double Pendulum

The problem of a double pendulum is a classic example of the Lagrangian formulation of
mechanics. The coordinates are defined in Figure 4.1; the y axis is taken to be positive down-
wards.

The position of a bob of mass m; in Cartesian coordinates is x; and y;; the position of
another bob of my is x5 and y». These Cartesian coordinates are not, however, independent of
each other. A double pendulum has two degrees of freedom, and it is appropriate to use two
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Figure4.1: Double pendulum.

generalized coordinates: 0; and 5. The transformation equations are

x1 =1Il1sinfy, y; =1Iycosby, (4.6a)
and

To = x1 + lasinfy, Yo = y1 + I3 cosbs. (4.6b)

In Cartesian coordinates, the kinetic energy is

1 . . 1 . .
T = 5ml(x% + i) + §m2($§ +93),

and the potential energy is
V = —migyr — magys.
From the transformation equations, we obtain the Lagrangian in generalized coordinates:

L= %mlzféf + %mg 1262 + 1262 + 21115010 cos (61 — 05)]
+ magly cos 01 + mag(ly cosby + lacosBs). (4.7)
Employing the Euler-Lagrange equation, we obtain for 61,
(ml—i-mg)lfﬁul +malils cos(91—92)6‘§+m21112 sin (6, —92)922+(m1 +ma)gly sinfy =0,
(4.8)
and for 6,

malyls COS(Gl — 92)91 + mzlgog —malyls sin(91 — 92)9.12 + mQQZQ sinf; = 0. (4.9)
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These two coupled differential equations admit no exact solution. One might apply the small-
angle approximation to linearize the equations and to obtain the normal modes; see an exercise
at the end of the chapter. Here we apply Maple in order to solve the equations numerically.
With this approach we need to provide four initial conditions for two second-order equations:
they are values for 01 (0), 62(0), 61 (0), and 65(0).

Worksheet 4.2 We first define x1, y1, x2 and y2 according to the transformation equations,
then use Maple to simplify the kinetic and potential energy in generalized coordinates; the
combine command is exceedingly useful for this purpose. By this stage the derivation of
equations of motion should be familiar: Eq17 concerns the #; coordinate, and Eq27 the 5 co-
ordinate. We assign suitable numerical values to mass, length and acceleration due to gravity.
We then provide initial conditions, and use the dsolve command with the numeric option
to solve the differential equations. To present the numerical solution graphically, we use the
odeplot command from the plots package; we also use the method of producing a trajectory
in the phase space first seen in Section 2.4.

> x1 := li*sin(thetal(t));
zl := 11 sin(01(t))
> yl := llxcos(thetal(t));
yl = 11 cos(01(t))
> x2 := x1 + 12*sin(theta2(t));
x2 = 11 sin(01(t)) + 12 sin(62(t))
> y2 := yl + 12xcos(theta2(t));
y2 = 11 cos(01(t)) + 12 cos(62(t))
> T := 1/2*mix(diff(x1,t)"2 + diff(yl,t)~2) + 1/2*m2*(diff(x2,t)"2
+ diff(y2,t)"2):
> T := combine(T);

= % m1 117 (£ 01(¢))% + % m2 117 (L 01(t))?

+m2 11 (L 01(t)) 12 (% 02(t)) cos(1(t) — 02(t)) + % m2 12° (£ 62(t))?
> V = -ml*xgkxyl - m2%g*y2;
V :i=—ml gl cos(01(t)) — m2 g (11 cos(01(t)) + 2 cos(02(t)))
> L :=T -1V;

1 1
L= ml 117 (£ 01(2))% + 5 M2 11 (4 601(t))?

+m2 1 (L 01(t)) 12 (4 02(t)) cos(01(t) — 62(t)) + % m212° (4 62(t))?
+ m1 g1 cos(01(t)) + m2 g (11 cos(61(t)) + 12 cos(62(t)))
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L1 := subs({thetal(t)=varl, diff(thetal(t), t)=var2,

theta2(t)=var3, diff(theta2(t), t)=var4}, L):

Epril := diff (L1, var2):

Epri12 := diff (L1, varl):

Epr13 := subs({varl=thetal(t), var2=diff (thetal(t), t),

var3=theta2(t), var4=diff (theta2(t), t)}, Epril):

Epri14 := subs({varl=thetal(t), var2=diff (thetal(t), t),
var3=theta2(t), var4=diff (theta2(t), t)}, Epri2):

Epr1b := diff(Epril3, t):

Eql6 := Eprlb - Epri4 = O:

Eql7 := collect(Eql6, diff);

Eq17 := m2 11 12 sin(01(t) — 62(1)) (L 62(£))% + (m2 112 + m1 11?) (L
+ m1 gl sin(01(t)) + m2 i1 12 (d—2 02(t)) cos(01(t) — 02(t)) + m2 g 11 sin(01(t))

=0
>

>
>

vV Vv

vV V V V

>

>

t2

Epr21 := diff (L1, var4d):
Epr22 := diff(L1l, var3):
Epr23 := subs({varl=thetal(t), var2=diff (thetal(t), t),

var3=theta2(t), var4=diff (theta2(t), t)}, Epr21l):
Epr24 := subs({varl=thetal(t), var2=diff (thetal(t), t),

var3=theta2(t), var4=diff (theta2(t), t)}, Epr22):
Epr25 := diff(Epr23, t):

Eq26 := Epr2b - Epr24 = 0:

Eq27 := collect(Eq26, diff);

Eq27 = m2 11 (< 01(t)) 12 cos(01(t) — 62(t))
—m2 11 12sin(01(t) — 62(t)) (& 01(¢))>

+m212% (L 62(t)) + m2 g 12 sin(62(t)) = 0
m1:=0.05; m2:=0.05; 11:=0.5; 12:=0.5; g:=9.8;

ml :=0.05
m2 = 0.05
l1:=0.5
12:=0.5
g:=9.8

ini:=thetal(0)=Pi/2.0, D(thetal) (0)=0, theta2(0)=Pi/4.0,

D(theta2) (0)=0; # choose your values

105

ini := 61(0) = 0.5000000000 7, D(A1)(0) = 0, 62(0) = 0.2500000000 7, D(62)(0) = 0
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> Eq75 := dsolve({Eql7, Eq27, ini}, {thetal(t), theta2(t)},

> numeric, output=listprocedure);

Eq75 .= [t = (proc(t) ... end proc), 61(¢) = (proc(t) ... end proc),
% 01(t) = (proc(¢) ... end proc), 62(t) = (proc(t) ... end proc),
4 92(t) = (proc(t) ... end proc)]

> with(plots): with(plottools):
Warning, the name changecoords has been redefined

Warning, the name arrow has been redefined

> odeplot(Eq75, [t, thetal(t)], 0..10, numpoints=200);

BE /\ M
S

> odeplot(Eq75, [thetal(t), diff(thetal(t),t)], 0..10,

> numpoints=800) ;
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vV Vv

VV V V V V V

Vv

noffm:=100:

-1l1xcos(rhs (Eq75[2] (i/divs))):
x2:=x1 + 12*sin(rhs(Eq75[4] (i/divs))):

12*cos(rhs (Eq75[4] (i/divs))):

divs:=10:
for i from O by 1 to noffm do
x1 := lixsin(rhs(Eq75[2] (i/divs))):

yl :

y2:

rod[i] :=curve([[0,0], [x1,y1], [x2,y2]1]1):
ms1[i]:=disk([x1,y1], 0.02, color=red):
ms2[i] :=disk([x2,y2], 0.02, color=blue):

anima[i]:=display({rod[i],ms1[i],ms2[i]}):

end do:

display([seq(anima[i] ,i=0..noffm)], insequence=true,

scaling=constrained,axes=none) ;

N

N

\

—
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In this example we deliberately choose large angles for our initial conditions. The resulting
motion appears chaotic; this phenomenon is particularly pronounced from the trajectory in
the phase space. We list the code for a simple animation that allows direct observation of
the motion; because the representation of an animation on a printed page is awkward, we
encourage the reader to run the program and to experiment with various initial conditions.

4.3 Central-force Problem

Consider a system of two mass points m; and ms, where the only forces are those due to their
mutual interaction. Such a two-body problem can be reduced to an equivalent problem, with
one body of infinite mass fixed in space and the other body of reduced mass,

= M’ (4.10)

mi + mo

moving in space. We generally simply use a symbol m instead of pu, with the understanding
that it indicates the reduced mass. If the potential energy V' only depends on the mutual
separation r of the two bodies, we describe such a force as a central force (because the force
is always along r). To treat a central-force problem, polar coordinates are convenient. One
can prove that the two bodies remain in the same plane. Let the plane be § = 7/2; according
to our derivation in Section 1.5, the kinetic energy in polar coordinates is

1 .
T = 5m(7’°2 +7r2¢?). 4.11)
The Lagrangian is then
1 .
L= 5m(7’°2 +1r2p?) — V(). (4.12)

This Lagrangian has no explicit dependence on ¢. Because of the symmetry property, the
corresponding conjugate momentum, namely angular momentum, is a conserved quantity of
the system:

0L

= — = [ = constant. (4.13)
o

Do

Although we do not derive it, we state an important theorem: if a Lagrangian has no explicit
dependence on time, the energy of the system is conserved:

oL
T 0, T+ V = E = constant. 4.14)

Conserved quantities in mechanics, such as angular momentum and energy, are direct conse-
quences of symmetries of the Lagrangian.
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4.3.1 Kepler Problem

The most important central-force problem is one involving a force proportional to the inverse
square of the distance — the Kepler problem. Newton’s law of gravitation is

_GMmA.

F= 51 (4.15)

r

the potential energy is therefore

v:_G]‘fm, (4.16)

After forming the Lagrangian for the Kepler problem,

1 o GM
L = 3m(i +17%) + =—, 4.17)

we obtain equations of motion. For ¢,
mrig =1, (4.18)
where [ is the constant angular momentum, and for r,

GMm

my — mrq.SQ + 5
r

—0. (4.19)

We can solve these two equations numerically if initial conditions are provided; we need ro,
o0, 10, and ¢¢. It is generally convenient to set zero time at the moment that 7» = 0, and to
define ¢y = 0.

To make the equations of motion easier to analyze, we decouple these two equations to obtain
equations of r and ¢ separately:

¢=—s, (4.20)
mr
2 GM
mit — — + _27” —0. 4.21)
mr T

In our approach to the Kepler problem above, we made no use of the fact that energy is con-
served; we simply obtain equations of motion from the Lagrangian, and directly solve those
differential equations (numerically). Conservation of energy is a consequence of a symmetry
property of the Lagrangian — its independence of time. As discussed in Section 3.3, we exploit
symmetry to simplify calculations, so that a second-order differential equation is reduced to
a first-order one. If we treat a mechanical problem as a problem of the calculus of variations,
no knowledge about the energy is necessary: to find particle motion, we only need initial
conditions.
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Energy and angular momentum are, nevertheless, related to initial conditions. Because both
energy and angular momentum are conserved, their values calculated from time zero remain
invariant:

1. .
Ezgmﬁ+%%ﬂwww, 4.22)
and
I = mrgdo. (4.23)

In this worksheet we select various initial conditions and observe the orbit.

Worksheet 4.3 The derivation of equations of motion follows the same approach that we
have used repeatedly: Eq14 concerns the ¢ coordinate; the angular momentum is denoted 1.
Eq26 concerns the r coordinate. We decouple two equations in Eq31 and Eq32. To solve
equations numerically and to make a plot, we set constants, such as G, M and m, to unity.
For four required initial conditions, we supply 7o, 79, ¢o and $o. Because we solve Eq31
and Eq32, we must evaluate 1 from initial conditions. It is practical to solve Eq14 and Eq26
instead of obtaining the same trajectory, with the appropriate initial conditions supplied. To
produce plots of functions in parametric form in polar coordinates, we use the polarplot
command from the plots package.

> T := 1/2%m*(diff (r(t),t)"2 + r(t)~2*diff (phi(t),t)"2);
1

T o= & m (L r(0)2 + r(0)? (2 6(0)2)

> V := -GxMsm/r(t);
__GMm
r(t)

> L :=T - V;

1 GM

L= gm ((% ()2 +1(t)? (% o(t))?) + r(t)m

> L1 := subs({r(t)=varl, diff(r(t),t)=var2, phi(t)=var3,

> diff(phi(t),t)=vard}, L):

> Epril := diff (L1, var4d):

> Epril2 := diff (L1, var3):

> Epril3 := subs({varl=r(t), var2=diff (r(t),t), var3=phi(t),
> var4=diff(phi(t),t)}, Epril):

Eql4 := Epri3 = 1;

Eqlf :=mx(t)* (F; 6(t)) =1
Epr21 := diff(L1, var2):
Epr22 := diff(L1, varl):
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> Epr23 := subs({varl=r(t), var2=diff(r(t),t), var3=phi(t),

> var4=diff (phi(t),t)}, Epr21):
Epr24 := subs({varl=r(t), var2=diff(r(t),t), var3=phi(t),
> var4=diff (phi(t),t)}, Epr22):
> Epr25 := diff(Epr23,t):
> Eq26 := Epr25 - Epr24 = 0;
GMm

Bq26 = m (& 1(t)) — mr(t) (& ¢(1))? + a7 ="
> Eq31 := isolate(Eql4, diff (phi(t),t));
l
Eq31 = & =
43 7 0(t) ()2
> Eq32 := eval(Eq26, Eq31);
12 GMm

Eq32 :=m (% r(t)) — mr(t)3 + r(t)2

> with(plots):
Warning, the name changecoords has been redefined

> G:=1; M:=1; m:=1;

IS 2Q
i

> Eqg41l := r(0) = 1;
Eq41 :=1r(0) =1
> Eq42 := D(r)(0) = 0;
Eq2 :=D(r)(0) =0
> Eq43 := phi(0) = 0;
Eq}3 = ¢(0) =0
> Eq44 := D(phi) (0) = 1;
Eq44 :=D(¢)(0) =1
> En := eval(T + V, {r(t)=rhs(Eq4l), diff(r(t),t)=rhs(Eq42),
> diff (phi(t),t)=rhs(Eq44)});

—1
En = —
)

> 1 := eval(lhs(Eql4), {r(t)=rhs(Eq4l),

> diff(phi(t),t)=rhs(Eq44)});
=1
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epsilon := sqrt(l + 2*Enx1~2/(m* (G*M*m)~2)) ;
=
inil := Eq41, Eq42, Eq43;
inil :=1(0) = 1, D()(0) = 0, $(0) = 0
Eqbl:=dsolve({Eq31, Eq32, inil}, {r(t), phi(t)}, numeric,
output=listprocedure) ;
Eq51 := [t = (proc(t) ... end proc), ¢(t) = (proc(t) ... end proc),

r(t) = (proc(t) ... end proc), < r(t) = (proc(t) ... end proc)]
polarplot([rhs(Eq51(t) [3]), rhs(Eq51(t)[2]), t=-Pi..Pi],

scaling=constrained) ;

Eq64 := D(phi)(0) = 1.2:
En := eval(T + V, {r(t)=rhs(Eq41), diff(r(t),t)=rhs(Eq42),
diff (phi(t),t)=rhs(Eq64)}):
1 := eval(lhs(Eql4), {r(t)=rhs(Eq4l),
diff (phi(t),t)=rhs(Eq64)}):
epsilon := sqrt(1l + 2*Enx1~2/(m*(G*M*m)~2)) ;
e := 0.4400000000
ini2 := Eq41, Eq42, Eq43:
Eq71:=dsolve({Eq31, Eq32, ini2}, {r(t), phi(t)}, numeric,

output=listprocedure) :
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>

>

polarplot ([rhs (Eq71(t) [3]), rhs(Eq71(t)[2]), t=0..5%Pil,

scaling=constrained) ;

Eq84 := D(phi) (0) = 1.5:

En := eval(T + V, {r(t)=rhs(Eq41), diff(r(t),t)=rhs(Eq42),

diff (phi(t),t)=rhs(Eq84)}):

1 := eval(lhs(Eql14), {r(t)=rhs(Eq4l),
diff (phi(t),t)=rhs(Eq84)}):

epsilon := sqrt(l + 2*En*1~2/(m* (GxM*m)~2)) ;
€ := 1.250000000

ini2 := Eq41, Eq42, Eq43:

Eq91:=dsolve({Eq31, Eq32, ini2}, {r(t), phi(t)}, numeric,

output=listprocedure) :

113
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> polarplot([rhs(Eq91(t) [3]), rhs(Eq91(t) [2]), t=-2*Pi..2*Pi],

> scaling=constrained);

> Eql104 := D(phi)(0) = sqrt(2):

> En := eval(T + V, {r(t)=rhs(Eq41l), diff(r(t),t)=rhs(Eq42),
> diff(phi(t),t)=rhs(Eq104)}):

> 1 := eval(lhs(Eql4), {r(t)=rhs(Eq4l),
> diff(phi(t),t)=rhs(Eq104)3}):

> epsilon := sqrt(l + 2*En*1"2/ (m* (G*M*m)~2)) ;
=1

> ini2 := Eq41, Eq42, Eq43:

> Eqlll:=dsolve({Eq31, Eq32, ini2}, {r(t), phi(t)}, numeric,

> output=listprocedure):

> polarplot([rhs(Eq111(t) [3]), rhs(Eql11(t) [2]), t=-2%Pi..2%Pi],

> scaling=constrained);
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The Kepler problem admits an analytic solution, which is discussed in standard textbooks on
classical mechanics.! An alternative way to solve the Kepler problem is to use the properties
of conservation of energy and of angular momentum. The former condition gives

1 1 . GMm
B = constant =T+ V = Zmi” + Zmr’G? - iy (4.24)
T
and the latter gives
[ = constant = mr2¢, (4.25)

both first-order differential equations. Using

NPT 12
2mr ¢ = 2mr2’

we eliminate (;5 so that equation (4.24) becomes a first-order differential equation. To solve
this equation, we obtain a relation between r and ¢ as

2
podr_ 2 (E+ GMm> I dr , (4.26)
dt m r m2r2 \/A(E—FM)— 2

and integration over dt yields ¢ as a function of r.

To find the trajectory, we rearrange equation (4.25) to

2
dt — %dqﬁ, (4.27)

!Goldstein et al. 2002, p. 92ff.
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and eliminate time from the previous equation. We obtain ¢(r) on evaluating an integral

dr. (4.28)

l
o= | :
r2\/2m (E—|— —G]‘f’n) -

Maple evaluates this integral exactly:

m2rGM — 2
V2mr2E + 2m2rGM — |

¢ = tan"! - + constant. (4.29)

Worksheet 4.4

assume (1>0, r>0):
Eprl := 1/(r~2*sqrt(2*m*(En + G*M*m/r) - 1°2/r"2));
l

GMm 1?

Eprl =
2. /9m (B _
r \/ m (En + . ) "

Epr2 := int(Eprl, r):
Epr3 := simplify(Epr2);
—[2 2rGM
Epr3 := arctan( o )

IN2mr2 En+2m2rGM — 12

Although we might use equation (4.29) to depict the trajectory, we leave it as an exercise for
the reader to make trigonometric rearrangement of the Maple output so as to express it in a
more conventional format, namely an equation of a conic section in polar coordinates,

12 1
= 4.30
" m(GMm) 1+ ecosd’ (4.30a)
where € represents the eccentricity,
212F
=4/14+ ——7—. 4.30b
¢ T (GMm)? (4.300)

From our numerical experiments, we observe that the shape of the orbit depends on e accord-
ing to the following conditions.

1 m(GMm)?
e=0, = _im(Tm)’ circle
e<l, E<QO, ellipse
e>1, E>0, hyperbola

e=1, E=0, parabola.
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4.3.2 Correction Terms

The planet Mercury is observed to move in an elliptical orbit, but this orbit does not quite close
upon itself. The ellipse rotates, and the perihelion — the point on its orbit that is nearest the Sun
— advances; this phenomenon is called precession. In our consideration of planetary motion
in the preceding section, our concern was a system of only two bodies, governed purely by a
potential of form 7~1. Any departure from this idealized potential produces precession, which
we discuss here.

Although the Sun is the dominant source of gravity in the solar system, other planets also exert
an influence on Mercury. We can write the correction terms as expansion of 7~ ! to various
powers. For example, if we add a »~2 term to the potential, the differential equation remains
exactly solvable, and precession results therefrom. The solution is listed in an exercise at the
end of the chapter.

Furthermore, the inverse-square law of force applies to two spherical bodies. The Sun is not
perfectly spherical: because the Sun rotates with a period of about 25 days, which causes a
solar equatorial bulge. This oblate Sun can be considered to have a quadrupole moment, for
which the potential energy is proportional to 7~2. According to our numerical treatment of
the Kepler problem, we readily proceed to include this contribution to potential energy; with
such a term in our Lagrangian we also obtain a precessing orbit.

F-a

Figure 4.2: Precession induced by a quadrupole term.

Example4.1 Observe the behavior of the orbit under the potential

_GMm 1 (4.31)

r r3

V =
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Solution In this example, we suppose k' = 2 x 1072, and again set G, M and m to unity.
With these initial conditions,

ro=1, #=0, ¢o=0, =13,
we evaluate energy and angular momentum as
E=-0.175, [=1.3.

With a slight modification of the worksheet in the preceding section, we obtain a plot shown
in Figure 4.2. One should experiment with other numerical values.

To take into account of any additional contributions of forces from other bodies, we simply
modify the function for potential energy according to the physical situation. Approximate
methods, such as perturbation theory explained in advanced courses on mechanics, are con-
ventionally employed to take these effects into account, but in using Maple to solve a differ-
ential equation numerically we can directly observe the effects that provide us with physical
insight.

After all possible corrections from Newtonian mechanics are exhausted, there remains a small
discrepancy in the precession of Mercury’s orbit; an explanation has to await general relativity.
To calculate the precession of Mercury, we can add a correction term to the potential energy,
of a form also proportional to 2, to take account of the general relativistic effect within the
framework of Newtonian mechanics. For planetary motion in a strong gravitational field, such
as near a neutron star or a black hole, we must apply general relativity, which is the subject
of Chapter 18. The principle of least action is still applicable: we merely use a corresponding
Lagrangian in general relativity.

4.4 Motion of a Symmetric Top

We next consider a symmetric top under the influence of gravity with one point fixed, dis-
cussed at length in many books on advanced mechanics.> It is convenient to specify the
configuration of the top by three Euler angles. Let OXY Z be a Cartesian coordinate system
fixed in space, and let Oxyz be rectangular axes fixed relatively to the body and moving with
it, such that 6 specifies the inclination of axis z from the vertical, ¢ measures the azimuth of
the top about the vertical direction, and v is the angle of rotation of the top about its own z
axis; see Figure 4.3. Note that the definition of the Euler angles varies widely; our notation
conforms to that of Goldstein et al. The transformation between the two sets of axes OXY Z
and Oxyz is

T X
y|l=A41Y (4.32a)
z A

2Goldstein et al. 2002, p. 209ff.
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where
cos 1 cos ¢ — cos f sin ¢ sin cossin g + cosfcos¢psiny  sinsinf
A= | —sinycos¢ — cosfsin¢cosy —sinysing + cosfcos@cosy cossinf
sin @ sin ¢ —sinf cos ¢ cos 6
(4.32b)

The inverse transformation from body coordinates x to space coordinates X is X = A~1x,
where A~! is equal to the transpose A’ of A. The components of angular velocity with
respect to the body axes in terms of Euler angles are

w1 = d}sin@sinw+9:cos1/)
Wy = ¢sin9cos¢ — fsiny (4.33)
w3 = ¢cosh + .

Let the axis of symmetry be taken as z fixed in the top; the moment of inertia is /3 about this
axis, and symmetry requires /; = Is. The kinetic energy is

T = %Il (W? +w3) + %Igwg, (4.34)
or in terms of Euler angles

T = %(92 + ¢?sin’6) + 1—23(1/1 + ¢cos ). (4.35)
The potential energy is

V = mglcos?. (4.36)

The Lagrangian is

I . . Is . .
L= 51(92 + 2 sin? 0) + 53(1/1 + ¢pcosB)? — mgl cosb. (4.37)

Because ¢ and 1 do not appear explicitly in the Lagrangian, the corresponding generalized
momenta are constant in time. Applying the Euler-Lagrange equations, we obtain

OL S

Py = — = I3(4h + deosh) = M., (4.38)
oY
oL c C .9

Po = 3_¢ = I3(¢) + ¢ cosf) cosO + I[1¢psin“ 0 = M, (4.39)

and

10 — (Iy — I3)$? sin 0 cos 0 + Is¢n) sin — mglsin @ = 0. (4.40)
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Figure 4.3: Euler angles to specify the orientation of a symmetric top.

With the initial conditions 6y, 6o, Do, q'So, 1o and ¢o, we can solve the above differential
equations.

Although it is unnecessary for computational purposes, we rearrange the above three equations
so that a reader can compare them with those in most textbooks. For ¢ and 1 in terms of 6,
we have

. M, — M, cost
=0 4.41
¢ I, sin” 0 40
and
. M, M, — M,cosb
Y= o et cos 6. (4.42)

I3 I, sin® 6
We hence derive an equation involving only 6 as variable,

(M, — M, cos0)? cos n (M, — M, cosO)M,

L -
! I, sin® 0 I;sind

—mglsinf = 0. (4.43)

As M, and M, are constant, we can evaluate them from the provided initial conditions:

M. = I3(4bo + ¢o cosfy), (4.44)
and

M, = I3(’t/.10 + g cos o) cos Oy + I b0 sin . (4.45)

Having solved the 0 equation, we can integrate the ¢ and ) equations. We consider a numerical
example.
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Example 4.2 A top constructed from a heavy circular disk of mass m = 100.0 g and radius
2.0 cm is mounted at the center of a thin rod of length 4.0 cm; see Figure 4.4. Suppose that
we set the top to spin at 35 rev s~1, and place it at an angle 6p = 60° from the vertical. We

assume 8y = 0, and discuss three situations: (a) ¢9 = —5 rad s~' ; (b) (;'50 =0rads™'; (c)
¢o = 1rads™ .
2 cm
4 cm

Figure4.4: A symmetric top of mass 100.0 g.

Solution According to the figure, I = 0.02 m and R = 0.02 m. We calculate the moment of
inertia: for I,

1
I = ZmR2 + le,

and for I,
1
12 = §mR2

The top was set to spin at 35 rev s~ ! initially; therefore
Yo = (2m)(35) = 219.9 (rad s71).

Worksheet 4.5 This worksheet is similar to several preceding worksheets: after defining ki-
netic and potential energies, we make substitutions to obtain the equations of motion; Eq14
concerns the 1) coordinate with a constant Mz (for M), Eq24 for ¢ with a constant Mz1 (for
M), and Eq36 for §. We rearrange these equations with the isolate command. We intro-
duce the spacecurve command from the plots package to produce a curve for the locus of
the figure axis.

> T := I1/2*%(diff (theta(t),t)~2 + diff (phi(t),t) "2*sin(theta(t))"2)
> + I3/2*(diff(psi(t),t) + diff(phi(t),t)*cos(theta(t)))"2;

T:= % 11 (5 0)* + (5 6(t))* sin(6(t))*) + % I3 (& (1) + (& 6(t)) cos(6(¢)))?
> Vo

m*gxl*cos (theta(t));
V:=mglcos(0(t))
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>

>
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L1 := subs({phi(t)=varl, theta(t)=var2, psi(t)=var3,

diff (phi(t),t)=var4, diff (theta(t),t)=var5,

diff (psi(t),t)=var6},L):

>
>

>

>

>

Epril := diff(L1,var6):
Epr13 := subs({varl=phi(t), var2=theta(t), var3=psi(t),

var4=diff (phi(t),t), varb5=diff (theta(t),t), var6=diff (psi(t),t)},
Epriil):
Eql4 := Epri3 = lMz;

Bq14 = I3 (& ¥() + (5 ¢(t)) cos(8(t))) = Mz
diff(L1,var4d):
subs ({varl=phi(t), var2=theta(t), var3=psi(t),

Epr21 :
Epr23 :

vard=diff (phi(t),t), varb5=diff (theta(t),t), var6=diff (psi(t),t)},

Epr21):
Eq24 := Epr23 = Mzi1;

Eq24 = I1 (g ¢(£))sin(0(t))* + I3 (( (1) + ( 6(t)) cos(6(t))) cos(6(t)) = Mz1

>

>
>

>

Y

V

V

Eq36 := I1 (4 0
+ I3 (( () + (55 6(t) cos(0(1))) ( &(t)) sin(6(t)) — m glsin(6(t)) = 0

Epr31 := diff(L1,varb):
Epr32 := diff(L1l,var2):
Epr33 := subs({varl=phi(t), var2=theta(t), var3=psi(t),

var4=diff (phi(t),t), varb5=diff (theta(t),t), var6=diff (psi(t),t)},

Epr31):
Epr34 := subs({varl=phi(t), var2=theta(t), var3=psi(t),

var4=diff (phi(t),t), varb5=diff (theta(t),t), var6=diff (psi(t),t)},

Epr32):
Epr35 := diff(Epr33,t):
Eq36 := Epr35 - Epr34 = 0;

(£)) = I1 (g ¢(t))? sin(6(t)) cos(6(t))

Eq51 := isolate(Eql4, diff(psi(t),t)):
Eqb52 := isolate(Eq24, diff(psi(t),t)):
Eq53 := rhs(Eq51) = rhs(Eqg52);

Fg58 = 2% — (& (1)) cos(6(1)
] — 4 sin 2
-y )
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> Eqgb4 := isolate(Eqb3, diff (phi(t),t));
Mz cos(6(t)) — Mz1
FE =4 p(t) = —
24 := 3 9 11 sin(0(0))?
> Eqbb := eval(Eq51, Eqb54);

'_ Mz (Mzcos(0(t)) — Mz1) cos(0(t))
Eq55 = 5 9(t) = 7 I1 sin(0(t))?

> Eq61 := eval(Eq36, {Eq54, Eqb55});

(Mz cos((t)) — Mz1)? cos(6(t))
I1 sin(6(t))3

Eq61 = 11 (4, 6(t)) —

o) =

> with(plots):

Warning, the name changecoords has been redefined

> g:=9.8; m:=0.1; 1:=0.02; R:=0.02;

g:=9.8
m:= 0.1
[:=0.02
R :=0.02
> I1 := mx172;
11 := 0.00004

> I3 := 1/2*m*R"~2;
13 :=0.00002000000000

> EqQ70 := psi(0) = 0;

Eq70 :=4(0) =0
> Eq71 := D(psi) (0) = evalf (35*%2xPi);

Eq71 :==D(¢)(0) = 219.9114858

> Eq72 := phi(0) = 0;

Eq72 := ¢(0) =0
> Eq73 := D(phi) (0) = -5; #try different values

Eq73 :=D(¢)(0) = —5
> Eq74 := theta(0) = evalf(Pi/3);
Eq74 :=6(0) = 1.047197551

> Eq75 := D(theta)(0) = 0;

Eq75 :=D(0)(0) =0
> Mz := eval(lhs(Eql14), {diff(psi(t),t) = rhs(Eq71), diff(phi(t),t)

\%

= rhs(Eq73), theta(t)=rhs(Eq74)});
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>

>

>
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Mz := 0.004348229716
Mzl := eval(lhs(Eq24), {diff(psi(t),t) = rhs(Eq71),diff (phi(t),t)

= rhs(Eq73), theta(t)=rhs(Eq74)});
Mz1 := 0.002024114858

Eq91 := dsolve({Eq54, Eq55, Eq61, Eq70, Eq72, Eq74, Eq75},
{theta(t), phi(t), psi(t)}, numeric);

Eq91 := proc(x_rkf45) ... end proc
pl := odeplot(Eq91, [l*sin(theta(t))*sin(phi(t)),
-1*sin(theta(t))*cos(phi(t)), l*cos(theta(t))], 0..0.7,
numpoints=100, thickness=2, color=black):
p2 := sphereplot(l, theta=0..2xPi, phi=0..Pi, style=hidden):
display([pl,p2], scaling=constrained);

Eq73 := D(phi) (0) = 0;
Eq73 :=D(¢)(0) =0
Mz;

0.004348229716
Mzl := eval(lhs(Eq24), {diff(psi(t),t) = rhs(Eq71),

diff (phi(t),t) =

>

>

>

ths(Eq73), theta(t)=rhs(Eq74)});

Mz1 := 0.002199114858
Eq91 := dsolve({Eq54, Eqb55, Eq61, Eq70, Eq72, Eq74, Eq75},

{theta(t), phi(t), psi(t)}, numeric, output=listprocedure):



4.4 Motion of a Symmetric Top 125

> p3 := odeplot(Eq91l, [l*sin(theta(t))*sin(phi(t)),
> -lxsin(theta(t))*cos(phi(t)), l*cos(theta(t))], 0..0.7,

> numpoints=100, thickness=2, color=black):

> display([p3, p2], scaling=constrained) ;

> Eq73 := D(phi) (0) = 1;
Eq73 :=D(¢)(0) =1
> Mz,
0.004348229716
> Mzl := eval(lhs(Eq24), {diff(psi(t),t) = rhs(Eq71),diff (phi(t),t)

> = rhs(Eq73), theta(t)=rhs(Eq74)});
Mz1 := 0.002234114858

> Eq91 := dsolve({Eq54, Eq55, Eq61, Eq70, Eq72, Eq74, Eq75},
> {theta(t), phi(t), psi(t)}, numeric, output=listprocedure):
> p4 := odeplot(Eq91, [l*sin(theta(t))*sin(phi(t)),

> -1l*sin(theta(t))*cos(phi(t)), l*cos(theta(t))], 0..0.7,

> numpoints=100, thickness=2, color=black):

> display([p4, p2], scaling=constrained) ;
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We depict the motion of the top by tracing a curve of the intersection of the figure axis with
the surface of a sphere of unit radius about the fixed point; this curve is called the locus of
the figure axis. The motion in the ¢ direction is known as precession, and in the 6 direction is
known as nutation. In our numerical examples, we observe three possible shapes for the locus
of the figure axis. If q50 is negative, it exhibits loops; if q50 = 0, the locus has cusps; and if éo
is positive, ¢ increases secularly in one direction.

45 Nonlinear Oscillation and Chaos

We have discussed linear oscillatory systems extensively in Chapter 2. For most systems,
however, the equation of motion is linear for only a limited range of conditions. When the
amplitude of oscillations is large, one needs to include higher terms of the potential energy:

1 1 1
V= 5mr.u(QJ:EQ + §m5x3 + Zmﬂafl +....

Suppose there is no friction, the equation of motion for this system is
F+wir+ o+ B2 +...=0.

In most situations this equation admits no analytic solution; one might find a textbook present-
ing the perturbation theory by expressing the solution as a series of successive approximations:
=0 + 23 4 23 4+ where the dominant term is

M) = Acoswyt, (4.46)
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with the value of the fundamental natural frequency w expressed as wy = wo + w® 4w 4
.... An important property pertaining to a nonlinear system is that the solution contains terms
of the combination of frequencies (2w in 22 ,dwy in z® , etc.), and the fundamental natural
frequency wy deviates from wg. We use the following example to illustrate this point.

A common model for anharmonic oscillator has the Lagrangian in the form

1 1 1
L= §m9b2 -V, V= §mowc2 + Zmﬁx‘l. (4.47)

(We use « for w.) The equation of motion for this system is
&4 axr+ pz> =0. (4.48)

This equation is actually exactly solvable. Rather than solving a second-order differential
equation, with the aid of conservation of energy we express the sum of potential and kinetic
energies as

1 1 1 1 1
§mi:2 + Emoch + Zmﬂx4 = §mozA2 + ZmﬂA‘l, (4.49)

where A is the maximum displacement. (That is # = 0 when x = A.) The conservative
quantity yields a first-order differential equation:

dx 1 1 1 1
Y /o Z0A2 & ZBAL — 2 — Z Bt
7 \/—\/204 + 46 2&1: 4ﬂx ,

and is solved as

(4.50)

t—\/T/m dz’
2 Jo \/%OZAQ—I—iﬂA‘l—%axQ—iﬁx“‘

This solution is an elliptic integral, which is not particularly relevant to our discussion; we are
interested in the oscillating frequency. The time to move from x = A to z = 0 corresponds to
a quarter period:

(4.51)

T_o_\ﬁ//* da
4 2Jo \/%QAQ—I—iﬂA‘l—%cm:z—iﬂx‘*

Although the fundamental natural frequency, 27 /7y, can be written exactly as an elliptic inte-
gral (see the worksheet below) we approximate it as a linear function in 3 to make its depen-
dence on a, § and A explicit:
21 30
= A2, 4.52

Wy P Va+ /e (4.52)
We see that nonlinearity of the oscillations has an amplitude dependence of the fundamental
natural frequency; the correction term is proportional to the squared amplitude of the oscilla-
tions.



128 4 Integration of Equations of Motion

Worksheet 4.6 Maple transforms equation (4.51) into an elliptic integral; we then use the
taylor command to expand the elliptic integral and retain only [ to the first power.

> assume(A>0, alpha>0, beta>0):
> taul := 4/sqrt(2)*int(1/sqrt(1/2*alpha*A~2 + 1/4xbetaxA~4 -

> 1/2%alpha*x~2 - 1/4xbeta*x~4), x=0..A);

¢
v
A EllipticK A +a

2
70 :=
A2+«
B . /B
> taylor(2xPi/tau0, beta, 2);
3 A? 9
Va + m B+ O(ﬁ )

Now we consider forced nonlinear oscillations, which Maple can conveniently solve using the
numerical method. By adding an external periodic force of frequency w to equation (4.48) and
including the damping force b2, we have

b b2
i+ —i+ oz 4 B2® = =2 cos(wt). (4.53)
m m

This equation is known as the Duffing equation. It is worthwhile to compare a forced nonlinear
oscillator with a linear one, which we have analytically solved in Section 2.3:

b F
P+ —i4wic = =0 cos(wt). (4.54)
m m

The solution to the linear equation contains a transient part and a steady-state part; the latter is
interpreted as the force response. If the driven frequency w is set at the natural frequency wy,
the amplitude of the steady-state solution becomes very large, a phenomenon called resonance.

Under certain conditions, the system with an anharmonic term oscillates with a nearly constant
amplitude, but it exhibits new properties which are absent in a linear system.

Worksheet 4.7 We enter the differential equation. After providing all the numerical values
of parameters and initial conditions, we solve the equation numerically and plot the force
response. The time in the plot starts at 60 s to exclude the transient effect.
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> Eql := diff(x(t),t$2) + b/mxdiff (x(t),t)

> + alpha*x(t) + beta*x(t)~3 = FO/m*cos(omegaxt) ;
d
Byt = (L) + 2@ ) 4 ey = FLoS@D

> m := 1; b := .2; beta :211; alpha := 1; FO := 3; ;gega ERSE
m:=1
b:=10.2
B:=1
a:=1
Fo:=3
w =

> Solnl := dsolve({Eql, x(0)=2, D(x)(0)=0}, x(t), numeric);
Soln1 := proc(xz_rkf45) ... end proc

dsolve({Eql, x(0)=3.1, D(x) (0)=0}, x(t), numeric);
Soln2 := proc(x_rkf45) ... end proc

Vv

Soln2 :

> with(plots):

Warning, the name changecoords has been redefined
> pl := odeplot(Solnl, [t, x(t)], 60..75, numpoints=200):
> p2 := odeplot(Soln2, [t, x(t)], 60..75, numpoints=200,

color=blue) :
display([p1l, p21);
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From the graph, we observe that a given driven frequency could result in two different am-
plitudes of oscillation. To understand this property, we start with the formula of the response
curve of a linear oscillator (equation (2.17)):

R = PR T B

A (4.55)

For a nonlinear oscillator, wy is replaced by wy, see equation (4.52), which contains an
amplitude-dependent correction. The square of the fundamental frequency is approximated
as

33 2 3
2: —A2 o~ e A2
= (vt gt =as o

Replacing w3 by a + % (A% in equation(4.55), we obtain the lowest-order approximation of
the response curve for a nonlinear oscillator

383 2
F2 = A% |m? (a - IA2 - w2> + b2w? (4.56)

Worksheet 4.8 We use the implicitplot command to plot the response curve.

> Eql := A~2x(m~2*(alpha-omega~2+3*beta/4*A~2)"2 + b~2*omega~2) =

> FO0~2;
A2\ ?
Eql = A? <m2 (a—w2—|— %) +b2w2> = F0?
> m:=1; b := .2; beta := 1; alpha := 1; FO := 3;
m:=1
b:=0.2
6:=1
a:=1
FO =3

> with(plots):

Warning, the name changecoords has been redefined

> implicitplot(Eql, omega=0..5, A=0..5, numpoints=10000);
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4-
34
A
27
1] K
: —\
0 1 2 3 4 5
omega

The response curve display a tilt (comparing with the response curve in Section 2.3); to be
more precise, it is a cubic equation in A2. From the graph it is clear that there exists a range
of frequencies (from about w ~ 2.1 to w &~ 3.7 in the above worksheet) in which A can
be multivalued. The physical interpretation is that in this range of frequencies different am-
plitudes of oscillations are possible. It can be proved that the middle branch corresponds to
unstable oscillations. At w = 3, the upper root is about A = 3.4, and the lower one is about
A = 0.4; these values are consistent with the amplitude from numerical solution in the preced-
ing worksheet. One should try different driven frequencies w and initial conditions to verify
the response curve. Physically, if one starts at a low frequency and gradually increases the fre-
quency, the amplitude will rise following the curve up to a maximum at about w ~ 3.7, then
a slight increase will cause the amplitude to “jump down” to the lower branch. On the other
hand, if one starts at a high frequency and gradually decreases the frequency, the amplitude
will “jump up” to the upper branch at about w = 2.1. This phenomenon is know as hysteresis,
meaning that the force response depends on how one scans the frequencies.

To conclude this section, we demonstrate a system that oscillates rather chaotically under
certain conditions. We use an equation

&+ 0.58 —x + 23 = fcos(t).

Notice that « in the Duffing equation is negative, which can be considered to be a system of
one particle moving in a double-well potential energy. We try 0.3, 0.35, 0.357 and 0.4 for the
ratio of driving force to mass, f.

Worksheet 4.9 After solving the differential equation numerically, we use the odeplot
command to produce z—t plot, the time series, and z—z plot, the phase trajectory. This work-
sheet introduces another representation of a dynamic system — the Poincaré section. Rather
than plotting a trajectory in the z—% space continuously, the Poincaré section corresponds
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to sampling the state of the system at an interval of the period of the driving force. In this
example, we discard the first 25 periods to eliminate the transient effect.

> Eql := diff(x(t),t$2) + b/mxdiff(x(t),t) + alpha*x(t)

> + beta*x(t)~3 = FO/m*cos (omegax*t) ;

d
Eql = (5_;}{(0) N b(ﬂnj(t)) +ax(t) + Bx(t)? = FOC(:Z(Wt)
> m :=1; b := 0.5; alpha := -1; beta := 1; omega := 1; FO := 0.4;

m:=1

b:=0.5

oy e= =l

6:=1

w:=1

Fo:=04

> Solnl := dsolve({Eql, x(0)=0.4, D(x) (0)=0}, x(t), type=numeric,
> output=listprocedure, maxfun=-1);
Soln1 := [t = (proc(t) ... end proc), x(t) = (proc(t) ... end proc),

4 x(t) = (proc(t) ... end proc)]
> with(plots):

Warning, the name changecoords has been redefined

> odeplot(Solnl, [t, x(t)], 50..300, numpoints=800) ;

X ]
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> odeplot(Solnl, [x(t), D(x)(t)], t=50..300, numpoints=8000) ;

4

D0 /l;’;,/l

a I ll/l

/A
\
(7.
0.6

> plot([seq([rhs(Solnl(2*Pi*i/omega) [2]),

> rhs(Solnl(2*Pi*i/omega) [3])], i=26..1000)], style=point,

axes=boxed) ;
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From Figure 4.5, we see that when f is small, the particle oscillates with a single period equal
to the driving period. When f = 0.35, it takes two driving periods to complete a full cycle.
After gradually increasing f, we discover an oscillating period of four driving periods, and
so on. This period-doubling behavior is refereed to as bifurcation. At f = 0.4, the trajectory
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Figure 4.5: The time series and trajectories of the Duffing equation with different values for
the driving force f. A period-1 orbit occurs when f = 0.3 (a); a period-2 orbit occurs when
f = 0.35 (b); a period-4 orbit occurs when f = 0.357 (c).

appears to be chaotic. In addition to the time series and phase trajectory, the Poincaré section
serves as another useful technique which can be used to examine a nonlinear system. The
Poincaré section is a collection of z and & of a system sampled at certain intervals. In the
example of the Duffing equation, each time when wt = 27, it marks a point in the z— plane.
The reader can verify that for a period-1 motion, the Poincaré section is simply a point, and
for a period-n motion, it gives n points. For a seemingly chaotic motion, a pattern might
gradually emerge in a Poincaré section. What we saw in the worksheet is called a strange
attractor, and we will leave it to other textbooks or articles to explain the details of the chaotic
systems.®> One should systematically scan through different values of f to observe properties
of a nonlinear oscillator. The “period-doubling route to chaos” which we observed, is common
in many nonlinear systems.

4.6 Summary of Lagrangian Mechanics

We devote much of this chapter to the Lagrangian formulation of mechanics; a great ad-
vantage of this approach is that we treat the energy, which is a scalar quantity, instead of
the force, which is a vector, with typically three components for each particle. Once the
Lagrangian is obtained, the derivation of equations of motion is straightforward. In imple-
menting Lagrangian mechanics, Maple simplifies expressions of kinetic energy and potential
energy in terms of generalized coordinates, and performs required differentiations, which are
generally tedious even for a simple system with only two degrees of freedom. Furthermore,

3See, e.g., Marion and Thornton 1995, Chapter 4.
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Maple makes necessary rearrangements of equations of motion, which are typically a system
of coupled differential equations. Solving differential equations numerically, Maple readily
produces graphical results of solutions; by experimenting with various configurations and
initial conditions, one acquires a profound intuition about the underlying physics. With basic
Maple commands subs, diff and dsolve, essentially any problem in classical mechanics are
solvable according to the method explained in these two chapters. The reader is encouraged
to apply this method in exploring many problems in Chapter 2 of Goldstein et al. 2002.

A Hamiltonian formulation is an alternative representation of classical mechanics in an inte-
gral form. Whereas a Lagrangian is expressed as a function of generalized coordinates and
their derivatives with respect to time, a Hamiltonian is expressed as a function of generalized
coordinates and their conjugate momenta. For solution of mechanical problems, methods in-
volving a Hamiltonian are not superior to those with a Lagrangian; we refrain from further
discussion here, but encourage the reader to consult Goldstein (see above) and to apply Maple
to the solution of problems using the Hamiltonian techniques. The utility of the Hamiltonian
approach is evident in the treatment of quantum mechanics. As we will describe in Chap-
ter 14, an applicable procedure involves forming a classical Hamiltonian, converting to the
Schrodinger equation by replacing classical variables with operators, and solving the equa-
tion, typically only approximately.

Exercises

1. Inthe model of a double pendulum in Section 4.2, make numerical experiments according
to the following conditions: assume the oscillation to be small; I; = ly; m; is much
greater than mgy (my < my). Initial conditions are 61 (0) = 62(0) = f2(0) = 0 and
01(0) = v, which implies m; to have been suddenly struck.

2. For a double pendulum with m; = mg and l; = ls, use the small-angle approximation to
linearize equations (4.8) and (4.9), so that one can find analytic solutions for 67 and 65.
From these solutions one should discover that the pendulum oscillates at a combination
of two normal frequencies:

oo 2TV [(2-V2)g
1= —_—, W2 = T

Iy

. .2 .92
Hint: Let cos(6y — 02) =2 1,60, =0y =0, sin6; = 6, and sin 0y = 6.
3. Develop a Maple worksheet for a triple pendulum.

4. An inverted pendulum consisting of a bob of mass m and a massless stick of length [ is
attached to an oscillating table; the position of the table is described by A coswt, where
the frequency w is adjustable; see Figure 4.6.
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Figure4.6: An inverted pendulum.

(a) Derive the equation of motion for 6.
Answer: [0 + (Aw? coswt — g) sin 6§ = 0.

(b) Numerically solve the differential equation using, for example, ! = 0.1 m, A = 0.01
mw=290s""torw=150s""; produce an animation similar to the worksheet in
Section 4.2. Observe that when w is large enough, the pendulum will not fall over.

5. Derive from equation (4.29) to equation (4.30a) using

1 x

71'
tan 'z == —cosT! ——. 4.57
2 Va?z+1 7
6. Prove that, if a particle moves under the influence of potential energy
k h
Vir)=—+ = 4.58
(M) =—=+, (4.58)
the trajectory of the particle can be described as
2
1
R (4.59)

mk 1 + € cos (%(b)’

where

2Es?
s=vI2+2mh, e=q/1+ 22 (4.60)

mk?2

7. (a) In the preceding exercise, if h = 0, we have a function (neglecting a factor [2/mk)

1

r=-—,
1+ €cos¢

which is the solution of the Kepler problem. Use the polarplot command to plot
this function for e = 0, 0.44, 1, 1.25. Do the results correspond to a circle, an ellipse,
a parabola and a hyperbola respectively?



Exercises 137

(b) Suppose h to be small, so that s = [, but s/l = 1.02; plot

1

" T T 0.44co8(1.029)

One expects this plot to demonstrate precession when a small term proportional to
r~2 is added to a pure r~! potential.

8. The orbit shown on the front cover of Goldstein’s Classical Mechanics (second edition
and early third edition) is impossible!* For bounded motion under an attractive central
force, the orbit at a turning point must always be concave towards the center of force
(Goldstein had it concave outwards). Consider the potential for Figure 3—13 on p. 91 of
Goldstein’s book,

7,23

=— 4.61
Vv 53 (4.61)

let, for example,
ro=1, 7=01, ¢o=0, ¢o=1,
so that the energy and the angular momentum are
E=0548, [=1.

Use Maple to produce the correct plot of the orbit, which should resemble Figure 4.7.

Figure 4.7: Orbits for bounded motion under attractive central forces (a) V o 72
b))V x r7/9.

s

4M. Tiersten, “Errors in Goldstein’s Classical Mechanics,” American Journal of Physics, 71, 103 (2003).
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9. For an asymmetric top with [; = 65.3 kg m?, I = 50.3 kg m?, and I3 = 25.1 kg m?,
consider its motion in the absence of gravity. For example, try the initial values ¢g = 0,
do = 0.5rad s, 0y = 7/2, 6y = 0.25 rad s, ¥y = 0, and ¢y = 1.0 rad s—. From
Figure 4.8, one can see that the angular velocity vector w returns to its original position,
but the top itself does not return to its original position.

Figure 4.8: Motion of an asymmetric top in the absence of gravity. (a) Trajectory of a point on
the body z axis relative to the fixed system of coordinates; (b) trajectory of the angular velocity
vector w.

10. For the Duffing equation
&+ i 4 ax + fa® = f cos(wt)

withy = 0.2, = 1, § = 1 and F' = 25, scan the frequency range from w = 1.26 to
w = 1.29 to find the period-doubling transitions (bifurcations).
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5 Orthogonal Functions and Expansions

Representation of a function as an expansion in orthogonal functions is an important topic in
mathematical physics. We require this technique in studying the theory of potential, waves and
quantum mechanics in subsequent chapters. In this chapter we begin with the familiar Fourier
series and Fourier integrals; we then extend our treatment to two other orthogonal functions:
the Legendre functions and Bessel functions. Maple defines these special functions that one
can readily invoke to find their roots, to evaluate expansion coefficients and to produce graphs.

5.1 Fourier Series

The best known orthogonal functions are sines and cosines; an expansion in their terms con-
stitutes a Fourier series. Such a series can apply to a periodic function, or to a function defined
on an interval.

A function u(x) is periodic with period L > 0 if
u(x + L) = u(x). (5.1)
Without a rigorous proof, we state that any continuous function w(z) that is periodic with

period L, or a function that is defined on an interval [0, L], can be expressed as

u(z) = Z [an, cos(mkx) + by, sin(mkx)], (5.2)

m=0

or explicitly

u(z) = agp
+ aycos(kx)  + by sin(kx)
+ ag cos(2kx)  + ba sin(2kx) (5.2))
+ az cos(3kx) + bssin(3kx)
+ ... + o
where
27
k=—. (5.3)

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Although there exist functions that admit no expansion as a Fourier series, for most functions
of interest in physics we assume the existence of such an expansion.

Fourier coefficients are evaluated through these integrals:

1 L

ag = Z/o u(x) dz, (5.4)
2 L

ap = —/ u(x) cos(nkx) du, (5.3)
L Jo
2 L

by, = —/ u(x) sin(nkx) dx. (5.6)
L Jo

We must be aware that the integral for ag differs from that for other a,, by a factor of 2. In
some literature, the series begins with ag/2, so that the integral for ag has the same form as
that for other a,,. Take care with the definition.

Example5.1 Expand the square wave as a Fourier series. A square wave is described as

L
1, O0<ax < —;
u(x) = I 2 (5.7)
—1, 3 <z <L.

Suppose that u(x + L) = u(x).

Solution One can perform a direct calculation to verify that a,, are zero; the reason is that
the given function is odd, and cos(mkz) are even. The coefficients b,,, are evaluated by

bz L -
/0 sin(mkx) dx—/L sin(mkx) dx] =2 .

/2 mm

Only when m is odd do the b,,, not vanish. This function hence is written as

4 1 . 2mnx
u(z) = - Z —sin ——. (5.8)
m=1,3,5,...

Worksheet 5.1 Evaluation of the Fourier coefficients for a square wave is easy. We use the
assuming option after the int command in Maple to ensure that n is treated as an integer.

> k := 2xPi/L;

k:::f

> bm := 2/L*(int(sin(m*k*x), x=0..L/2) + int(-sin(m*k*x),

> x=L/2..L)) assuming m::integer;
2(=D™ -1

m T

bm = —
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Example 5.2 Find the Fourier series for a function

T, 0<x<l,
-———, 1 3.
55 l<e<
Suppose that u(x + 3) = u(z)
Solution According to the definition, we directly write
27
L=3 k=—
3
The Fourier coefficients are hence
1 [t 1 /3 =z
ao 3/Oa:a:+3/1 (2+2> x,
2 ! 2 [?/3
Ay, = 5/() x cos(mkx) dx + 5/1 (5 + %) cos(mkzx) dz,
2 ! 2 (3
by = 5/0 xsin(mkz) dx + 5/1 (5 + %) sin(mkx) du.
Maple performs these integrations; the function u(x) is represented as
N
u(z) = Z [am, cos(mkx) + by, sin(mkzx)]. (5.10)

m=0

For practical applications we truncate the series at the Nth term, according to our desired
precision. To write the series explicitly, we have

— ECOS%—x + —Qﬁsin%—x — 27 CcoS Az + 9\/3 sin47r—x
82 3 82 3 3272 3 3272 3

u(x) = %

Worksheet 5.2 When we undertake integration repeatedly, a for loop, which is a basic
programming construct, is convenient.

L := 3:
k := 2%Pi/L;
k.= %;
> al[0] := 1/L*(int(x, x=0..1) + int((3/2-x/2), x=1..3));
ol
0= 5
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> for m from 1 to N do
> a[m] := 2/Lxsimplify(int(x*cos(m*k*x), x=0..1) +

> int((3/2-x/2)*cos(m*xk*x), x=1..3));
> end do;

27
82

27
3272
az =0

27
12872

27
200 72

ay ‘=

ag ‘=

Ay ‘=

as ‘=

> for m from 1 to N do
> blm] := 2/Lxsimplify(int(x*sin(m*k*x), x=0..1) +

> int((3/2-x/2)*sin(m*k*x), x=1..3));

> end do;

93
by = -
81
9v3
bei=—>—
32w
bg =
93
by 1= ———
128 7
9v3
b5 = — 2
200 7

> Eprl := a[0] + add(a[m]*cos(m*k*x), m=1..N) +
add (b[m] *sin (m*k*x) ,

> m=1..N);
2mx 41 Smx
o _1_2_7COS<T) _27 c0s< 3 ) o7 cos< 3 )
2 8 2 32 2 128 2
107> . 2mx 4
97 co < 3 ) 9 3su1<—?;—) 9 3su1( )
200 2 N 72 32 72
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> plot(Eprl, x=0..2%L);

0.8-
0.6
0.4-

0.2

The most intuitive way to test the correctness of an expansion is to observe the series graph-
ically. In this example, the original function has a sawtooth shape; according to the plot the
Fourier series satisfactorily represents this function.

5.2 Fourier Integrals

The Fourier series applies to a periodic function or to a function defined on an interval [0, L].
It is possible to generalize the expansion for a non-periodic function over any specified finite
range. To do so we replace the summation in the Fourier series by an integral, so that a
function u () becomes a Fourier integral,

1 o0 )
u(z) = W/ alk)e*® dk, (5.11)
where
1 > )
alk) = W/ u(x)e_”” dx. (5.12)

The function «(k) is called the Fourier transform of w(z), and it corresponds to Fourier co-
efficients in the Fourier series. Notice that this definition of Fourier transform differs from
that in Maple’s inttrans package; in this chapter we do not invoke that Maple package, but
perform the integration directly.
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Example5.3 Find the Fourier transform a(k) for a function

1, ——<z<—,
u(x) = ; 2, 2y (5.13)
y IE<—§,(E>§

Solution The integral is straightforward:

1 1/2 ’ \/gsinﬁ
)= —— —tke g — 272 14
a(k) (2m)1/2 /_1/28 dw — (5.14)

We write u(z) as a Fourier integral. For practical use, we choose the truncation limit at ko,
and write the integral as

1 ko \/ising i
= —— P k .1
u(z) CORE /_ NEw e dk, (5.15)

where ko depends on our desired precision.

Worksheet 5.3 We employ the piecewise command to produce the function u(z) for
graphic purposes. This worksheet directly follows the definition of the Fourier integral. As the
Fourier integral involves integration with complex numbers, we employ the evalc command
to simplify the expression.

\Y%

u := piecewise(-1/2<x and x<1/2, 1, x<-1/2, 0, 1/2<x, 0):
alpha := 1/sqrt(2#Pi)*int (1*exp(-I*k*x), x=-1/2..1/2);

1
5 IV2(eF1/2TR) _ o(1/21k))

ol 5=

VT k
> alpha := simplify(alpha);
1
\/isin(i k)
BV

> plot(alpha, k=-8*Pi..8*Pi, labels=["k", "alpha"l);
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0.4/
03
/ |
[ 1
alpha 021 |\
‘;J 1|
/0.1j \\\
// ] \\
/
0 o] 0 10/ %
k

.4xPi) ;

> Eprl := 1/sqrt(2+Pi)*int (alpha*exp(I*k*x), k=-4*Pi.
47 28111 (Ikx)
v / V2 ) "
E@rl:—-—
> Epr2 := simplify(Eprl):
> Epr3 := evalc(Epr2):
> Epr4 := simplify(Epr3):
> plot({u, Eprd}, x=-2..2, labels=["x", "u"l);
H
0.8
u0.6—;
0.4
0.2+
-2 -1 1

145
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> Eprb5 := 1/sqrt(2*Pi)*int(alpha*exp (I*k*x), k=-32%Pi..32%Pi);

327 \/_sm (Ikx)

\/— / k)e dk
327 \/_ k
Eprs =
\/—
> Epr6 : simplify(EprS).
> Epr7 := evalc(Epr6):
> Epr8 := simplify(Epr7):
> plot({u, Epr8}, x=-2..2, labels=["x", "u"l);
5

0.8

0.6 -

0.4

0.2+

=5 ) 0 1 2
X

The exact Fourier integral is typically difficult to evaluate. We demonstrate two limits that we
choose for kg; obviously a larger ko gives a more accurate representation of f(x). Near the
points of discontinuity, we recognize rapid oscillation; this behavior is known as the Gibbs

phenomenon.

5.3 Orthogonal Functionsin Complete Sets

Consider a set of real or complex functions f,(z), n = 1,2,..

., square integrable on an

interval [a, b] for a variable ; this set is defined to be orthonormal if

/abf:x

T)fm (T)dﬂ’ = 5nma

(5.16)
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where d,,,,, is the Kronecker delta. The completeness (or closure) relation is

Y @) fale) = 6’ - x), (5.17)

n=1

where §(2’ — x) is the Dirac delta function. The asterisk denotes the complex conjugate,
although in this chapter we are concerned with real functions only. If we have an arbitrary
function u(z), square integrable on the interval [a, b], we can expand it in a series of orthonor-
mal functions f,,(x),

u(x) = enfalz), (5.18)
n=1
where expansion coefficients are evaluated as

b
cnz/ fo(x)u(x)de. (5.19)

In the Fourier series discussed in Section 5.1, these sets of orthogonal functions are sines and
cosines, on the interval [0, L]. We proceed to introduce other orthogonal functions.

54 LegendrePolynomials

The Legendre equation is

2

(1 —x2)% —2:10% +1(1+1)P=0. (5.20)
To solve this equation, we can write PP as a power series, then we determine the coefficients
that satisfy the differential equations; such a technique is discussed in Appendix B.1. If our
only concern is applications, the solutions of this equation are well established. When [ is 0
or a positive integer, the solutions are called the Legendre polynomials, which are defined as
LegendreP in Maple.

Worksheet 5.4 We invoke the LegendreP command, and use the expand command to dis-
play the Legendre polynomials explicitly. Their plots are shown in the worksheet.

> pl0] := expand(LegendreP(0,x)); p[1] := expand(LegendreP (1, x));

> pl2]
> pl4]

expand (LegendreP (2, x)); pl[3] expand (LegendreP (3, x));

expand (LegendreP (4, x)); p[5] expand (LegendreP (5, x));

po =1
p1i=2
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_ 1 322
P2 = B)
_5.3_ 3
p3 = ) D)
3 .3 , 15,
Pa=g Tt Ty
63 . 35 , 15
Ps =g 1Tt
> plot({seq(p[il, i=0..5)}, x=-1..1);
1,
0.5
~1/-0/8-0.6\0/4 0. : 02 O % 6 08/ 1
_]

The first few Legendre polynomials are listed in Table 5.1. We see that P, is a polynomial of
degree [; it is an even function if [ is even, and is an odd function if [ is odd.

Legendre polynomials form a complete set of orthogonal functions on the interval (—1,1).
The condition for Legendre polynomials to be orthogonal is

1
2
/_ Po(@)P(e)de = g (5.21)

The difference between orthogonal functions and orthonormal functions is just an overall scal-
ing factor. If we rescale P; as

20+ 1
fi=4/ 5 P,

we obtain a set of orthonormal functions f;. Be aware that the definition of orthogonal func-
tions might differ by a constant factor in different literature. If we expand a function in un-
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Table5.1: Legendre polynomials.

I Px)
0 1
x
3 1
2 oo
2" T2
5, 3
35 15 3
4 U4 272 e
sT T Ts
63 35 15
5 §$5—ZCE3+§.’E

normalized orthogonal functions, we only need to adjust the expansion coefficients to impose
normalization.

A function on an interval (—1, 1) can be expanded as Legendre polynomials,

u(z) =Y AP(x), (5.22)
1=0
or explicitly,
3 1 5 3
w(x) =Ag+ Az + Ay | za® — = |+ Az (=2 — 2 ) +.... (5.22))
2 2 2 2
The coefficients are evaluated according to this integral,
20+1 (1
A = T+ u(z) Py (x)da. (5.23)
-1

Notice the scaling factor before the integral, which arises from our use of unnormalized or-
thogonal functions.

Example5.4 Expand this function,

-1, —-1<x<0
= ’ ’ 5.24
u(@) {1, O<z<l, ( )

in Legendre polynomials.

Solution To calculate the coefficients, we perform the integration:

0 1
AZZM(/ Pld;v—/ Pldx).
2 -1 0
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Maple directly accomplishes this simple task. The fact that even terms vanish is explained by
symmetry: we are expanding an odd function.

We can express u(x) as

w@) = 2o T (3 3,) 4 1L (83,5 35,5, 15,
) 8\ 2 2 16 \ 8 4 8

Worksheet 5.5 The procedure for evaluating expansion coefficients here is identical to that
for the Fourier series: we merely replace sin or cos with LegendreP. We again employ a
for loop to perform repeated evaluation of integrals.

> N := 19:

for 1 from O to N do
> A[1] := (2%1 + 1)/2*simplify(int(LegendreP(1,x), x=0..1) -

V

int (LegendreP(1l,x) ,x=-1..0));

end do;

AQ =0

3

A1 = 5

AQ =
-7

A3 = ?

A4 =

11

As = —

> 16

A6 =0
—75

Ar = ——
T 128

Ag =0
Ag = 1—33
256

A10 =
483
T 7024

A12 = 0
891
7 9048

A14 =

—13299

15 ‘=

32768
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Ay

19 *

A :=0
25025
" 65536
Aig:=0
~—94809
T 262144

> f :=n -> add(A[1]*LegendreP(1l,x), 1=0..n):

> with(plots):

Warning, the name changecoords has been redefined

> pl := plot({seq(f(n), n=1..N-1)}, x=-1..1):

> p2 := plot(f(N), x=-1..1, thickness=2, color=black):
> display([pl, p21);

1.5
1

0.5

-1 -0.8-0.6—

0.4-0.2

-15

02 04 06 08
X

1
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We plot the progressive improvement in the representation of a square wave in Legendre
polynomials. Not surprisingly, the more terms that we include, the more accurate is the result.

54.1 Generating Function and Rodrigues Formula

There are multiple ways to define the Legendre polynomials (and most orthogonal polynomi-
als). Although the Legendre polynomials are known as solutions of the Legendre equation,

one can alternatively define the Legendre polynomials by the generating function:

1
V1= 2zt + 2

w(% t) =

(5.25)
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Expanding this function as a power series of ¢, one obtains

P(x)t', (0<t<1). 5.26
i Zl ) (5:26)

Generating functions are available for most orthogonal polynomials (see two exercises at the
end of the chapter), but that for the Legendre polynomials has a simple geometrical meaning,
which will be evident in Section 6.4.2.

Worksheet 5.6 We use the taylor command to expand the generating function for the Le-
gendre polynomials.

> gen := 1/sqrt(l - 2*x*t + t72);
1
V1—2zt+¢2

gen =

> taylor(gen, t);

1 322 3 5 3 15 35
1 t _ = e t2 _ = = S t3 = 0 = 2 T 4 t4
+x+<2+2) +<2x—|—2$> +<8 4x+83:>

15 35 5,63 5\ 5
- — t t
+<8:1c T tge ) + 0 (t9)

From the Maple output, we see that the coefficients of #' are indeed the Legendre polynomials
Py(z). The generating function gives an implicit formula for the Legendre polynomials. There
is yet another way to define the Legendre polynomials:

1 d

Pi(@) = g g (@

- b (5.27)
This is Rodrigues’ explicit formula for the Legendre polynomials. We leave it as an exercise
for the reader to use Maple to perform this simple differentiation; one can also find an example
in Section 16.2. For some orthogonal polynomials, conventions of a constant factor vary in the
literature; the generating function which Rodrigues’ provides allows us to check the definition
between different sources.

5.5 Bessel Functions

The differential equation

d2 dJ S
—2)J =0 5.28
P +pdp +(p° —v7) (5.28)
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is called the Bessel equation of order v. Solutions of this equation are also well established,
called Bessel functions of order v. There are exhaustive treatments of this subject; as the solu-
tion lacks a simple algebraic expression, one traditionally needs to consult reference books to
retrieve numerical properties of Bessel functions, such as their roots. Maple reduces routines
of numerical methods for Bessel functions to simple commands, which is extremely useful in
practical computation.

The Bessel equation is a second-order differential equation, for which there are two linearly
independent solutions; they can be linearly combined in various ways. In Section 1.4.2 we
have plotted these two functions: BesselJ and BesselY. For many physical applications, we
choose BesselJ only, because it is finite at the origin. We commonly refer to it as the Bessel
function of the first kind, of order v, generally denoted J,, (p) in the literature.

We graphically present J,,(p) for orders v from zero to three.

Worksheet 5.7 In Maple, the Bessel functions J,,(p) are entered as BesselJ(nu, rho).

> plot([BesselJ(0, rho), BesselJ(1, rho), BesselJ(2, rho),
> BesselJ(3, rho)], rho=0..25, legend=["order 0", "order 1",

> '"order 2", "order 3"]);

0.8-
0.6~

0z m
02 ] \7 X o\ B 0 7

0.4

order 0
order 1
order 2

In almost all problems, we need to find roots of Bessel functions. Graphically, roots cor-
respond to points at which the curve crosses the = axis. These roots can be obtained by a
numerical method, which can be accomplished with Maple; indeed Maple has a command
BesselJZeros specifically for this purpose. We offer examples of how to find the roots in
subsequent worksheets; here we list some of them in Table 5.2.
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Table5.2: Roots ., of Bessel functions for which J,, (z,,) = 0.

n v
0 1 2

1 2405  3.832  5.136

2 5.520  7.016  8.417

3 8.6564 10.173 11.620

4 | 11792 13.324  14.796

5| 14931 16.471 17.960

We label these roots with index n as x,,.,,: for fixed v (the order of a Bessel function),
Tyl < Tpo < Tpz....

Pay attention to the notation of indices, v and n, which we will discuss below.

For order v to be a non-negative integer, the Bessel function of that order satisfies the orthog-
onality condition on an interval (0, a),

/O o, (200 2) 2 (2002 ) do = %2[Jy+1(xyn>]25n/n- (5.29)

a

In this equation we extend the definition of orthogonality in equation (5.16) to a more general
form,

/ (@) £ (@) (@) = S (5.30)

where we insert a weight function w. In our example of Bessel functions, the weight function
isw = p.

Be aware of indices: v is the order of the Bessel function, and n is the nth root of the Bessel
function. The orthogonal condition applies to a function with fixed v. For example, if v = 0,
these orthogonal functions form a complete set,

Jo (!E01§) ,Jo (Cfozg) , Jo (58032) yees

where x,, are numerical values in Table 5.2. We plot these functions.

Worksheet 5.8 For essentially all problems requiring Bessel functions, we must find the
roots, for which purpose we use the fsolve command to find the roots for Jy(x). We first
make a plot of J,(z), so that from the graph we can supply a range for fsolve to seek
numerical solutions. We plot a set of orthogonal Bessel functions of zeroth order.
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> plot(BesselJ(0,x), x=0..20);

0.8
0.6 1
0.4

0.2

> x0[1] := fsolve(BesselJ(0,x), x=2..3);
201 := 2.404825558

> x0[2] := fsolve(BesselJ(0,x), x=5..6);
205 := 5.520078110

> x0[3] := fsolve(BesselJ(0,x), x=8..9);
203 := 8.653727913

> x0[4] := fsolve(BesselJ(0,x), x=11..12);
204 := 11.79153444

> x0[5] := fsolve(BesselJ(0,x), x=14..15);
205 := 14.93091771

> a :=1;

a:=1
> N := b:

> for n from 1 to N do
> kO[n] := x0[nl/a;

> end do:
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> plot({seq(BesselJ(0, kO[n]*rho), n=1..5)}, rho=0..a);

—0.4 -

We draw an analogy between Bessel functions and sine functions. In the Fourier series, the
orthogonal functions are sin(kx), sin(2kx), sin(3kz), and so on; they are sine functions of
which z is scaled by a factor of k, 2k, 3k, . . .. Similarly, for a Bessel function of the first kind

and of zeroth order, we scale p by a factor of ko1, ko2, ko3, - - ., Where
o1 02 03
km:T’ koo = —, kog=—,....

For sine functions, such scaling makes sin(mkL) = 0; for Bessel functions, Jy(kona) = 0.

As another example, if v = 2, the orthogonal functions are

Jo ($21£) ;o (5822B) . J2 ($23B) e
a a a

We plot these functions also; again we must first evaluate the roots of Ja(z).

Worksheet 5.9 Knowing the principle of numerical solution for the roots of the Bessel func-
tion, from now on we employ the BesselJZeros (nu, n) command to find the roots. The
first argument nu is the order of the Bessel function, and the second argument n is the nth root
of the Bessel function. This worksheet is almost identical to the preceding one except that we
use Jo(z).
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> plot(BesselJ(2,x), x=0..20);

0.4

0.2

0.2

> x2[1] := evalf(BesselJZeros(2,1));
21 := 5.135622302

> x2[2] := evalf(BesselJZeros(2,2));
29 := 8.417244140

> x2[3] := evalf(BesselJZeros(2,3));
23 := 11.61984117

> x2[4] := evalf(BesselJZeros(2,4));
24 := 14.79595178

> x2[5] := evalf(BesselJZeros(2,5));
25 := 17.95981949

> a :=1;
@ =1

> N := b:
> for n from 1 to N do
> k2[n] := x2[nl/a;

> end do:

> plot({seq(BesselJ(2, k2[n]*rho), n=1..5)}, rho=0.

.a);

157
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Because Bessel functions satisfy the orthogonality and completeness conditions, we can ex-
pand an arbitrary function of p on an interval 0 < p < a in a Fourier—Bessel series,

u(p) = ;AunJu (xyng), (5.31)
or explicitly,

u(p) = Ay (:vulg) + Ay, (:v,,gg) + Aysd, (x,,gg) Yo (5.31')
where v is fixed; the summation is over index n, the label for the nth root of this Bessel

function. The coefficient is evaluated as'

2 a p
m/o pu(p)JV (xuna) dp. (5.32)

Aun =
Be aware of an extra term p present as a weight function.
Example5.5 Expand a function

u(lp) =1, 0<p<l, (5.33)

in the Fourier—Bessel series using Bessel functions of the first kind and of order zero.

1Tackson 1999, p. 115.
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Solution  For this problem, a = 1, we must evaluate roots x,, such that Jy(x,) = 0. These
roots are listed in Table 5.2, which contains values derived by a numerical method. From
equation (5.32),

Aor = % /01 pJo (zo1p) dp = 1.602, (a0 = 2.405),
9 1

Ay = m/o pJo (xo2p) dp = —1.065, (x2 = 5.520),
9 1

Ags = m /0 pJdo (xo3p) dp = 0.851, (03 = 8.654),

and so on. Thus we have

u(p) = 1.602J5(2.405p) — 1.062J5(5.520p) 4 0.851.J5(8.654p) + . . ..

Worksheet 5.10 Evaluation of coefficients for the Fourier—Bessel series has exactly the
same formalism as that for the Fourier series: instead of sin, we use BesselJ, remembering
to insert the weight function p. To perform repeated integrations we naturally employ a for
loop.

> x0[1] := evalf(BesselJZeros(0,1));
207 := 2.404825558
> x0[2] := evalf(BesselJZeros(0,2));
205 := 5.520078110
> x0[3] := evalf(BesselJZeros(0,3));
z03 := 8.653727913
> x0[4] := evalf(BesselJZeros(0,4));
204 := 11.79153444
> x0[5] := evalf(BesselJZeros(0,5));
205 := 14.93091771
> x0[6] := evalf(BesselJZeros(0,6));
206 := 18.07106397
> x0[7] := evalf(BesselJZeros(0,7));
207 := 21.21163663
> x0[8] := evalf(BesselJZeros(0,8));
z0g := 24.35247153
evalf (BesselJZeros(0,9));
209 := 27.49347913
> x0[10] := evalf(BesselJZeros(0,10));
2010 := 30.63460647

>  x0[9]
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> x0[11] := evalf(BesselJZeros(0,11));
x0711 := 33.77582021

> a :=1;
a:=1

> N := 11:

> for n from 1 to N do
> kO[n] := x0[n]/a;

> end do:

> for n from 1 to N do
> AO[n] :=
> 2/(a~2xBesselJ(1,k0[n]*a) 2)*int (rho*BesselJ(0,k0[n]*rho),

> rho=0..a);

> end do;
A0 :=1.601974698
A09 := —1.064799258
A0s := 0.8513991924
A0y := —0.7296452398
A05 := 0.6485236140
A0g := —0.5895428294
A07 :=0.5441801960
A0g := —0.5078936308
AlOg := 0.4780124976
A01o := —0.4528505588
A01; := 0.4312838768

> f :=m -> add(A0[n]*BesselJ(0,k0[n]*rho), n=1..m);
f:=m — add(A0,, BesselJ(0, k0, p), n = 1..m)

> with(plots):

Warning, the name changecoords has been redefined

> pl := plot({seq(f(m), m=1..N-1)}, rho=0..a):

> p2 := plot(£(N), rho=0..a, thickness=2, color=black):

> display([pl, p21);
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0 0.2 0.4 0.6 0.8 1
rho

We plot the progressive improvement of the representation as IV increases.

Example5.6 Expand a function

in the Fourier—Bessel series using Bessel functions of the first kind of order two.

Solution In this problem, a« = 1; we require roots xo, such that Jo(x2,) = 0. From
equation (5.32),

1
Ay = 7 ) / plo(L = Pz (zonp) dp.

Jg(xOn
we obtain

u(p) = 0.527J5(5.136p) + 0.098.J5(8.417p) + 0.876.J2(11.620p) + . . . .

Worksheet 5.11 This approach is exactly the same as in the preceding worksheet, except
that orthogonal functions are Bessel functions of order two, BesselJ(2,x).

> x2[1] := evalf(BesselJZeros(2,1));
241 := 5.135622302
> x2[2] := evalf(BesselJZeros(2,2));

29 1= 8.417244140
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x2[3] := evalf(BesselJZeros(2,3));
123 := 11.61984117

x2[4] := evalf (BesselJZeros(2,4));
224 := 14.79595178

x2[5] := evalf(BesselJZeros(2,5));
25 1= 17.95981949

x2[6] := evalf (BesselJZeros(2,6));
226 1= 21.11699705

x2[7] := evalf (BesselJZeros(2,7));
x27 := 24.27011231

x2[8] := evalf(BesselJZeros(2,8));
28 1= 27.42057355

x2[9] := evalf (BesselJZeros(2,9));
29 := 30.56920450

a = 1;

a:=1

N :=9:

for n from 1 to N do

k2[n] := x2[nl/a;

end do:

for n from 1 to N do

A2([n] :=

2/ (a~2xBesselJ(3,k2[n]*a) ~2)*int (rho*rho* (1-rho)

*BesselJ(2,k2[n]*rho), rho=0..a);
end do;
A2q :=0.5273837770
A29 :=0.09805457534
A23 :=0.08758732210
A2, :=0.03433336328
A25 :=0.03495744094
A2¢ := 0.01752244388
A27:=0.01865994794
A2g :=0.01064622619
A2g :=0.01156746695
f :=m -> add(A2[n]*BesselJ(2,k2[n]*rho), n=1..m);
f:=m — add(A2,, BesselJ(2, k2, p), n = 1..m)
with(plots):
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Warning, the name changecoords has been redefined
plot({seq(f(m), m=1..N-1)}, rho=0..a):
plot(£(N), rho=0..a, thickness=2, color=black):
> display([pl, p21);

> pl:

> p2 :

0.25 =
0.2
0.15 -

s

0.05 /

0 0.2 0.4 0.6 0.8 1
rho

5.6 Summary of Special Functions

A complete set of orthogonal functions serve as a basis for expansion to represent most func-
tions of interest in physics. Such an expansion is written in equation (5.18),

U(.T) = Z Cnfn(x)v

and coefficients are evaluated according to equation (5.19),

b
on= [ fi@u@u)ds,

where w(x) is the weight function.

Most students are familiar with the Fourier series, an expansion in sinusoidal functions, but
fewer students are acquainted with expansion in special functions such as Bessel functions.
One reason might be that some students feel alien to these special functions. The procedure to
expand a function in a complete set of orthogonal functions, such as Legendre polynomials or
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Bessel functions, is identical to that for sinusoidal functions, and Maple is extremely useful in
the performance of this task because it eliminates the manual calculation of integrals.

Legendre polynomials are solutions of a second-order differential equation, which belongs to
the Sturm—Liouville system. In addition to Legendre polynomials, there are Hermite polyno-
mials and Laguerre polynomials, which are important in quantum mechanics. We postpone
discussion of these orthogonal polynomials until Chapters 15 and 16, but here follows a sum-
mary.

* sines
differential equation:
P | o
72 +n°f,=0 (5.35)

solution: f,, = sin(na); Maple command: sin(n*x)

expansion (—7 < x < ) for an odd function u(x) = —u(—2x):
u(x) = i cp sin(nz) (5.36)
n=1
coefficients:
Cn = %/:; sin(nz)u(x)dx (5.37)

* Legendre polynomials
differential equation:

d*P, dp,

(1— 2% R i (1+1)P =0 (5.38)

solution: P;(x); Maple command: LegendreP (1, x)
expansion (—1 < z < 1):

u(z) =Y aP() (5.39)
=0
coefficients:
20+1 !
o= ZT+ / Py(z)u(x)dx (5.40)
-1

* Bessel functions
differential equation:
o d?J, dJ,

E gt =0 (5.41)
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solution: J, (p); Maple command: BesselJ (nu, rho)
expansion (0 < x < a) for a fixed v:

u(p) = i Apnd, (2n2) (5.42)
n=1

where x,,,, are numerical values listed in Table 5.2; the index of summation is n, the nth
roots of J,,(z).
coefficients:

P a )
a2 J7 3 (@m) v\ 4
“2J3+1(55Vn)/o pulp) (x a) dp (5.43)

Aun =

This integral contains a weight function p.

Hermite polynomials
differential equation:
d*H, 9 dH,,
— 2z
dx? dx
solution: H,,(z); Maple command: HermiteH(n, x)
Further discussion arises in relation to a quantum oscillator.

+2nH, =0 (5.44)

Laguerre polynomials
differential equation:

d*L, dL,,
T +(1- x)% +nL,=0 (5.45)

solution: L,,(x); Maple command: LaguerreL(n, x)
Further discussion arises in relation to the radial equation for the hydrogen atom.

Exercises

1. Calculate the Fourier transform «(k) of a function

u(x):{o - <0

x>0

then perform the inverse Fourier transformation on (k). Plot this function, and compare
with u(z).

2. Calculate the Fourier transform «(k) of the Gaussian function

1 22
u(z) = mae_ﬁ, (5.46)

then plot the Gaussian function and its Fourier transform for various a.
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A function u(z) and its Fourier transform «(k) satisfy the Fourier—Parseval identity:

/wmumdxz/mkwm%h (5.47)

— 00 — 00

Check whether this theorem holds for the example in Section 5.2 by comparing the inte-

grals
1/2
/ 12 dx
—1/2

2
© ZSing
I (ﬁ . ) i

Try also the Gaussian function and its Fourier transform in the preceding exercise.

and

Expand this function,
u(z) =sin(z), —-1l<az <1,

defined on an interval —1 < = < 1, in Legendre polynomials. Make a plot to compare
the series and the original function.

. Expand this function,

u(p) =sin(p), 0<p <1,

defined on an interval 0 < p < 1, in Bessel functions of the first kind of order 4, Jy(p).
Make a plot to compare the series and the original function.

Expand this function on an interval 0 < x < 6,

0, 0<x <1,
r—1, 1l<zx<?2,
1, 2 <x <3,

-1, 3< <4,
r—5, 4<x<5h,
0, 5 <z <6,

in
(a) a Fourier series,
(b) a Bessel function of the first kind of order 0, Jy(z),

(c) a Bessel function of the first kind of order 1, J; (),
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(d) aBessel function of the first kind of order 2, J5(z).
Produce a graph for each expansion to observe the accuracy of the approximation.

7. Use Rodrigues’ formula in equation (5.27) to generate the first five Legendre polynomi-
als.

8. The generating function for the Hermite polynomials H,, () is
Wlat) = e

such that

Z Hn(x) t'n, — e—t2+2tr. (548)
— n!

Use the taylor command to generate the first five Hermite polynomials, and compare
the result with HermiteH.

9. The generating function for the Laguerre polynomials L, () is

e—rt/(l—t)
)= — —
bl t) = 5.
such that
=< I (x e—ot/(1-t)
> (|)t": — (5.49)
=

Use the taylor command to generate the first five Laguerre polynomials, and compare
the result with LaguerreL.
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6 Electrostatics

In this chapter we introduce electrostatics. An electric field can be calculated by Coulomb’s
law, which generally requires sophisticated calculations such as elliptic integrals. Maple is
suitable and convenient for undertaking this type of task, especially in those situations when
curvilinear coordinates are preferable. Because electric and magnetic fields are vectors, we
carefully examine their meaning and representation in the context of symbolic computation.

6.1 Coulomb’sLaw

Two stationary electric charges g; and ¢o attract or repel each other with a force directly
proportional to the product of the charges and inversely proportional to the square of the
distance 1o between them,

1 qiqe

1= P}
4dmeg 114

e;p = —Fo, (6.1)

where e;3 is the normalized vector from g2 to g1; we will discuss this vector in detail below.
This is Coulomb’s law, which is based on experiment.

In SI units, the force is measured in newtons (N), distance in meters (m), and charge in
coulombs (C). The constant € is called the permittivity of free space:

€0 = 8.854187817...x 1072 C2N"'m~2. (6.2)

We separate the equation of the force between electric charges in two factors by defining an
electric field E:

1
Fi=qE, E=_——Fen. (6.3)
TEY T'{9

Although the electric field seems merely an artifice of algebraic rearrangement, we encourage
the reader to regard the field itself as a fundamental quantity of physical reality. A charged
particle ¢ in the presence of an electric field E experiences a force F, = ¢E; this formula
is analogous to Fy = mg, which describes the force acting on a particle of mass m in the
presence of a gravitational field g. The main objective of this and the next chapter is to find
the electric field.

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Electromagnetism has a linear structure, therefore electric fields satisfy the principle of super-
position. For charge as a continuous distribution, electric field is calculated from this integral:

1
E(r) = / @ e12drs. (6.4)
12

T dweg

Figure 6.1: Notation for Coulomb’s law.

The importance of notation in this equation cannot be emphasized too much: once one under-
stands this notation, one can readily proceed with calculations that Maple can directly perform.
Referring to Figure 6.1, we define r; as the position vector of the field point, at which we in-
tend to measure the strength of the field, and ry as the position vector of the source point, at
which the charge element contributes to the field. The separation vector from r; to rs is

rip =r; —Tr2, T2 =|raf (6.5)
We use the unbold symbol 715 to denote the length of the separation vector. The unit vector
e is the normalized separation vector,

ry2
€12 = —, (6.6)
712
which also indicates the direction of the electric field contributed by a charge element at ro.
Integration is performed in the space of the source, ry, for which d7, denotes the volume
element. We obtain the electric field as a function of r;.

If we are given the surface charge density, o(r2), we express the integral as

1 0'(1‘2)
E = — d 6.7
(r1) 47T€0/ 72 e12 das, (6.7)

with day as the area element. Similarly, if we are given the line charge density, A(rs3), the
integral is

E(r) = — /)\(;2)9126”2, (6.8)

4meg 71y

with dl5 as the line element.



6.1 Coulomb’s Law 171

Example 6.1 Find the electric field at a distance z above one end of a segment of a straight
line of length L that carries a uniform line charge A. This problem is similar to one in Griffiths
1999, p. 63, problem 2.3 (see Bibliography).

z
r

21
]

Figure 6.2: Electric field due to a charged wire.

Solution According to Figure 6.2, the field point is situated on the z axis, whereas the source
points lie on the = axis. We express these conditions as

Iy = 212, Iro = QTQ)A(.

Directly following these definitions, we find the separation vector and its length,

_ _ /.2 2
rig =T] —To, T12 =14/%5+ 27,

and the normalized separation vector and line element,

2t —— 5, dl=d
€12 = X z, 2 = aAxy.
Vi + 2% N R
Having all the ingredients required for the application of Coulomb’s law, we proceed to eval-
uate the integrals,

L — _ 2,2
B 1 / A T2 1 Mlar] = L2+ 27) 6.9)
0

r = d{E = 9
dmeg x3 4 27, /12 + 22 7 dreg 21| /L2 + 22
and
| D 21 1 AL
E. = / dzy = . (6.10)
dmeo Jo a3+ 2% \/aF + 23 Ameg 21/L2 + 22

Once we are clear about various vectors, it is straightforward to use Maple to perform the
calculations.

Worksheet 6.1 We use the LinearAlgebra package, which enables almost all operations
on vectors. To find the length of a vector, which is officially known as the 2-norm, we em-
ploy Maple’s command Norm(r12, 2). The unit vector e;5 is found using the Normalize
command. Because Maple inherently assumes every parameter to be complex, we employ the
assume command to inform Maple that physical quantities such as x5 and z; are real. Finally,
we apply the int command to evaluate the integrals.



172 6 Electrostatics

assume(x2, real, zl, real):

with(LinearAlgebra) :
r2vec := < x2 | 0 | 0 >;
r2vec := (22, 0, 0]
> rivec :=< 0 | 0 | z1 >;
rlvec := [0, 0, z1]
> rl2vec := rlvec - r2vec;
r12vec := [—x2, 0, 21]
el2 := Normalize(ril2vec, 2):

el2 := map(simplify, el2);
z2 z1

_ ) 0)

\/1’22—|—z12 \/1’22+z12
r12 := Norm(ri2vec, 2):
r12 := simplify(r12);

r12 = /2% + 21°

el2 .=

> Ez := int(lambda*el12[3]/r12~2, x2=0..L);
AL
EFzi= —————
21 /L2 + 212
Ex := int(lambda*el12[1]/r12°2, x2=0..L):
Ex := simplify(Ex);

A (|zl| —VI?+ 212)
VL2 + 217 |21

Ex .=

6.2 Curvilinear Coordinates

In some problems, the use of spherical or cylindrical coordinates greatly simplifies the calcu-
lations. When we undertake vector calculus in curvilinear coordinates, complications arise. It
is worthwhile clarifying some concepts.

In elementary courses, a vector is conceived as a directed line segment, or a quantity with
both a magnitude and a direction, such as the position vectors in Figure 6.1. In modern math-
ematics, a vector itself has a meaning independent of coordinates, and we can perform vector
operations — addition, scalar multiplication, dot-product, and cross-product — in abstract form,
without reference to any particular coordinate system. The reason for introducing coordinates
is that we can resolve a vector into components, which are numbers (or symbols for them)
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so that it is easier to compute with our brain or a computer. Newton’s second law F = mr,
and Maxwell’s equations, as we will later learn, are independent of the choice of coordinates.
Abstraction of vectors is elegant, but it is more practical to analyze vectors in components
using symbolic computation software.

In three dimensions, one can express a vector A as a linear combination of any three non-
coplanar vectors, such as Vi, Vy and V3 in a relation

A =aV;+0Vay+ Vs, (6.11)

where the coefficients «, 3 and +y are scalar quantities. The most common choice of these
three vectors is the Cartesian basis, consisting of three unit vectors X, y and z parallel to the
x, y and z axes, respectively. We can express any arbitrary vector A in terms of these basis
vectors,

A=A%+ A+ A2

coefficients A, A, and A, constitute the components of A. A vector expressed in the above
form, called the basis format, contains both components and basis vectors. Comparing com-
ponents of Newton’s second law in each individual basis vector, we obtain F, = ma, and
I, = my, which is the method we used to treat the projectile motion in Section 1.5.

When we add two vectors, we write
A + B;

this sum exists without reference to coordinates. We can resolve this sum of two vectors, and
to do so in Cartesian coordinates is simple,

An alternative way to write a vector A is to use spherical coordinates; according to this system,
the basis vectors are £, 6 and qb which are tangent to r, 6 and ¢, respectively. We express
such a vector as

A=A i+ Agb + Ay,

but we cannot calculate a sum of two arbitrary vectors in the same way as we did with the
Cartesian basis. For instance, there is no such thing as

A+B=(A +B)i+ (Ag + Be)0 + (Ay + By)p,  wrong!

because I depends on position. A cumbersome notation ¥(6, ¢) is more accurate, as do the
other two basis vectors. This instance demonstrates that one should not blindly apply proper-
ties of Cartesian vectors to vectors in a curvilinear system, particularly when one calculates
the separation vector ryo.

Another serious problem arises when we undertake vector calculus in curvilinear coordinates.
When we perform differentiation on a vector, we must also differentiate with respect to basis
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vectors. The radial component of Newton’s second law in spherical coordinates is not F,. =
mf, but F,. = m(i* — r92). Similarly, when we evaluate an integral of a vector, the basis
vectors might also depend on position. With these deceiving examples, we alert the reader to
treat curvilinear coordinates with great care.

Examining equation (6.4), we discern that there are actually three integrals, and the integrand
of each contains the basis vector. Only in Cartesian coordinates can we write the electric field
as

E=EX+E,;y+E.2, (6.12)

with components

1 [ p(rz)
47T60/ r%2 (912) T2 ( a)
1 [ p(rs)
= d 6.13b
Y 47T€0/ =~ (e12)y dT2, ( )
1L [ p(rs)
EZ = z I 1
47T60/ %y (e12): drz (6.13¢)

where (e12), is the  component of e, etc. We can write the integrals in this form because
the Cartesian basis vectors X, ¥ and z do not depend on position, so that we can remove them
from the integral. In general, a basis of curvilinear coordinates depends on coordinates, which
must remain inside the integral.

Because we are familiar with the properties of Cartesian coordinates, and because we seek
to avoid any undesired complication when integrating a basis of curvilinear coordinates, for
most tasks it is safer to write the integral using equations (6.12) and (6.13). Our discretion by
using the Cartesian basis does not prevent us from taking advantage of curvilinear coordinates:
integrands in three elementary integrals in equation (6.13) can be expressed in curvilinear
coordinates, which simply involves a change of variables. We illustrate our approach with
examples.

6.2.1 Spherical Coordinates

We can apply spherical coordinates to express a vector but still use the Cartesian basis; we
describe it clumsily as a vector in the Cartesian basis with spherical coordinates. In this
system,

r=xX+yy+zz=rsinfcos¢pX+rsinfsinpy + rcosf z. (6.14)
We can genuinely view this as a change of variables. The notation

[rsin 6 cos ¢, r sin 0 sin ¢, r cos 0]
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commonly serves to express a vector, which resembles the expression in Maple. As we have
mentioned earlier that a vector resolved in a particular coordinate system has both components
and basis vectors, one must be aware what the basis vectors are for those three components. In
this chapter we make efforts to explicitly express both the components and the basis vectors.

Differential elements are necessary when we perform integration. The infinitesimal displace-
ment in spherical coordinates is

dl = dr &+ rdf 6 + rsin0ded ¢. (6.15)
The infinitesimal volume element in spherical coordinates is

dr = r? sin 6 dr d do. (6.16)
There is no unique way to specify the infinitesimal area element in spherical coordinates,

r2sin® df de ¢
da= < rsinfdrdp0 (6.17)
rdrdf ¢,

because they depend on orientation.

Unit basis vectors in spherical coordinates are related to those in Cartesian coordinates by
these relations,

= sinf cosot + cosb cosgbé—singb(fb,

X
y = sinfsin¢gr + cosf sin¢é+cos¢q§, (6.18)
z = cosfOr—sinf@,

which are useful if we intend to express a vector in the spherical basis; note that the transfor-
mation depends on position through 6 and ¢.

Example6.2 A sphere of radius R carries a uniform volume charge density p. Calculate the
electric field a distance z from the center of the sphere; treat the cases z < R and z > R.
Express the answers in terms of total charge () on the sphere.

Solution The volume charge density is
_ 3@
- 4TR3’

Because of spherical symmetry of the source, we can choose the position vector for the field
point at

p

ry = 212,

which is easier to calculate. It is advantageous to employ spherical coordinates with the Carte-
sian basis for the position vector for the source:

Iy = 7o 8in 65 cos ¢g X + 79 8in 0o Sin @2 § + 12 cos O Z.
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The separation vector in the Cartesian basis and its length directly follow:

rig =Tr] — Ty, 712 =1/73+ 2% — 212 cos by,
—7r9 8in 6 cos ¢ R —79 8in 65 sin ¢o R
€12 = 7 .2 X 2. .2
\/rQ + 27 — 2roz; cos by \/rQ + 27 — 2r9z1 cos b

z1 — T Cos 05

\/’r’% + Z% — 2T221 COS 92

Each vector is in the Cartesian basis; we express xs, Y2 and z in terms of 79, 65 and ¢2, so
that it is convenient to set limits for integration. Because (e12), contains cos ¢ and (e12),
contains sin ¢9, the integral over a complete cycle of ¢, is zero. To verify this fact, one simply
invokes Maple to evaluate the integrals directly. The only nonvanishing term is E,. For z;
outside the sphere,

E., =

z
1 R g 2 1 Z1 — T COS 92 .
/ d’l”2 / d92 / d¢2p 3 3 5 5 ’I”% S 92
meo Jo 0 0 3 + 27 = 2r221€0802 /12 + 23 — 2921 cos O
__Q
4regz?’
and for z; inside the sphere,
E, =
1 /zl g 2 1 Z1 — T2 COS 92
d’I”Q/ d92 d¢2p T2 sin 92
meo Jo 0 0 13+ 22 —2rp21 00802 /12 + 22 — 2ryz; cosly
_ Q1
AmegR3”

Although these integrals appear complicated, Maple returns elegant results.

Worksheet 6.2 Directly according to the definition of Coulomb’s law, denoting z; as z1,
and 79, 05 and ¢9 as r2, theta2 and phi2, respectively, we form the integrals. We use the
assume and additionally commands to indicate whether the field point is inside or outside
the sphere. We list the outside case; for the inside case, delete the comment signs from the
pertinent assumption and integral. Maple provides the Normalize and Norm commands to
calculate e (symbol e12) and 715 (symbol r12) conveniently.
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with(LinearAlgebra) :

assume(z1>0, r2>0, theta2, real, phi2, real, R>0);
additionally(z1>R); #z1>R case

#additionally (z1<R); #z1<R case

rho := Q/(4/3%PixR"~3);

vV V. V V V

_ 3@
P = 4rRs
> x2 := r2*sin(theta2)*cos(phi2); y2 := r2*sin(theta?2)*sin(phi2);
z2 := r2*cos(theta?2);

z2 := r2sin(02) cos(¢2)
y2 = r2sin(02) sin(¢2)
22 := r2 cos(62)

> r2vec := < x2 | y2 | z2 >;
r2vec := [r2 sin(62) cos(¢2), 2 sin(02) sin(p2), r2 cos(62)]
> rivec :=< 0 | 0 | z1 >;
rlvec := [0, 0, z1]
> ril2vec := rlvec - r2vec;
r12vec := [—r2sin(02) cos(¢2), —r2 sin(62) sin(p2), z1 — r2 cos(62)]
el2 := Normalize(ri2vec, 2):

r12 := Norm(ri2vec, 2):
el2 := map(simplify, el2);

012 — | r2sin(62) cos(¢2)  r2sin(02)sin(¢2)  —21 + r2cos(62)
' V%1 ’ V%1 ’ V%1
%1 := 122 + 212 — 2 21 r2 cos(62)
> rl12 := simplify(r12);
r12 := /122 + 212 — 2 21 72 cos(2)
> Ezang := 1/(4*Pixepsilon[0])*

> int(int(rho*r2-~2*sin(theta2)*el12[3]/r12°2, phi2=0..2%Pi),
> theta2=0..Pi);

Ezang = 3 22 Q (\/(r2 — 21)? — r2 + 21)

8  meg+/(r2 — 21)2 R3 212
> Ez := int(Ezang, r2=0..R); #z1>R case

1
Ez .= Q

_Zwsozﬂ
> #Ez := int(Ezang, r2=0..z1); #z1<R case
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Because we use the Cartesian basis, we write the electric field in the basis form as E = F,z.
To express the electric field in the spherical basis, from equation (6.18), we have » = z; and
z = 1 at § = 0, thus we write

Q .
g gt T 6.19)
B &f‘ r<R .
dregR3™’ '

This fact is obvious from the consideration of symmetry, because we recognize that the field
is in a radial direction.

6.2.2 Cylindrical Coordinates

The position vector in the Cartesian basis with cylindrical coordinates is expressed as
r=xX+yy+2z2=pcos¢X+ psingy + z z. (6.20)

Take care not to confuse coordinate p with the charge density, which is conventionally denoted
by a symbol p(r2).

The infinitesimal displacement in cylindrical coordinates is

dl=dpp+ pdo p + dz 2. 6.21)
The infinitesimal volume element is

dr =pdpdedz. (6.22)
No expression for the infinitesimal area element in a unique form is practicable,

pdodz p
da= < dpdz¢ (6.23)
pdodpz,

because it depends on the orientation.

Unit basis vectors in cylindrical coordinates are related to those in Cartesian coordinates by
these relations:

X = cos¢f)—sin¢q2>,
y = sin¢gp+coseoo, (6.24)
z = 2z

Example 6.3 Consider a uniformly charged cylinder of radius R and height h, with total
charge @); evaluate the electric field at a distance d from the center of the top of the cylinder.
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Solution The volume charge density is

Q@
TR2h’

Setting the origin at the center of the bottom of the cylinder, the position vector for the field
point is

ri = 212;

in this problem writing the position vector for the source in cylindrical coordinates with the
Cartesian basis is beneficial:

Ty = P2 COS PoX + po Sin oy + 222.

We evaluate the separation vector and its length in the customary manner:

rig =T1 — T2, 712 =\/p3+ (21 — 22)2,
o — —p2coSy —p2sings 21— 22 .
12
s+ (21— 22)° 3+ (21— 22)° s+ (21— 22)°

Because (e12), contains cos ¢» and (ei2), contains sin ¢o, which makes the integral over a
complete cycle of ¢, zero, we need only to integrate the z component,

d d dz

47760/0 P 0 e 0 27TR2hP§+(Z1—Z2)2 \/p§+(z1—22)2p2
1 Q 5

S . 2 TR 4+ h— /R + 22|
Smeo T2h [ R2+ (z1 —h)?+ +zl]

Worksheet 6.3 Symbols z1, rho2, phi2 and z2 denote z1, p2, ¢z and 2o, respectively. The
calculations are similar to those in the preceding worksheet.

> with(LinearAlgebra):
> assume(z1>0, rho2>0, phi2>0, z2>0, h>0, R>0);
> additionally(z1>z2);
> den := Q/(Pi*R~2x%h);
den:::;7§;5
> r2vec := < rho2*cos(phi2) | rho2#*sin(phi2) | z2 >;
r2vec := [p2 cos(¢2), p2sin(¢2), z2]
> rivec :=< 0 | 0 | z1 >;

rivec := [0, 0, z1]
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> rl2vec := rlvec - r2vec;

r12vec := [—p2 cos(¢2), —p2sin(¢2), z1 — 22]

el2 := Normalize(ril2vec, 2):

el2 := map(simplify, el2);
012 e ~ p2cos(¢2)  p2sin(42) 21 — 22
%1 := p22 + 21% — 2 21 22 + 22>

r12 := Norm(ri2vec, 2):

r12 := simplify(r12);

r12 := \/p22 + 21% — 2 21 22 + 222
> Ez := 1/(4*Pi*epsilon[0])*int(int(int(den*el12[3]*rho2/r12"2,

> phi2=0..2*%Pi), rho2=0..R), z2=0..h);

5o LQUt VR 4 21® — 221 ht b2 — VR? + 21%)
'_2 WEQRQh

6.3 Differential Vector Calculus

In this section we introduce the differential operator V of vector calculus. In Cartesian coor-
dinates, the gradient of a scalar function V', or a scalar field, is

ov., ov,. oV,

which forms a vector-valued function, or a vector field. The divergence of a vector field for
vector A is

DA, 0A, OA.

A= 2

v ox + Oy + 0z’ (6.26)
which is a scalar field. The curl of a vector field is

0A 0A 0A 0A 0A 0A
A= Y% —Z _Zy —Y_ )3 6.27

VX <3y 3z>x (32’ 8az)y (83: 8y)z7 6.27)

which is still a vector field. The Laplacian operator of a scalar field is
2 2 2
ngzav oV oV (6.28)

Ox2 + oy? + 022’

which we will study in greater detail in the next chapter.
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These operators can be represented in curvilinear coordinates, but we must certainly not write
an equation such as

_0A, 04y 9A,

o o0 T og

VA wrongly!

Properties of these differential operators in curvilinear coordinates can be found in any
books on electromagnetism; here we simply point out that Maple provides a package
VectorCalculus that supports all these operators in various coordinate systems. For ex-
ample, the correct expression of the divergence of a vector field in spherical coordinates
is

10 1 0 1 0A
VA= —(r%A) + ———(sinfA — 6.29
r2 8T(T )+rsin989(sm 9)+rsin6‘ 19J0) (6.29)
We will discuss these operators in the next chapter.
6.4 Electric Potential
If an electric field is independent of time, the curl of the electric field is always zero:
V xE=0. (6.30)
This fact allows us to write E as the gradient of a scalar function V:
E=-VWV (6.31)
Gauss’s law states that
v.E="2. (6.32)
€0
One can show that, for a given charge distribution, V' is the integral
1
V(r) = — / plr2) drs. (6.33)
47‘(60 T12

One advantage of this formula is that, because V is a scalar function, instead of using
Coulomb’s law directly, which involves three integrals, we only need one. Once V is ob-
tained, the electric field is just its gradient; to differentiate is generally easier than to integrate.

The function V' has a physical meaning: it is the electric potential, which is the line integral
of the electric field

Vi) = / E-dl, (6.34)
O
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where O is a reference point, typically set at infinity. Because the curl of the electric field is
zero, the gradient theorem states that the electric potential V' is independent of the path of the
integral.

If a line charge density \ or a surface charge density o is given, one writes the integral for the
electric potential as

V(ry) L/Mdlg, V(r)) = i/@dag, (6.33")

47T€0 12 47‘(60 T12
respectively.

Example 6.4 Find the electric potential at a distance z above the center of a flat circular
disk of radius R that carries a uniform surface charge density; the total charge (). From the
potential, calculate the electric field. Compare the result with that obtained directly from the
integral using Coulomb’s law.

Solution The surface charge density is

Q

o=—.
TR?
The position vector for the field point is
ry = Zli.
For this problem, polar coordinates, which are spherical coordinates with #; = 7/2, are
convenient. Adopting the notation of Section 6.2.1, we express the position vector for the
source point as

Iy = '3 COS PoX + g Sin oy,

and the length of the separation vector as

r12 = \/T%—I—Z%.

According to equation (6.17), the area element in polar coordinates is
dag = ’I”Qd’l”zd(bg.

Directly from equation (6.33"), we evaluate the electric potential:

V(r) = ! /Rdr /%d(b —Q 71 r
VSTl N R
Q /
= R? 2 _ .
27T€0R2 +Zl 1

(6.35)
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Taking the partial derivative of the electric potential with respect to z, we find the electric field
along this direction to be

)% Q Z1
B,=—r=—* 1 —— |, .
97 OreoR? < EEY R2> (6.36)

which agrees with the result obtained from the direct calculation as demonstrated in the work-
sheet.

Worksheet 6.4 Maintaining our systematic method of defining variables, we readily eval-
uate the vectors and integrals for the electric potential and field. We verify that the field
evaluated from the electric potential, Ez, and from direct integration, Ezp, are identical.

Vv

with(LinearAlgebra) :
assume(z1>0, r2>0, phi2>0, R>0);
sigma := Q/(Pi*R~2);
- @
7 R?
> r2vec := < r2xcos(phi2) | r2*sin(phi2) | 0 >;

r2vec := [r2 cos(¢2), r2 sin(¢2), 0]

> rivec :=< 0 | 0 | z1 >;
rlvec := [0, 0, z1]
> ril2vec := rlvec - r2vec;
r12vec := [—r2 cos(¢2), —r2sin(¢2), z1]
el2 := Normalize(ri2vec, 2):

el2 := map(simplify, el2);
r2 cos(¢p2) r2 sin(¢$2) z1
\/r22 —l—zlz7 \/7“22—|—z127 \/r22+212
r12 := Norm(ri2vec, 2):
> rl12 := simplify(r12);

r12 = \/r2% + 21

> Vz := 1/(4*Pixepsilon[0])*int(int (sigma*r2/r12, phi2=0..2xPi),

el?2 =

> 1r2=0..R);
vy e L Q(VR 4217+ 20)
T 2 7T50R2
> Ez := -diff(Vz, zl);

Q(_L+1)
Ez':l VR? 4 212

2 7T80R2
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> Ezp := 1/(4*Pix*epsilon[0])*int (int(sigma*el2[3]*r2/r12°2,
> phi2=0..2*%Pi), r2=0..R);

1 Q(—VR2+ 212 +21)

Ezp = ——

2 pegV/R2+ 212 R?

Example 6.5 The surface of a right circular cone carries a uniform surface charge density o.
The height of the cone is h, as is the radius of the base. Find the potential difference between
points a, the vertex, and b, the center of the top, defined in Figure 6.3.!

Figure6.3: A cone carrying a uniform surface charge.

Solution Setting the origin at a, we have
i = 0, rypy = hz.

Because the source charge is confined to the cone, we use spherical coordinates at a fixed
angle (@ = «); from the configuration,

T
tana =1, a=-—.
4
Therefore,
ro = 79 SN @ €OS ¢o X + 1o sinarsin o y + 79 cOs v Z,

and the separation vectors are

T1g2 =T1q — T2, T1a2 =72

rip2 =T1p — T2, T2 = \/T% + h2 +V/2rsh.

For this problem, the area element on the cone at a fixed 6 (at «) is obtained from equa-
tion (6.17),

das = rosin adry doo.

1 Griffiths 1999, p. 87, problem 2.26.
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The potential at a is

V2h 2T

1 h

Vo, = / dry doo grz sina = 0—,
47T€0 0 0 2

) €0
and at b is
1 \/5}7, 27 o )
Vi = Tre dro dpa 9 sin o
€0 Jo 0 \/r§+h2+\/§r2h
h
o {m(z +V2) —In(2— \/5)} .
460
The potential difference between a and b is
h h
V-V =20 2% {1n(2+\/§)—ln(2—\/§)} .
260 460

185

(6.37)

(6.38)

(6.39)

Worksheet 6.5 It should be easy to discern the meaning of the symbols because we employ
the definitions in a uniform fashion. The calculations are similar to the preceding examples.

with(LinearAlgebra) :
assume (r2>0, phi2, real, h>0);
alpha := Pi/4;

ol 5=

NS

> x2:=r2*sin(alpha)*cos(phi2); y2:=r2*sin(alpha)*sin(phi2) ;

> z2:=r2*cos(alpha);

WY = % 72 /2 cos(42)

y2 = % 72 /2sin($2)

r2/2
2

72 o=

> r2vec := < x2 | y2 | z2 >;

1 1
rlvec := = 72 /2 cos(42), = 72 v/2sin(¢2),

> rila :=< 0] 0| 0 >
rla := [0, 0, 0]

> rlb :=<0 | 0 | h >;

r1b := [0, 0, A]

r2 /2
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rla2vec := rla - r2vec;

e [—% r2 V2 cos(¢2), —% r2 \/2sin(¢2), — 7’22\/51

rib2vec := rlb - r2vec;

AlEnes i= [—% r2 v/2 cos(¢2), —% r2 v/Zsin(¢2), h— 2 \/ﬂ

2

rla2 := Norm(rla2vec, 2):
rib2 := Norm(rib2vec, 2):
rla2 := simplify(ria2);

rla2 .= r2
rib2 :

simplify(rib2);

r1b2 = /122 + h2 — hr2 V2
Va := 1/(4xPi*epsilon[0])* int(int (sigma*r2*sin(alpha)/rla2,

phi2=0..2xPi), r2=0..h/sin(alpha));

_loh

_260

Vb := 1/(4xPi*epsilon[0])* int(int (sigma*r2*sin(alpha)/rib2,

Va :

phi2=0..2%Pi), r2=0..h/sin(alpha));

1 onhIn(2 ++v2) —onhin(2 — v?2)
_4 TEQ
simplify(Va - Vb);

1oh(2-In2++v2)+In(2-v2))

4 o

Vb .

6.4.1 Cavendish’s Apparatusfor the Inverse Square Law

Gauss’s law in equation (6.32) is true only because the Coulomb force depends exactly on the
inverse square of the distance. Before Coulomb published his force law, Benjamin Franklin
noticed that the field inside a conducting shell is zero, and he reported his observation to
Joseph Priestley. Because a spherical shell of matter produced no gravitational field inside,
Priestley suggested that electric force, like gravitational force, also has an inverse square de-
pendence on distance. Henry Cavendish later devised an experiment to investigate this phe-
nomenon.? Cavendish’s apparatus consists of two concentric spherical conducting shells; the
inner shell was first charged, then connected to the outer shell. On testing the inner shell for

2For a facsimile of Cavendish’s own sketch, see Jackson 1999, p. 6.
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charge, it was found that the inner shell possessed no charge (to the precision of his elec-
troscope). Cavendish thus discovered the inverse square nature of the electric force in 1776,
before Coulomb showed that the force between electric charges had the same form as the
gravitational force, in 1785.

a

AWy

Q

Figure6.4: Cavendish’s apparatus for the inverse square law.

Cavendish’s apparatus serves to test the validity of the inverse square law; see Figure 6.4.
Suppose that the exponent in the force law differs from 2 by 4,

1
F———2%, (6.40)
47‘1’60 9

then the charge on the inner shell would not be exactly zero, and the amount of charge depends
on §. The potential due to a point charge g2 under this proposed force law would be

" 1" g 1 92
v = E.-dl= dr = .
(r1) / 4d7eq / 7290 " Ameg(1 — ) r1=9

oo oo

For a continuous charge distribution, we modify equation (6.33’) accordingly:

o 1 O’(I‘Q)
V(I‘l) = 47T€0(1 — 5) / 7‘}2_5 dCLQ. (641)

With this proposed force law, we calculate the potential produced by a spherical shell of radius
R with a uniform charge density

7] = o

where = is the total charge. Because of spherical symmetry, we align the position vector of
the field point with the z axis,

r| = 21%;
the position vector of the source point on the shell of radius R is

ro = |r; — ro| = Rsinfscos o X + Rsinfysin oy + R cos O z,



188 6 Electrostatics

and the area element for the shell is
day = R sin 0ydbydops.

The length of the separation vector follows directly:

rig = \/RQ + zf — 2Rz cosO,.

The integral for potential is elementary, but the result depends on whether z; is inside or
outside the shell:

1 =

" dreo 2(1 - 62) Ry

Vou(21,Z, R) {R [(21+ R)’ + (21 — R)’]

+ 21 [(21 + R)® = (21 — R)"] } (6.42a)

1 =

Vin ,E,R =
(Zl ) 47T60 2(1 — 52)R21

{R [(R+2)° — (R—2)°]
+ 21 [(R+2)° + (R—2)°] } (6.42b)

One should notice that when § = 0, the potential inside the shell is constant, thus there is no
field, and the potential outside the shell is identical to that due to a point charge.

Suppose that Cavendish’s experiment resulted in g on the inner shell and () on the outer shell
(Figure 6.4). The potential V,, of the outer shell (z; = a) is contributed from charge on the
outer shell (), and charge on the inner shell ¢, and we use Vg for both:

Va=Voulz1 =0,2=Q,R=a)+ Vou(z1 =a,E=¢q,R=10). (6.43a)

The potential of the inner shell (z; = b) is also contributed from charge on the outer shell @,
and charge on the inner shell ¢, but we use Vj, for the former:

Vo=Vi(z1 =b,E=Q,R=0a)+ Vow(z1 =b,Z2=¢q, R=0). (6.43b)
Because the shells are connected, the potential must be the same, say Vj, we have
Vo=Vo, Vu=W.

Solving these two equations simultaneously, we obtain ¢ and ); see the Maple worksheet
below for somewhat long expressions. For small §, we expand ¢ and obtain

2megVoad 4a? a-+b
=——— |bln| ———= | — bl . 6.44
4 a—>b [ n(az—bQ) n(a—b)] ( )

Measuring ¢ thus allows the determination of 0.

Worksheet 6.6 The calculations are similar to previous examples, except for a modification
of the exponent of 7;5.
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> with(LinearAlgebra):
> sigma := Xi/(4*Pi*R"2);
7T iR
> r2vec := < Rx¥sin(theta2)*cos(phi2) | Rxsin(theta2)*sin(phi2)
> Rx*cos(theta2) >;
r2vec := [Rsin(02) cos(¢2), Rsin(62) sin(¢2), R cos(62)]

> rivec :=< 0 | 0 | z1 >;

rivec := [0, 0, z1]
> rl2vec := rlvec - r2vec:
> r12 := Norm(ril2vec, 2):

> rl2 :

simplify(r12) assuming R>0, z1>0, theta2>0, phi2>0;

r12 := \/R? + 212 — 2 21 Rcos(2)
> V := 1/(4xPixepsilon[0]*(1-delta))

> *int (int (sigma*R~2*sin(theta2)/r12~(1-delta), phi2=0..2%Pi),

> theta2=0..Pi);

1 1 ™1 =sin(62
—_— / 1 sin(62) 462
4 \meo(1-46)Jo 2 (v/R2+ 21% — 221 Rcos(62))(1—9)
> Vout := simplify(V) assuming R>0, z1>0, z1>R;

1
Vout := —gE(\/(R2 + 212+ 221 RS R+ +/(R? + 212 + 2 21 R)? 21

— /(R2+ 212 — 221 R)® 21 + \/(R2 + 21° — 2 21 R)° R) /(mo 21 R(—1+ 62))
> Vin := simplify(V) assuming R>0, z1>0, z1<R;

Vin .= —=E(\/(R2 + 21> + 221 R)* R+ /(R2 + 212 + 221 R)? 21

oo | —

V(B2 + 217 =221 RP R+ \/(R2 + 217 — 2 21 R)5zl)/(7rsozl R(~1+4%))

> assume(a>b):
> Va := eval(Vout, {zl=a, Xi=Q, R=al}) + eval(Vout, {zl=a, Xi=q,

> R=b});

__1_QV{ae)y 1 2. .2 5 24 2 5

— /2t a2 —2abPa+ /(0% + a2 —2ab)5b)/(7raoab(—1+62))
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> Vb := eval(Vin, {z1=b, Xi=Q, R=a}) + eval(Vout, {zl=b, Xi=q,

> R=b});

1
Vb = —gQ(\/(b2+a2—|—2ab)5b—|— V(B2 +a2+2ab)¥a— /(b2 +a2—2ab)’a

1 g+/(4b?)°

V@ =2a0PD) [(reoba(-1+87) - 3 Ul s

> Eql := Va = VO;

__1_QVHey 1 T2 5 71 2 5

/2t aZ—2abpa+ \/(b2+a2—2ab)5b)/(7r50ab(—1+62)): V0
> Eq2 := Vb = VO;

1
Eq2 = —gQ(\/(b2 +a2+2ab)db+ /(02 +a2+2ab)’a— /(b2 +a%2—2ab)a

1 g/(4p?)°
1720b(—1402)

+y/ 7+ =2ab)b) [(reoba(-1+62) - = V0

Solnl := solve({Eql, Eq2}, {Q, gq}):

assign(Solnl);

95

—8VO0megab(vV%1b— vV%1b6% +V%2b— V%2b62 + V%2 a — V%2 a 62
—V%Lla+V%Las? —2\/(Aa2)? b+ 2b4> (4a2)5)/(—2\/%1b2\/%2

+2%1ba — %1b% — %2b% —2%2ba — %2a? + 2vV%2a® V%1 — %1 a?
+44/(4b2)% a+/(4a2)°b)
%1 := (b +a% —2ab)°

%2 := (b + a®> +2ab)’
> simplify(taylor(q, delta, 2));

VO7ega(—2In(a —b)b—In((a + b)2)b—In((a + b)) a + 21In(a — b) a + 4bIn(2)
+2bln(a?))/(a — b)§ + O(6?)

6.4.2 Multipole Expansion

In calculating the electric field and the potential, the integrals invariably involve the length of
the separation vector 715. In previous examples with spherical coordinates, we have restricted
ourselves to a special situation where the position vector of the field point r; lies on the z axis,
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so that

T12 = \/Z% + ’I”% — 221T2 COS 92,

and we have successfully evaluated the field and potential under this configuration. We do not
always have the symmetry, and it is usually impossible to evaluate the integral exactly. For
the most general r; and ry in spherical coordinates (see Figure 6.5), we have

Figure 6.5: Two vectors ry and r2 with spherical coordinates.

r; = rysinf cos g1 X + r1sinfy sin ¢y y + rq cos 0 z,

ro = 1o 8in 05 cos ¢g X + 79 8in 0o sin @2 ¥ + 19 cos O Z,

thus

rig = \/7’% + 12 — 2ryre cos vy, (6.452)
where vy is the angle between r; and rs, and
cosy = cos by cos b + sin 61 sin O cos(Pp1 — P2). (6.45b)

For 1 > ro, we can write
1 1 1

12 - 24029 cosy 2
\/Tl T 1Tz COSY 7‘1\/1 + (:—f) -2 (:—f) cosy

and expand 1/r15 as a power series of ra/71:

l
1 1 T2
— =|r; —r3| = — Ci(cos =
" |y 2 7‘1; ( 7)(71)

such a task is suitable for Maple.

Worksheet 6.7 We use the taylor command to perform the series expansion. We remind
the reader that gamma is pre-defined as Euler’s constant in Maple; although we use it to display
the symbol ~, one should avoid using it in an actual calculation.
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> rl12 := 1/sqrt(ri~2 + r2°2 - 2xrlxr2*cos(gamma)) ;
1

\/rl + 122 — 271 r2 cos(7)
> taylor(rl2, r2) assuming ri>0;

FiZ =

1 N 3 cos(v)? 3 cos(y) 5 cos(y)?
1 2 Ty 2 D) 3 9 3
- 4 Cos(z) ro + 271 2 ri ro2 4+ 2 ri 2 ril ro3 4
r1 rl r1 rl
315 cos(7)? 35 cos(y)* 15 cos(y) 35 cos(v)3 63 cos(v)®
8rit 4 r1t 8 rit 24 4 8 ri® 4 ri’ 8 15 ro54
rl r1

0(r2%)

The expansion shows that C is none other than the Legendre polynomials P, introduced in the
preceding chapter (see Table 5.1). Such a result should not be a surprise because |r; — ra| ™!
is simply the generating function of Legendre polynomials; in other words, the length of
the separation vector provides a simple geometrical interpretation of the generating function
for the Legendre polynomials introduced in Section 5.4.1. We list the first five Legendre
polynomials again:

PO(COS FY) = 17
Py (cosvy) = cos,

3 1
Py(cosy) = = cos?y — =,

2 2

5 3
Ps(cosvy) = 3 cos®y — 5 €087,

35 15 3
Py(cosvy) = 5 cost y — vy cos®y + 3’

63 35 15
Ps(cosvy) = 5 cos® y — vy cos® y + g o8-

With these Legendre polynomials, 1 /715 becomes

oo

Z . +1Pl cosy), forry > rs. (6.46)

T‘
12 0

For r; < ry, we need only to interchange r; and 7. In a compact notation, we write

— = 6.47
. Z l+1 Py(cosv), (6.47)

where 7~ () is the smaller (larger) of |r;| and |ra|.
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The addition theorem of spherical harmonics allows a further expansion of P(cos~y).> We
will wait until our treatment of quantum mechanics to discuss spherical harmonics (see equa-
tion (16.20)). Here we consider a situation when the charge distribution does not depend on
¢, namely a configuration with azimuthal symmetry. We leave it for the reader to perform the
integral to verify that

1 27

Dy Pi(cosvy)dpa = P(cosby)P(cosbs). (6.48)
v

<]Dl (COS 7)>averaged over ¢o =

Therefore, if the charge distribution of the source has azimuthal symmetry, the expansion of
4
12 1S

1 S
<_> Z l+1 (cosbh)Pi(cost), forry > ra. (6.49)
r12 averaged over ¢2 0

With 1/r14 expressed as a sum of the Legendre polynomials, it is convenient to express the
potential as a multipole expansion. Using the integral in equation (6.33), we write

o0

(cosbq)
V(r1) 47T€0 Z g (6.50)

where
a = / 74 Py (cos 02) p(r2)drs. (6.51)

these ¢; terms are the 2!-pole moments. For example,

q = /p(rz)dT2

signifies the total charge or the monopole moment,

q1 = /7“2 cos O2p(ra2)drs

is the dipole moment, and

3 1
g2 = /r% <§ cos? Oy — 5) p(ra)dr

is the quadrupole moment. The potential contributed by each 2"-pole moment decreases as
1/ritL

Example 6.6 In an earlier example we found the electric potential on the z axis above a flat
circular disk of radius R that carries a total charge ) uniformly distributed over the disk. Now
we want to find the electric potential anywhere above the disk; see Figure 6.6.
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Figure 6.6: Potential above a charged disk.

Solution To find the potential far from the source, we employ the technique of multipole
expansion. The disk has a charge density

0’(1‘2) = m .
Because the disk is on the 2y plane, 2 = 7/2; the area element for the disk is

da2 = 27T’f‘2d7‘2.

The calculation of multipole moments is straightforward. We have

R
go = 27‘(/ d’I”QP() (COS g) O'(I'Q)TQ = Q7
0

R w
g2 = 277/ drzrng (cos 5) o(ry)rg = —
0

R
qq = 27T/ dr2r§P4 (COS K) o(rg)re = —,
0 2 8

ey

R ™
Q= 277/ drarh P, (cos 5) o(ra)rs.
0

Recall that P;(0) = 0 for odd [. The potential as a multipole expansion is

1 Q 1 (R\? 1 /R\*
V(ry) = 4F60E[1 -1 (7) P5(cosby) + 3 (7) Py(cos )
5 (R\°
~ 5 (?) Ps(cosby) +...|, (6.52)

where

Py(costy) =1,

3Jackson 1999, equation (3.62) p. 110.
4In Griffiths 1999, equation (3.94), p. 148, ry is aligned with the z axis (which makes 61 = 0), so Pj(cos 1) = 1
does not appear in his expansion of 1/r12.
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3 1
Ps(costy) = 5 cos® 01 — 5

35 15 3
P . — 49 _ 20 Z
1 (cos 67) S cos” 01 1 cos” 01 + 3

231 o 315 ,, 105 5
Ps(cosby) = 16 cos’ 01 15 cos” 01 + 16 cos” 01 6

Worksheet 6.8 Recall that the Legendre polynomials is defined as LegendreP; Maple can
perform these elementary integrals.

> sigma := Q/(Pi*R"~2);

a'z-lg—
" 7w R?
> theta2 := Pi/2;
T
B2 o= =
2
> q0 := int(r2-0xLegendreP (0, cos(theta2))*sigma*2*Pi*r2, r2=0..R);
q0 :==Q
> ql := int(r2~1xLegendreP (1, cos(theta2))*sigma*2*Pixr2, r2=0..R);
ql :=0
> g2 := int(r2-2xLegendreP (2, cos(theta2))*sigma*2*Pixr2, r2=0..R);
QR?
2= —
E 4
> g3 := int(r2~3*LegendreP (3, cos(theta2))*sigma*2*Pixr2, r2=0..R);
q3 =0
> g4 := int(r2~4xLegendreP (4, cos(theta2))*sigma*2*Pixr2, r2=0..R);
QR!
4 = 3
> gb := int(r2-5xLegendreP (5, cos(theta2))*sigma*2*Pi*r2, r2=0..R);
g5 =0
> g6 := int(r2-6xLegendreP (6, cos(theta2))*sigma*2*Pi*r2, r2=0..R);
5Q RS
q6 ‘= — @

64
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> V := 1/(4*Pi*epsilon[0])*(q0*LegendreP (0, cos(thetal))/(rl) +
g2*expand (LegendreP (2, cos(thetal)))/r1~3 + g4*expand(LegendreP (4,
cos(thetal)))/r1~5 + gb6*expand(LegendreP (6, cos(thetal)))/rl"7);

QR* (g + il cos(01)* — 2 cos(91)2>

1 3
2( _— = 1 2
V._l Q_EQR<2+2COS(9)>+1 3 1
a4 r1? 8 K
5 231 315 105
6(_9 | 29° 5 _ 2O a_ 10 2
5 QR < T 4 16 cos(61) T cos(01)* + 16 cos(61) )
62 17 /(7"50)

Example 6.7 A sphere of radius R, centered at the origin, carries charge density

p(ra,02) = kE(R — 2r3) sin 0,
T2

where k is a constant, and ry and 6 are the usual spherical coordinates. Find the potential
outside the sphere. This is problem 3.26 in Griffiths 1999, p. 149, but we do not restrict
ourselves on the z axis.

Solution The volume element in spherical coordinates is
dro = 2773 sin Oodrodfy,

and the calculation is straightforward. We only list three nonvanishing multipole moments:

R 25
km*R
g2 = 277/ dror2 Py (cos 0) p(ra)r3 sinfy = 7T48 ,
0
R 2p7
km“R
qs = 27T/ drory Py (cos 0) p(ra)r3 sinfy = W—,
0 480
R 2 P9
15km“R
g6 = 27T/ drorS Pg (cosby) p(rg)r2 sinfy = ——
0 2 2 28672
The potential as a multipole expansion is
1 [knRP Em2R’
1% = | ——P 0 —P 0
) = e { 1573 T2(cost1) + s Pa(cosb)
15km%RY

— P, 0 . .
286721 s (cos01) + (6.53)
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Worksheet 6.9 The calculation is completely analogous to the preceding example.

>

>

rho := k*R/r2-2%(R-2*r2)*sin(theta2);
P kR (R —2r2)sin(02)

r2?
g2 := int(int(r2~2xLegendreP (2,

cos(theta2))*rho*2*Pi*xr2-2xsin(theta2), theta2=0..Pi), r2=0..R);
w2k R®
48

q2 =
g4 := int(int(r2~4*LegendreP (4,
cos(theta2))*rho*2*Pi*r2-2*sin(theta2), theta2=0..Pi), r2=0..R);
w2k R7

%= 80
g6 := int(int(r2~6*LegendreP (6,

cos(theta2))*rho*2*Pi*xr2-2xsin(theta2), theta2=0..Pi), r2=0..R);
_ 157°kR?
© 28672
V:=1/(4*Pi*epsilon[0])* (q2*expand (LegendreP(2,cos(thetal)))/r1~3

+ g4*expand(LegendreP (4, cos(thetal)))/r1~5 +

g6*expand (LegendreP (6,

>

+

cos(thetal)))/ri~7);

1 3 3 35 15

2. ps (2 4 2 2 o el (| & L 22 4 _ 19 2

L kR ( 5 T 2005(91) > LT kR <8 I 3 cos(61) i cos(61) )
48 ri3 480 ri®

5 231

6.5

15 105
2 9 = =/ 1 6 __ % 1 4 - 1 2
5 7 kR ( 16+ 16 cos(01) 6 cos(01)* + 16 cos(f1) ) /( |
28672 r17 Teo

Electric Field and Equipotential

In this chapter our objective is to calculate the electric field, which is considered to be a
fundamental quantity. From an operational point of view, once we determine the electric
field, we can obtain force, energy, momentum and angular momentum in space, which convey
physical information.
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An approach to determine the electric field is through finding the electric potential; we will
devote the entire next chapter to this subject. Knowing the electric potential, its gradient gives
the electric field. A surface over which the potential is constant is called an equipotential
surface; an intersection of an equipotential surface and a plane produces a line known as
an equipotential line. The direction of an electric field vector is normal to an equipotential
surface.

Because the concept of field might seem abstract, we use the graphic capacity of Maple to
offer a pictorial description. Recall that a field is a function that specifies a particular quantity
at every point of a region; it may or may not depend on time. A scalar field u has a value
u(z,y, z) at position (z,y, z) in a three-dimensional space. A vector field v comprises three
functions: at a position (z, y, z), it returns three values: v, (x, y, ), vy (2, y, z) and v, (z, y, 2),
which are components of a vector. The electric potential satisfies properties of a scalar field,
and the electric field satisfies properties of a vector field. That is, at a given point (x, y, z), we
have V(x,y, z) and

E(xayvz) = Em(ZE,y, Z))A( + Ey(a:,y,z)y + Ez(xayvz)i'

To graphically present a scalar field, we can only imagine that we plot an explicit function of
three variables; alternatively, we can make an implicit plot in three dimensions for the equation

V(z,y,z) = constant,

which is none other than an equipotential surface. To graphically present a vector field, at
any point (x,y, z) we can draw an arrow through the point with components (E,, E,, E.);
a collection of these arrows shows the direction of the field. Maple directly generates such
a plot of a vector field with the fieldplot3d command in the plots package. Because it
is impossible to plot an explicit function of three variables, and as it is difficult to visualize a
three-dimensional implicit plot or vector field, we generally hold a third coordinate constant so
that we suppress one dimension from contention. For instance, if we fix z at 0, we can plot both
V(z,y,0) and the projection of the vector field on the xy plane, [E,(z,y,0), E,(x,y,0)].

Here we illustrate an equipotential surface and its relation to an electric field.

Example 6.8 An electric dipole consists of two charges of equal magnitude but opposite sign
a distance apart. Consider a situation in which a positive charge is placed at, neglecting units,
(1,0,0), and a negative charge is placed at (—1, 0, 0), using the Cartesian basis. Calculate the
electric potential and electric field that this dipole produces.

Solution Because we have discrete point charges, instead of integration we form a sum of
two terms, neglecting a factor of 1/4me(:

1 -1
V= + . (6.54)
Vi =12+y?+22 a+1)2+y? + 22
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In this expression for the field point we discard the customary subscript, so we write 2 instead
of 1, and so forth. From the potential, we evaluate the electric field:

Ez—VVZ{ z—1 x+1 }A

(@— 12+ + 227 [+ )2+ +22P2 )"

y Yy .
* { (2 —1)2+92+ 2232 [(z+1)2+y2+ 2232 } Y

z - A
N T O

We visualize surfaces of equipotential by projecting them onto a plane, so as to generate
contours of equipotential lines. If we choose such a plane to be xy, the contours are implicit
plots of the equation

V(z,y,0) = constant.

Worksheet 6.10 For a given potential V' (z, vy, z), we find its gradient with the Gradient
command in the VectorCalculus package. Maple returns the gradient of V' as a vector field,
expressed with both components and basis vectors. We employ the fieldplot3d command
in the plots package to present the vector field. By normalizing each vector in this field to
unit length using the Normalize command, we improve the appearance of the plot to show the
directions of the vectors. We apply the implicitplot command to generate the equipotential
lines.

> V := 1/sqrt((x-1)"2 + y~2 + z"2) - 1/sqrt((x+1)"2 + y~2 + z"2);
1 1

Vr2 =2z +1+y2+ 22 N VE2+ 2z +1+y2 + 22
> with(LinearAlgebra): with(VectorCalculus): with(plots):

V.=

> with(plottools):
Warning, the names CrossProduct and DotProduct have been rebound
Warning, the assigned names <,> and <|> now have a global binding

Warning, these protected names have been redefined and unprotected: *,
+, ., Vector, diff, int, limit, series

Warning, the name changecoords has been redefined

Warning, the name arrow has been redefined
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> Efield := Gradient(-V,[x, y, z]);

EﬁM:z( 22 —2 2142 )ex

222 =22+ 1+y2+22)B2 2242z +1+1y2+22)6/?

Y Yy _
* ((:132—2:z:+1—|—y2—|—z2)(3/2) (x2+2$+1+y2+22)(3/2)>ey

z z _
+<@ﬂ—2x+1+y?+%ﬂwm_(ﬁ+ax+1+yl+£ﬂwm>%
> fieldplot3d([Efield[1], Efield[2], Efield[3]], x=-1.5..1.5,
> y=-1.5..1.5, z=-1.5..1.5):

> NormEfield := Normalize(Efield, 2):

> pl := sphere([1,0,0], 1/5, color=red):

> p2 := sphere([-1,0,0], 1/5, color=black):

> p3 := fieldplot3d(NormEfield, x=-4.5..4.5, y=-4.5..4.5,
> z=-4.5..4.5, color=black):

> display([pl, p2, p3], scaling=constrained);

z:=0
> plot3d(V, x=-1.5..1.5, y=-1.5..1.5, style=patchcontour,

> contours=10);
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-

> p4 := implicitplot({seq(V=b/10, b=-10..10)}, x=-5..5, y=-4..4):
> pb := fieldplot([NormEfield[1], NormEfield[2]], x=-5..5,
y=-4..4):

> display([p4, p5], scaling=constrained) ;
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We can represent the electric field with small arrows: at any point, an arrow indicates the
direction and magnitude of a vector. Such a plot is suppressed because to display the length
of each arrow makes the plot difficult to understand: the range of magnitudes of E is usually
large. In the graph shown, we have normalized those vectors which indicate only the direction
of the field. We also plot the potential in the xy plane, for which the height is V(x, y,0); the
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contours are lines of equipotential. When we make a plot projected in the zy plane, we see
that field lines and equipotential lines are orthogonal to each other. One should be cautioned
not to assume that £/, = 0 in the field plot in the zy plane, which cannot be shown in a
two-dimensional slice.

Exercises

1. Calculate the electric field at a distance z above the center of a square of side a carrying
a uniform line charge density A along its edges.

2. Calculate the electric field on the z axis produced by a circular wire of radius R on the
xy plane with line charge density A = & cos ¢.

3. Verify that the electric field at a distance h above the center of a rectangle on the zy plane
described by —a < z < a and —b < y < y, carrying a uniform surface charge density o

is
b
BTt |
hva? + b + h?
Hint: it might be necessary to manually manipulate the result from Maple, using
tanh™' 2 = —itan~!(ix).

4. Calculate the electric field at a distance h above the center of a circular disk of radius R
that carries a total charge () with a surface charge density density linearly proportional
to the radial distance from the center.

Answer:
o 3Qh 1nR—i-\/R?—i-fﬂ_ R
 AmegR3 h VRZ 1 A2

5. Find the electric field at a distance z from the center of a spherical surface of radius R
that carries a uniform charge density o; treat the cases z < R and z > R.
Hint: day = R? sin 03d03d¢o; compare the result with equation (6.42).

6. Suppose that the force between two charges takes the form

_ kqigee™""

F 2 (1+ pr)ess. (6.56)

(a) Verify that the potential due to a point charge ¢ is

kgoehT
Vir) = %; (6.57)

this is a potential of Yukawa form.
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7.

10.

11.

(b) Referring to Figure 6.4, what is the charge residing on the inner shell in Cavendish’s
apparatus under this proposed force law?

A charge () is distributed uniformly along a line on the z axis from z = 0 to z = a. Find
the electric potential as a multipole expansion.

. A circular disk of radius R carrying surface charge density

. Q
i

Find the electric potential as a multipole expansion.

An uncharged metal sphere of radius a is placed in a uniform electric field Ej in the z
direction. The induced charge distorts the field in the neighborhood of the sphere, and
the potential outside the sphere is given as’

3
V(z,y,2) = —Eo <z - %) : (6.58)

where r = /x2 4+ y2 + 22. Using the method introduced in Section 6.5, take the gra-
dient of this potential to find the electric field. Set a and Ej to unity, and employ the
fieldplot command to represent the electric field with small arrows; one should obtain
Figure 6.7.

15.1-05 Xd 05 1 15

Figure6.7: An uncharged metal sphere placed in a uniform electric field.

One charge ¢; = +3 is situated at (1,0, 0), and another charge go = —1 is situated at
(—1,0,0). Calculate the electric potential and field. Make a plot of equipotentials and
field projected in the xy plane.

Four electric charges have the same magnitude, two carrying positive charge situated
at (1,1,0) and (—1,—1,0), and another two carrying negative charge at (1,—1,0) and

SGriffiths 1999, p. 142.
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(—1,1,0). Calculate the electric potential and field. Make a plot of equipotentials and
field projected in the xy plane for this electric quadrupole.

According to quantum mechanics to be discussed in Chapter 16, the electronic charge of
a hydrogen atom in the ground state is distributed with a charge density

plrs) = —rse2re/, (6.59)

Qg

where a is the Bohr radius. To calculate the potential, we use equations (6.33) and
(6.47). Because of spherical symmetry, we only have the monopole term. For an ex-
tended source, the potential is split into two parts:

1 | <1
Viry) {/ — p(ro)dnrs dry + / T—Qp(r2)4ﬂ'r§ dra| ; (6.60)
0

47‘1’60 1 o

the former for r; > ry and the latter for »; < 7. Evaluate this integral to prove that

V(r) =

= (1 — 6_2”/“0) ~ 4 rmijao, (6.61)
47‘1’607‘1

47‘1’60@0
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7 Boundary-value Problems

The Laplacian operator appears in diverse branches of physics: in heat flow, fluid dynamics,
quantum mechanics, just to name a few, in addition to electrostatics. Any function satisfying
the Laplace equation is called a harmonic function. In mathematics, the Laplace equation
plays a major role in the theory of analytic functions. Harmonic functions are closely re-
lated to special functions, which are well defined in Maple. In this chapter, we introduce the
techniques for boundary-value problems in electrostatics.

7.1 Theory of Potential

An electric field in static conditions conforms to two of Maxwell’s equations,

VXxE=0, 7.1
and
v.-E="2. 7.2)
€0

the latter is Gauss’s law. The fact that the curl of an electric field is always zero enables one
to write an electric field as the gradient of a scalar function,

E=-VV, (7.3)

where V is the electric potential. Inserting this formula into Gauss’s law, we obtain

1
V2V = ——p, (7.4)
€0

which is called the Poisson equation. Our objective is to solve this partial differential equation
to find the potential. Once the potential is found, we can determine the electric field in space,
then the force, energy, and so forth. The solution of the Poisson equation is

V(I‘l) = ! / MdTQ. (75)

47‘1’60 T12

Other than for some special situations described in the preceding chapter, it is difficult to
obtain the potential from this integral. In many situations, we lack the knowledge of the

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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charge distribution in advance. For instance, in a metal, electric charge is freely mobile and
we have no control over its distribution.

If a region of interest contains no charge, the Poisson equation becomes the Laplace equation,
ViV =0. (7.6)

In most experiments, we maintain an electric potential difference at the boundary of a region
to generate an electric field. Problems of finding the potential from given boundary conditions
constitute the theory of potential.

The Laplace equation is a partial differential equation. From what we have learned in Chap-
ter 2 on ordinary differential equations, we can obtain a general solution with undetermined
coefficients; we require initial conditions to evaluate those coefficients. Similarly, general so-
lutions of the Laplace equation for certain configurations are well studied special functions.
To determine the required coefficients we need to provide boundary conditions, which are
typically defined by our experimental arrangement.

The uniqueness theorem states that if the boundary conditions are specified, V' is uniquely
determined. Because finding the solution to the Laplace equation often involves guesswork,
as we will see in many examples in this chapter, the uniqueness theorem has tremendous
practical value: if we find a solution that satisfies the given boundary conditions, it is the
solution.

7.2 Method of Images

No matter how we find a solution, as long as it satisfies the required boundary conditions, it
is the only solution. The method of images is a direct application of the uniqueness theorem.
If we have one or more point charges in the presence of a grounded conductor as a boundary,
we can place charges of appropriate magnitude external to the region of interest to simulate
the required boundary conditions. These charges are called image charges.

Example7.1 A point charge ¢ is situated a distance b away from the center of a grounded
conducting sphere of radius a. Find the potential outside the sphere.

A

Figure7.1: A point charge g outside a grounded conducting sphere.
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Solution We place an image charge ¢’ inside the sphere; see Figure 7.1. Note that this
placement does not alter the physical condition outside, which is the region of our interest. It
is convenient to place charges on the z axis; ¢ is at (b,0,0) and ¢’ at (¢,0,0), where b > a
and ¢ < a. According to such an arrangement, the potential is

v 1 q N q
dmeo | /(2= b2 +y2+ 22 J(@—c)?+y>+22

Remember that only the region outside the sphere is of interest. Because the conducting sphere
is grounded, its potential is zero. Our choice has to meet the requirement that

1 /
0= 4 __+ 2 .
drco [ a0 la—op
From the geometry, the image point is at

be = a?.

Solving the above two equations simultaneously, we obtain

a ,_a

T qa = bq .

Equipotential lines are a collection of V' = constant at various values, see the discussion in
Section 6.5.

Worksheet 7.1 The calculations are straightforward. To plot equipotential lines, we em-
ploy the implicitplot command, together with the seq command, to generate several con-
tours. This method will be repeatedly used in making plots in this chapter. We bring the
contourplot command, which performs a similar function, to the reader’s attention; invoke
help for additional information.

> V := ql/sqrt((z-b)"2 + y~2 + z"2) + q2/sqrt((x-c)"2 + y~2 + z"2);
ql q2

V.= +
Va2 —2xb+b02+y2+22 /22 —2zc+ 2 +y2 + 22
> Eql := eval(V, {x=a, y=0, z=0}) = 0;
ql q2
Eql = + =
1 Va2 —2ab+b2 Va2 —2ac+c?
> Eqg2 := b*c = axa;
Eq2 :=bc = a>
> Solnl := solve({Eql, Eq2}, {q2, c});
a’(b—a)?
CL2 ql ( 2 )
b
Solnl :=<c=—, ¢2 = —
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> assign(Solnl);
V := eval(V, {b=1.5, a=1, ql=1});
1 0.6666666666

V22— 30z +225+1y2 +22 /22 — 1.333333333 2 + 0.4444444444 + ¢ + 22
> with(plots):

V.=

Warning, the name changecoords has been redefined
> z := 0;
z:=0
> pl := implicitplot({seq(V=0.25%i, i=1..12)}, x=-3..3, y=-3..3,

> scaling=constrained, numpoints=1600) :
> p2 := implicitplot(V=0, x=-3..3, y=-3..3, scaling=constrained,

color=black, thickness=2):

display([pl, p21);

1.5

After we have obtained the potential, we can calculate the electric field by taking the gradient
of it, which we leave as an exercise.

7.3 Complex-variable Techniques

Some electrostatic problems in two dimensions can be solved by the use of functions of a
complex variable. To avoid a rigorous mathematical treatment of complex analysis and con-
formal mapping, we adopt an inverse approach: we first write an answer, then find a question
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that goes with it. Although this approach seems indirect, the uniqueness theorem makes this
method legitimate.

A complex variable z is defined as
z=x+ 1y,

where x and y are real (do not confuse z with the z coordinate, which is irrelevant in two-
dimensional problems). We use z as a single complex variable, and with it write ordinary
mathematical functions F'(z); for example,

F(z) = 2%,
or
F(z) =sinz.
In the former case we substitute z = x + iy into F'(z), and obtain
F(2) = 2% = (z +iy)* = 2* — y* + 2izy. (7.7)

Thus F'(z) can be written as a sum of a real part and an imaginary part, each a function of =
and y,

F(z) = u(z,y) + iv(z,y), (7.8)
where u(x,y) and v(z, y) are real functions. In the above example,

U(ZE,y) = 172 - y2a (793)

v(z,y) = 2xy. (7.9b)

Single-valued functions of a complex variable that have derivatives throughout a region of
the complex plane are called analytic functions. We refrain from mathematical details, but
understand that most “ordinary functions” (e.g., 2™, sin(z), e*, etc.) are analytic, and their
real and imaginary parts satisfy these important relations,

Ju Ov

5 = oy (7.10a)
ov ou

P _8_y’ (7.10b)

known as the Cauchy—Riemann equations. It follows directly that each function u or v satisfies
the Laplace equation:

0%u  JO*u

@4—8—%:0, (7.1121)
2 2

Ov 0 _,, (7.11b)

922 T 2
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To summarize the complex-variable techniques, we begin with an ordinary function F'(z),
then we arrive at two functions u(x,y) and v(x, y) which both automatically constitute so-
lutions of the Laplace equation in two dimensions. As a bonus, for a potential u(x,y), the
curves v(x,y) = constant are field lines orthogonal to equipotential lines, and vice versa. We
illustrate this method by the following example.

Example 7.2 For a function

Fl) = % (7.12)
find its real and imaginary parts, and plot u(z,y) and v(x, y).
Solution Tt is a trivial task to show that
ulwy) =R} = 5 (7.130)
o) = SR =~ (7.13b)

The symbols R and < denote taking the real and imaginary parts, respectively, of their
operand. Letting u be the potential, we plot both v = constant and v = constant in the
following worksheet.

Worksheet 7.2 We first declare = and y as real using assume. To extract real and imaginary
parts, we use Re and Im, respectively; evalc is useful in simplifying complex expressions.
Equipotentials are plotted with the implicitplot command as illustrated in the preceding
worksheet.

> assume(x, real, y, real):

> z :=x + Ixy;
zi=x+yl
> F := 1/z;
F = L
x4yl
> u := Re(F): u := evalc(u);
.z
=77
> v := Im(F): v := evalc(v);
—__ Y
x? + y?

> with(plots):

Warning, the name changecoords has been redefined
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> pl := implicitplot({seq(u=a, a=-5..5)}, x=-1..1, y=-1..1,

> numpoints=1600) :
> p2 := implicitplot({seq(v=b, b=-5..5)}, x=-1..1, y=-1..1,

color=green, numpoints=1600) :

display([pl, p2], scaling=constrained);

As we said, our approach is inverse: we write down a solution by making up functions, then we
find the problem that fits that solution. From the plot, one might have guessed which problem
the function u belongs to: an electric dipole in two dimensions, which can be produced by
two parallel line charges with opposite polarities close together.

Consider another example,
F(2) =z (7.14)

Because we have not yet learned how to take the square root of a complex variable,' this
problem is more difficult. Nevertheless, we apply Maple to find u(z, y) and v(z,y) directly
with the Re and Im commands:

- 11/2

ule,y) = RPE)) = | VST (7.152)
_\/m . 1/2

v(z,y) =3{F(2)} = — . (7.15b)

'We can write a complex number in polar form z = re??, see Feynman 1965, vol. 2, p. 7-4.
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We leave the details, which involve the handling of a “branch cut,” to the reader’s mathematics
professor, but invoke Maple to plot u(z, y) and v(x, y) as shown in Figure 7.2.

“

— [ v/ 10 \
-/
|| ]
[ | ( |
R R il e
20 10 ) / }g(g J 20
/// y /
e /

Figure 7.2: Electric field near a thin grounded plate.

Again we have a solution for which we seek a problem. Among the possible situations that this
function describes, one is the potential near the edge of a grounded half-line y = 0, z < 0, for
which u = constant represents lines of equipotential and v = constant represents field lines.

Earlier, we mentioned that harmonic functions appear in diverse branches of physics; we now
digress to a different topic that requires harmonic functions. Motion of an idealized fluid in
two dimensions satisfies these conditions,

V-V=0, VxV=0, (7.16)

where V is the velocity field. We must realize that these equations only apply to an artificial
fluid, which is incompressible, nonviscous and irrotational. The mathematical structure asso-
ciated with flow of an idealized fluid is entirely analogous to that of electrostatics. Because
V x V = 0, we can write the velocity as the gradient of a scalar function:

Vo=V. (7.17)

This scalar function ¢ is called the velocity potential. Apparently ¢ could be either u(z, y) or
v(x,y) according to our complex-variable techniques above. If ¢ is chosen to be u(x, y), the
real part of F'(z), then its conjugate v, the complex part of F'(z), is the stream function. The
lines ¥ (x, y) = constant are streamlines, which can be considered as paths of particles of the
fluid.

Example 7.3 An appropriate complex potential to describe idealized flow of a fluid past a
unit circular disk is

F(z)zz—i—;. (7.18)

Find the stream function, which is the imaginary part of F'(z).
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Solution Tt is straightforward to obtain

_ Yy
22 4 y?

Y(r,y) =S{F(2)} =y (7.19)

Although not formally introduced, we encourage the reader to write z in polar form as z =
re? in Maple, and to verify that

P(r,0) = 3{F(2)} = rsinf — g (7.20)

A plot of several streamlines made of (z, y) = constant outside a unit circle |z| = 1 appears
in the worksheet below.

Worksheet 7.3 Complex-variable techniques in fluid dynamics are identical to those in elec-
trostatics: see the preceding worksheet. Because our interest is a region |z| > 1, we place a
disk, available in the plottools package, in the plot to block the interior of the unit circle.

> assume(x, real, y, real);
> z :=x + Ixy;
zi=x+yl
> F =z + 1/z;
F=x+yl+
wary x+yl
> u := Re(F);
W= @ AF —=—=
2 + 32
> v := Im(F);
ey Y
’ x2 + y?

> with(plots): with(plottools):
Warning, the name changecoords has been redefined

Warning, the name arrow has been redefined

disk([0,0], 1, color=black):
implicitplot ({seq(v=b/8, b=-10..10)}, x=-4..4, y=-2..2,

> pl:
> p2 :

color=black) :
display([p2, pl], scaling=constrained) ;
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This plot illustrates the flow of an ideal fluid past a circular obstacle.

7.4 Laplace Equation in Cartesian Coordinates

Techniques in the preceding two sections only apply to certain situations; in this and the next
two sections, we introduce a more systematic approach to the boundary-value problems. In
Cartesian coordinates, the Laplace equation is

PV 2V PV

2y —0. 7.21
VIV =m0 (7.21)

The theory of potential allows us to solve for V' from given boundary conditions. After we
obtain the potential, we can find the electric field by calculating the gradient of the potential,

ov ov ov
-E=VV=—x+—_—y+—2 7.22
ox oy YT 5, (7.22)
To solve the Laplace equation in multiple coordinates, which is a partial differential equation,
the most intuitive method is the separation of variables. To proceed with our discussion, we
must impose specific boundary conditions on the potential. Here is an illustrative example
with a two-dimensional situation.

Example 7.4 Four long metallic plates form a shaft along the z direction; two of them are
grounded at y = 0 and y = a, and the other two are maintained at a constant potential 1
at v = =b; see Figure 7.3. Find the potential inside the shaft. This problem is taken from
Griffiths 1999, p. 132, example 3.4.
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y A
V=0
s Q
L7 Vo
Vo lv =0
// “’r
i/ b

Figure 7.3: A shaft formed by four plates.

Solution We assume that V' is independent of z; the Laplace equation becomes

o?vV 9V
Frel + 8—y2 =0, (7.23)

subject to boundary conditions,

V =0wheny =0,
V =0wheny = a,
V =V, whenz = b,
V =V, when z = —b.

(7.24)

The method of separation of variables involves writing the potential as a product of two func-
tions,

Vi(z,y) = X (z)Y (y). (7.25)
Inserting this into the Laplace equation, and dividing the equation by V', we have

1 9°X 1 0%Y
i (7.26)
X 0x2 Y 042
Because each side of this equality contains a function of a separate variable, each side must be
equal to a constant. We define this separation constant as k2 to obtain two ordinary differential
equations,

10°X

Yo =+ (7.27)
1 0%Y

~9r 2 (7.28)
Y 0y?

The reason we choose the constant k2 is from hindsight: we know from experience that such
a choice yields solutions in a convenient form. An alternative choice is possible, but typically
produces less compact expressions. The solution of a second-order differential equation of
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this type is a linear combination of sinusoidal and exponential functions. From symmetry
consideration of the boundary conditions, Y must be a sine function so that it fulfils the re-
quirements Y (0) = 0 and Y (a) = 0. For X, because it is symmetric with respect to z, a
possible combination of exponential functions is the hyperbolic cosine. Therefore,

Y = Asin(ky), X = Bcosh(kz). (7.29)

Our choice of these functions arises, we emphasize, from experience: one can only attain it
after much practice in solving problems.

By rejecting the cosine term, we have already imposed the condition that Y (0) = 0; to make
Y (a) = 0, the constant k& must satisfy the following condition,

Asin(ka) =0, k= % (7.30)

where n is an integer.

We thus write the potential as
V = C cosh (@) sin (@) , (7.31)
a b
where C is a combination of A and B.

Because n can be an arbitrary integer, V' must be a linear combination of solutions of all
possible n,

V= i C,, cosh (nf:rx) sin (n_zy) . (7.32)

n=1

Using the boundary condition that X (b) = Vp, we have
= nwb\ . /nmy
V(b,y) = > Cueosh (22 ) sin () = v, 7.3
(b,y) ,; cos (a)sm 2 0 (7.33)

This expression is simply a Fourier series; to determine C,, we must evaluate the Fourier
coefficients, a procedure described in Chapter 5:

2 1

b
. (nmy
S . "N ay. 7.34
¢ bcosh(mm/b)/o Vo s1n( b )dy (7.34)

Worksheet 7.4 For graphical purpose, we set Vp, a and b to numerical values. Expanding
a function in the Fourier series and evaluating the coefficients are the subject of numerous
worksheets in Chapter 5; in this worksheet we retain nine terms. After obtaining the potential,
we calculate the electric field by taking the gradient of the potential.
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VO:=1; a:=1; b:=1;

Vo =1
a:=1
b:=1

kx := 2xPi/(2xa); ky := 2%Pi/(2%b);
kr :=m
ky =m

N:=15:

for n from 1 to N do

C[n] := 2/(b*cosh(n*Pi*a/b))*simplify(int (VO*sin(nxky*y),
y=0..Db));
end do:
V := add(C[n]*cosh(n*kx*x)*sin(nxky*y), n=1..N);
Vo 4cosh(mz)sin(my) 4 cosh(3ra)sin(3ry) 4 cosh(57z)sin(57y)
o cosh(m) 7 3 cosh(3m) m 5 cosh(bm) m
4 cosh(Tmz)sin(Tmy) 4 cosh(9mz)sin(9my)
7 cosh(7 ) m 9 cosh(9m)w
4 cosh(llmz)sin(llmy) 4 cosh(137x)sin(137y)

11 cosh(117) m 13
4 cosh(157x)sin(157y)
15 cosh(15m) 7

cosh(137) m

> plot3d(V, x=-a..a, y=0..b, axes=boxed);

5
)

=
e

7
%‘o

\
T

[N
[N
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> with(plots): with(LinearAlgebra): with(VectorCalculus):
Warning, the name changecoords has been redefined

Warning, the names CrossProduct and DotProduct have been rebound
Warning, the assigned names <,> and <|> now have a global binding

Warning, these protected names have been redefined and unprotected: x*,
+, ., Vector, diff, int, limit, series

Efield := simplify(Gradient(-V, [x, y1)):

> NormEfield := Normalize(Efield, 2): #take a while

> pl := fieldplot([NormEfield[1], NormEfield[2]], x=-a..a, y=0..b):
> p2 := implicitplot({seq(V=b/10, b=0..10)}, x=-a..a, y=0..b,

> numpoints=400) :

display([pl, p2], scaling=constrained);

| ]7

—

W

We show the equipotential lines on the xy plane, with the direction of the electric field. The
method of producing such a plot is described in Section 6.5.

7.5 Laplace Equation in Spherical Coordinates

For expression of differential operators in spherical coordinates, Maple is resourceful. We ob-
tain the Laplacian operator and gradient in spherical coordinates using the VectorCalculus
package.
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Worksheet 7.5

> with(VectorCalculus):

Warning, the assigned names <,> and <|> now have a global binding

Warning, these protected names have been redefined and unprotected: *,
+, ., Vector, diff, int, limit, series

> expand(Laplacian( V(r, theta, phi), ’spherical’[r, theta, phi]));

2(£V(r, 9, 9))
r
2
a5 V(r, 0, 0)
72 sin(0)?
> Gradient( V(r, theta, phi), ’spherical’[r, theta, phil);

9 2 N (r. 0
(& V(r, 0, g)yen + 200 D, 257000

cos(6) (5 V(. 6, 9)) , 2N(r, 6, ¢)

i (88_:2 V(r 6, 9)) + r2 sin(0) r2

rsin(6) ¢

With some rearrangement, the Laplace equation in spherical coordinates is written as

10 ov 1 0 ov 1 0%V
2y — 277 —— _— (sinf— =90 7.35
v r (T or ) T 256 06 (sm ) * 72 sin? @ 0¢> (039

and the gradient operator is

EUNL P

or r o0 +rsin98_gz5 ' (7.36)

Note that Maple expresses the gradient in both components and basis vectors; the overbar
associated with the basis vector indicates a vector field. We know that only in Cartesian
coordinates are basis vectors constant; in curvilinear coordinates, a basis vector such as qg
depends on position. The Maple output signifies

é¢ = ¢(97 (b)a
and the same applies for other basis vectors.

According to the method of the separation of variables, we write V' as a product of three
functions:

V(r,0,¢) = R(r)0(0)2(s). (7.37)

Inserting this into the Laplace equation, and dividing through by V', we obtain

1 0 OR 1 0 00 1 0%®
2 2 2 : -z - =
rosino |:T’2R or (r 8r> + r2sin /O 00 (Sme )} + D D2 0 (7.38)
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We assign a constant m? to the ® part,

120,

—— = 7.39

S =" (7.39)
this equation is readily solved:

P = Fime; (7.40)
for ® to be single-valued, m must be an integer.
We introduce another real constant /(I + 1) to separate equations for © and R:

1d [ ,dR

—= ) =1 1 7.41

Rdr (T dr) (+1) 74D
and

1 d do m?
—— (sinf— I(l+1) - 0 =0. 7.42
sin 0 df <Sm d9)+[( +1) sian} (7:42)

This choice of constant, I(! 4 1), arises again from hindsight: we know beforehand that such
a choice results in simplified expressions in subsequent calculations.

Maple can solve the R equation to yield an answer

B
_ l

Wor ksheet 7.6

> Eql := 1/R(xr)*diff (r~2xdiff (R(r),r),r) = 1x(1+1);

2r (4 R(r)) + 72 (4 R(r))
R(r)
> Solnl := dsolve(Eql, R(r));

Solnl :=R(r) = _C1r(=*=1 4 _C2+

Eql = =1(+1)

The equation for ©(6) is customarily expressed in terms of x = cos 6. After this change of
variable,

0(0) = P(x), (7.44)
the equation for P(x) takes the form

d 5. dP m B
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This is the generalized Legendre equation, and its solutions are well established, associated
Legendre functions. Combining solutions of © and ® yields spherical harmonics; we defer
this topic to Section 16.2 on quantum mechanics. Here we consider a case with azimuthal
symmetry, that is m = 0. The generalized Legendre equation reduces to

% {(1 — xQ)Cfl—ﬂ +1(l+1)P=0. (7.46)

As we see in Chapter 5, the solutions of this equation are Legendre polynomials P;. The
general solution of the Laplace equation with azimuthal symmetry is therefore

oo

Vo) =% (An«l + f_+ll> Pi(cosb). (7.47)

1=0
We need to be more specific about the boundary conditions in order to advance our discussion.
Example 7.5 A spherical shell of radius a with an insulating ring in the plane z = 0 has its

upper hemisphere at potential +V}, and its lower hemisphere at —V},. Find the potential inside
the sphere.

Solution  Because our interest lies in the region inside the sphere, we reject B; terms so
that V' does not diverge at the origin (r = 0). For a given boundary condition on the shell,
described by the function f(6), we write

V(a,0) = Aia'Pi(cos0) = f(0). (7.48)
1=0
This sum signifies merely expanding a function in terms of Legendre polynomials; the coeffi-
cients can be evaluated as
21

A= 22;1 / F£(6)Py(cos 6) sin 6 d6. (7.49)
0

In this example,
Vo 0<f<m/2
9) = 7.50
1) {—Vb /2 <0 <. (750)
Letx = cosf and dz = —sin6d#f ;

241

A 2al

1 0
/ VoP(x)dx — 2l +l ! / Vo Py (z)dz. (7.51)
0 -1

We have performed an expansion of exactly this type in Section 5.4.

Worksheet 7.7 Again we set a and V; to unity for graphical purpose. The evaluation of the
expansion coefficients is straightforward. We use the implicitplot command to produce
equipotentials as usual.
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Vo =1

> for n from O to N do

> C[n] := (2%n+1)/2*simplify(int (VO*LegendreP(n,x), x=0..1)+

> int(-VO*LegendreP(n,x), x=-1..0));

> end do:

v
<
i

add(C[n]*(r/a) "nxLegendreP(n,x), n=0..N):

> V := expand(subs(x=cos(theta), V));

> with(plots):

Warning, the name changecoords has been redefined

> pl := plot(a, theta=-Pi/2..Pi/2, coords=polar, color=red,

> thickness=2):

> p2 := plot(a, theta=Pi/2..3/2*Pi, coords=polar, color=black,

> thickness=2):

> p3 := implicitplot({seq(V=b/10, b=-10..10)}, r=0..a,

> theta=0..2%Pi, coords=polar, numpoints=800, color=blue):

> display([pl, p2, p3], scaling=constrained);
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Because this problem has azimuthal symmetry, instead of involving three spherical coordi-
nates, we use two polar coordinates, and plot the equipotential lines on a plane that is a cross-
section of the sphere. We must be aware that in polar coordinates the angle is measured with
respect to the horizontal axis, denoted by x, whereas in spherical coordinates the angle is mea-
sured with respect to the vertical axis, denoted by z. The plot that we produce above is rotated
by 90° from a three-dimensional one.

7.6 Laplace Equation in Cylindrical Coordinates

Differential vector operators in cylindrical coordinates are available in Maple.

Wor ksheet 7.8

> with(VectorCalculus):
Warning, the assigned names <,> and <|> now have a global binding

Warning, these protected names have been redefined and unprotected: *,
+, ., Vector, diff, int, limit, series

> expand(Laplacian( V(rho, phi, z), ’cylindrical’[rho, phi, z]));

i\/ ) 2 8_22\/ » >
wjt(aa—ﬁ\/(p’ ¢, Z))+W+(%V(p’ ¢ 7))
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> Gradient( V(rho, phi, z), ’cylindrical’[rho, phi, z]);

2 V(p, ¢,
(& V(p, 6, 2)) & + W% +(ZV(p, 6, 2)) %,

The Laplace equation is

2V 1V 12V RV

VWV="at "ot Sam+—5 =0, 7.52
3p2+p@p+p?3¢2+8z2 (7:2)
and the gradient is
ov 10V .~ 0V
VV=—p+-——— —1Z. 7.53
app+p8¢¢>+ 55 2 (7.53)
As customary, we employ the technique of separation of variables. Letting
V = R(p)®($)Z(z), (7.54)

substituting this into the Laplace equation, dividing the result by V', and assigning two con-
stants k& and m, we obtain

d2Z

= _KZ=0 7.55

72 , (7.55)
and

o +m?P =0 (7.56)

d(b2 m = U. .

These two equations are readily solved: ® is a combination of sine and cosine, and Z is a
combination of exponential or hyperbolic functions, depending on the boundary conditions
given. The R equation is

d’R  1dR 5  m?
d—p2+5d_p+(k —F>R= y (7.57)

which Maple can solve.

Worksheet 7.9

> Eql := diff(R(rho),rho$2) + 1/rhoxdiff (R(rho),rho) +

> (k~2-m~2/rho~2)*R(rho) = 0;

m2

) a5 R(p)
But = (R + =L 4 (12 - ) R(p) =0
> Solnl := dsolve(Eql, R(rho));
Soln1 := R(p) = _C1 BesselJ(m, k p) + _C2 BesselY (m, k p)
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The solution of the radial equation will be the Bessel functions.

We need to be more specific about the boundary conditions to advance our formulations above.
As an example, consider a cylinder of radius a and height L; for the top and bottom surfaces
z = L and z = 0 respectively. The potential on the side and bottom of the cylinder is zero,
and the top has a potential V' (p, ¢, L) = f(p, ¢); see Figure 7.4.

z
év—f(ﬂ@
V=0 ‘a' L
- T =< Yy
V=0
T

Figure 7.4: Laplace equation in cylindrical coordinates.

The solution of a problem with this configuration is

Z = sinh(kz), (7.58)
® = Asin(mao) + B(cosma), (7.59)
R = CJp(kp). (7.60)

We reject the Bessel function of the second kind Y, (p) because it diverges at p = 0. We
choose Z and ® in accordance with the boundary conditions.

For the potential to vanish at p = a, we must have
JIm(ka) = 0; (7.61)
thus only special values are allowed for k:

Koo = M) 1,93 (7.62)
a

where z,,,,, are roots of Bessel functions such that J,,, (2, ) = 0.

Combining all these conditions, we conclude that the solution in a general form is

Vip, ¢, 2) = i i T (K p) SInh(Kpmpn 2)[Amp sin(me) + B, cos(me)]. (7.63)

m=0n=1
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This result is a Fourier series in ¢ and a Fourier—Bessel series in p. Because we have a
boundary condition V' (p, ¢, L) = f(p, ¢), we write

Z Z I (Emnp) SInh(Kpn L) [Apn sin(me) + By,y, cos(me)].  (7.64)

m=0n=1

Combining the Fourier series in Section 5.1 and the Fourier—Bessel series in Section 5.5, we
evaluate the coefficients as?

2 1 2m .
n = a2Jm+1(kmna) sinh (K, L) / d¢/ dppf(p; @) Im (kmnp) sin(me),
(7.65)
2 1
P = ﬂ-az’]?n—}—l(k’mna) sinh(k,, L) / d¢/ dppf(p, &) Jm (kmnp) cos(me).

(7.66)

This result is a direct application of expansion in Bessel functions, discussed in Section 5.5.

Example 7.6 For a cylinder of radius a and height L, the potential on the side and bottom is
zero, and on the top is constant, V4. Find the potential inside the cylinder.

Solution In this problem we have azimuthal symmetry, that is m = 0. Therefore, we need
only to expand the Fourier series in ¢ for the constant term. We remove the ¢ integral and
calculate By,, as

2 1

By, =
0 a?J? (kona) sinh(kop,

VoJo(konp) dp. 7.67
L)/Opoo(op)p (7.67)

Recall that the constant term of the Fourier coefficient is distinct from others by a factor of 2.
We find x(,, by numerical solutions:
o1 = 2.40, To2 = 5.52, To3 = 8.65, e

We set L = 1, a = 1/2 and Vj = 1, and compute the coefficients. We have k;,,,, =
(1/a)xmn = 2$mn,

2 1 o
Boy = VoJo (ko1 p) dp = 0.026,
01 a?J?(kora) smh(kmL)/ pVodo(ko1p) dp
B = G 1 /GVJ(’f )dp = —3.42 x 1075
02 = a?J?(koza) sinh(koa L) pVodo(kozp) dp = —3. 7
2 1

Bos = ) / oVoJo(kozp) dp = 5.18 x 1078,
0

a2 J12 (kog a) Sinh(kogL

2Jackson 1999, p. 118.
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and so on. The potential is then written as

V(p, b, 2) = 0.026 sinh(4.812)Jy(4.81p) + 3.42 x 1077 sinh(11.042).Jy(11.04p)
+5.18 x 107 8sinh(17.312)Jo(17.31p) + . ...

Worksheet 7.10 Evaluating coefficients of expansion is similar to the content of many work-
sheets in this chapter. The roots for the Bessel function are retrieved using the BesselJZeros
command. We again employ the implicitplot command to produce the equipotentials.

> x0[1] := evalf(BesselJZeros(0,1));
201 := 2.404825558
> x0[2] := evalf(BesselJZeros(0,2));
09 := 5.520078110
> x0[3] := evalf(BesselJZeros(0,3));
203 := 8.653727913
> x0[4] := evalf(BesselJZeros(0,4));
204 := 11.79153444
> x0[5] := evalf(BesselJZeros(0,5));
205 := 14.93091771
> L :=1; a := 1/2; VO := 1;

L:=1

1
a.-i
Vo =1

N := 5:

for n from 1 to N do
kO[n] := x0[nl/a;
end do:

for n from 1 to N do
BO[n] := 2*csch(kO[n]*L)/(a~2*BesselJ(1,

VV V V V V

kO [n]*a)~2) *int (rho*V0*BesselJ (0, kO[n]*rho), rho=0..a);
end do:
V := add(BO[n]*sinh (kO[n]*z)*BesselJ(0,k0[n]*rho), n=1..N);

V :=0.02611617446 sinh(4.809651116 =) BesselJ(0, 4.809651116 p)
— 0.00003416794112 sinh(11.04015622 z) BesselJ(0, 11.04015622 p)
+0.5183590278 10~ " sinh(17.30745583 z) BesselJ(0, 17.30745583 p)
—0.8358821832 10~ 1%sinh(23.58306888 2) BesselJ(0, 23.58306888 p)

+0.1393559279 10~ 12sinh(29.86183542 2) BesselJ(0, 29.86183542 p)
> with(plots):
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Warning, the name changecoords has been redefined

> pl:
> p2 :

plot(l, rho=-a..a, color=red, thickness=2):
implicitplot({seq(V=b/10, b=0..10)}, rho=-a..a, z=0..L,

color=blue):

display([pl, p2], scaling=constrained);

0.2

04 -—02 0O 02 04
rho

Because this problem has azimuthal symmetry, we plot the equipotential lines on the plane of
the cross-section of the cylinder.

Example 7.7 For a cylinder of radius a and height L, the potential on the side and bottom is
zero, and the potential on the top is

Vip, 6, L) = f(p,d) = p(a—p)cos(3mp) sin ¢.
Find the potential inside the cylinder.

Solution In this example, we must expand in both the Fourier series in ¢ and the Fourier—
Bessel series in p; because the ¢ dependence is sin ¢, only the m = 1 term of the Fourier
series is sufficient. Therefore,

2 1 27 a
A n — - - 3 51 n i .
v i %) derle (o= cost3mo)sin (k) sin

(7.68)

The integral over ¢ yields 7:

27
/ sin® ¢ do = .
0
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Hence,

2 1

A, =
! a?J2(kina) sinh(ki,

. / " plo(a—p)] cos(3m0) s (kanp) dp. (7.69)

As a numerical example to illustrate the calculations, letting L = 1, a = 1/2, we first calculate
roots of the Bessel function of first order:

Tr11 = 3.83, 12 = 7.02, Xr13 = 10.17, e

We have ki1, = (1/a)z1, = 221,; the coefficients are computed as

2 1 a .

Al = 5 2 (hira) smh(k L) /0 plp(a—p)] cos(3mp)Jy (ki1p) dp = —6.72 x 1077,

A - . /a [ ( )] 005(3 )J (k )d 911 x 108

= _ . 7T _ .

127 02 72 (kiza) sinh(kioL) Jo PP p)J1(ki2p) dp ,
2 1 a

s = - 3mp)J1(k13p) dp = 1.08 x 10710

B 022 (kyza) sinh(k-lgL)/O plo(a—p)] cos(3mp)J(k1sp) dp X ,

and so on. The potential is then

V(p, ¢, 2) = —6.72 x 107> sinh(7.662).J; (7.66p) sin ¢
+9.11 x 10~¥sinh(14.032).J;(14.03p) sin ¢
+1.08 x 1071%5inh(20.352).J1(20.35p) sin ¢ + . . ...

Worksheet 7.11 The expansion is similar to those above. Because the potential depends on
¢, it is difficult to plot equipotentials; we plot the potential at z = L instead. To do so, we
apply the plot3d command to produce a parametric plot in Cartesian coordinates, by setting
x to be pcos ¢ and y to be psin ¢.

> x1[1] := evalf(BesselJZeros(1,1));
x11 := 3.831705970
> x1[2] := evalf(BesselJZeros(1,2));
x19 := 7.015586670
> x1[3] := evalf(BesselJZeros(1,3));
xlg:=10.17346814
> x1[4] := evalf(BesselJZeros(1,4));
xl4 :=13.32369194
evalf (BesselJZeros(1,5));
zl5 := 16.47063005
> L :=1; a := 1/2; £ := rhox(a - rho)*cos(3*Pi*rho);
L:=1

> x1[5]



230

\Y%

>

>

7 Boundary-value Problems

1

a:= 5
1
f=p <5 - p) cos(3 7 p)

N:=5:
for n from 1 to N do
ki[n] := x1[n]/a;
end do:
for n from 1 to N do

Al[n] := evalf(2*csch(kl[n]l*L)/(a~2*BesselJ(2,

k1[n]*a)~2)*int (rho*f*BesselJ(1, ki1[n]*rho), rho=0..a));

end do:
V := add(Al[n]*sinh(kl[n]*z)*BesselJ(1,kl[n]*rho)*sin(phi),

n=1..N);

V := —0.00006724668829 sinh(7.663411940 z) BesselJ(1, 7.663411940 p) sin(¢)
+0.9105213406 10~ 7 sinh(14.03117334 z) BesselJ(1, 14.03117334 p) sin(¢)
+0.1075533634 10~?sinh(20.34693628 z) BesselJ(1, 20.34693628 p) sin(¢)
—0.4924494331 10~ 135inh(26.64738388 2) BesselJ(1, 26.64738388 p) sin(¢)
+0.7131792524 10~ 65inh(32.94126010 ) BesselJ(1, 32.94126010 p) sin(¢)
plot3d([rho*cos(phi), rho*sin(phi), eval(V, z=L)], rho=0..a,

phi=0..2%Pi);
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> plot([f, eval(V, {z=L, phi=Pi/2})], rho=0..a,

> color=[black,red]);

0.02

rho

0.1 0.2 0.3 0.4 0.5

0.02 -

H0.04

As this problem entails no azimuthal symmetry, the potential is a function of three variables. It
is difficult to visualize equipotential surfaces in a three-dimensional space. We make a three-
dimensional plot of the potential at z = L, where the height is the value of the potential at this
fixed z. We also construct a two-dimensional plot of the potential at z = L and ¢ = 7/2, and
compare it with the original function that describes the boundary condition; we see that the
expansion satisfactorily represents the original function.

In this section, we select two particular examples so that the Fourier expansion contains only
one specific value of m. In general, the ¢ dependence of the boundary condition is described
with a function g(¢), which we expand in a Fourier series, and which requires extended values
of m.

7.7 Summary

In most practical situations, we apply a voltage at the boundary of a region to generate an
electric field within it. From given boundary conditions, we solve for the potential that satisfies
the Laplace equation. We offer several worked examples of the Laplace equation in various
coordinates. It is not our purpose to provide an exhaustive survey of the theory of potential;
our emphasis is on computation. We apply the technique of expansion in orthogonal functions
to express the potential; the coefficients are readily evaluated with Maple. One can explore
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many examples from books such as Jackson 1999, or Griffiths 1999, or invent his or her
own boundary conditions and express the potential in terms of special functions. Maple can
perform tedious integrations, and produce graphs that allow one to verify the results.

Exercises

1. Find the electric field outside a grounded conducting sphere of radius a with a charge ¢

at a distance b (b > a) from the center, which is the problem discussed in Section 7.2,
and make a plot of the field.

2. Two semi-infinite grounded conducting planes meet at a right-angle. In the region be-
tween them there is a point charge gq. Use the method of images to find the potential and
electric field; the plot should resemble Figure 7.5

(&2

S

N

o,
gy

Figure 7.5: Equipotentials and field using the method of images.

3. An analytic function F'(z) = 22 describes many physical situations; one of them is a
right-angle formed by two grounded conducting planes z = 0 and y = 0. Plot the
equipotential lines using v(z,y) = a, and field lines using u(x, y) = b, for which u and
v are found in equation (7.9); the graph should resemble Figure 7.6.

4. For a complex potential
F(z)=In(z+1) —In(z — 1); (7.70)

make a plot of u(z,y) = R{F(z)} = constantand v(z,y) = S{F(z)} = constant. Can
you name a physical situation that is described by this potential?

5. Two-dimensional electric quadrupole focusing fields for particle accelerators can be

modeled as a set of four symmetrically placed line charges, with line charge densities
£ . The electric potential is the real part of

2 (z —ia)(z +ia)]
Fz) = Ameg ln[ (z —a)(z +a) } '

(7.71)
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X~

Figure 7.6: Equipotentials and field lines near the corner using complex variables.

see Jackson 1999, problem 2.20, p. 91. Make a plot of the equipotential and field lines;
the graph should resemble Figure 7.7.

Figure 7.7: Equipotentials and field lines of quadrupole focusing fields.

6. Consider the motion of a fluid having a complex potential
1
F(z)=z+ - +iylnz, (7.72)
z

for (a) v = 1.6; (b) v = 2.8. We have discussed the situation of v = 0 in Section 7.3; a
nonvanishing ~ represents a circulation around the cylinder. Plot the streamlines, which
are made of ¢(x,y) = S{F(z)} = constant outside a unit circle |z| = 1; one should
notice how the pattern of flow varies with ~, as shown in Figure 7.8.

7. In all examples within this chapter, increase the number of terms of coefficients in the
expansion in orthogonal functions, and observe the output.

8. A conducting spherical shell of radius a is cut into three segments, as shown in Figure 7.9.
The top (0 < 6 < 7/3) and bottom (27/3 < 6 < w) segments are grounded, and the
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Figure 7.8: The streamlines past a circular disk in two situations.

middle segment (7/3 < 6 < 27/3) is maintained at potential Vj. Find the potential
inside this shell.

Figure7.9: A spherical shell divided into three segments.

9. A hollow sphere of radius a is maintained at potential
V(a,0) = f(0) = sin(0/2).
Find the potential V' (r, #) inside the sphere.

10. For a cylinder of radius a and height L, the potential on the side and bottom is zero, and
for the top is

Vi, ¢, L) = f(p, ) = pla—p) cos(3p) [sin(¢) + cos(4¢)] .

Find the potential V' (p, ¢, z) inside the cylinder.
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8 Magnetostatics

In this chapter we study magnetism in a steady condition. In addition to sophisticated integrals
similar to those encountered in calculating electric fields, problems regarding magnetic fields
are further complicated because they typically involve a cross-product of two vectors. For
instance, to calculate the magnetic force one needs to find the cross-product of the velocity of
a moving charge and the magnetic field, and to calculate the magnetic field produced by a cur-
rent element one needs to find the cross-product of the line element vector and the separation
vector. We explore Maple’s capability for vector calculus and linear algebra to solve problems
of magnetostatics.

8.1 Magnetic Forces

A stationary charge in an electric field experiences a force: that is the domain of electrostatics.
A moving charge g experiences an additional force for which an electric field takes no account.
We define the magnetic field B through the total force acting on a moving charge:

F =¢[E + (v x B)]; (8.1)

this equation is the Lorentz force law. We understand that the magnetic force is proportional
to the cross-product of velocity and magnetic field; hence equations of motion are a set of
coupled differential equations. We use an example to observe the motion of a charged particle
subject to both electric and magnetic fields.

Example 8.1 Suppose that we have both electric and magnetic fields in a region. The uni-
form electric field is in the 2z direction, and the uniform magnetic field is in the = direction.
Find the trajectory of a charged particle, released at the origin at time 0 and initial velocity
Voy Y + oz Z.

Solution The Lorentz force is

F=g4E+ (vxB)]=¢B,y+qE. —yB:)z. (8.2)
Applying Newton’s second law, we form three differential equations,

F, = ma,, 0 =mi, (8.3a)

Fy, = may, qzB; = my, (8.3b)

F, =ma,, q(E.—9yB;)=m2z, (8.3¢)

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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among which the y and z equations are coupled. The particle is released from the origin with
initial velocity vo, ¥ + vo.Z; with these initial conditions, the solutions are

xr = 0’ (8.43)

y=—= [E.wt — E, sin(wt) 4+ voy By sin(wt) 4+ vo; By — vo.Bg(coswt)],  (8.4b)
1

7= [E. — E; cos(wt) + voy By cos(wt) — vy By + o sin(wt)], (8.4c)

where w is the cyclotron frequency,

qB.
m

w . (8.5)

Worksheet 8.1 The map command is particularly useful for managing vectors: in this work-
sheet we use it to apply the diff operator to each component of the position vector in order to
find the velocity and acceleration. Basic vector algebra operations, such as multiplication of a
vector by a scalar defined as ScalarMultiply, and the cross-product of two vectors defined
as CrossProduct, are implemented in the LinearAlgebra package. The syntax is expected
to be self-explanatory; one can seek additional information from help. We invoke the seq
command to generate a system of three differential equations; in this problem, they can be
solved analytically using the dsolve command.

> with(LinearAlgebra):
> r =< x@) | y&) | z(t) >;

ri=[x(t), y(t), 2(t)]

> v := map(diff, r, t);
vi= [% x(t), %y(t), % Z(t)]
> a := map(diff, v, t);
a:= [57 x(t), L y(t), ;—;z(t)}
> F := ScalarMultiply(a, m);
Fi= |m (2 x(1), m (% ¥(1)), m (& 2(1))

> B :=<Bx | 0] 0>

B :=[Bz, 0, 0]
> E:=< 0| 0| Ez >;

E =0, 0, EZ]

> Lorentz := ScalarMultiply((E + CrossProduct(v, B)), q);
Lorentz := [0, q (& z(t)) Bz, q (Ez — (% y(t)) Bz)
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> Eprl := F - Lorentz;

2

Epri = m (5 x(t)), m (2 (1) — q (% #(t)) Br, m (4= 2(t))
—~q (B2 - (% (1)) Bx)|
> ini := x(0)=0, y(0)=0, z(0)=0, D(x)(0)=0, D(y) (0)=vyO0,

> D(z) (0)=vz0;

ini :=x(0) =0, y(0) =0, z(0) = 0, D(z)(0) = 0, D(y)(0) = vy0, D(2)(0) = vz0
> Solnl := dsolve({seq(Epri[i]=0, i=1..3), ini}, {x(t), y(t),
z(t)});

Solnl := < x(t) = 0,

Bz gt Bz qt
m vz0 sin (£> Bz + m (—Ez + vy0 Bz) cos <ﬂ> +m Ez — mvy0 Bz
m m
Z(t) = D) )
q Bx
Bz qt
(—Ez + vy0 Bz)sin <ﬂ) m
Bzxqt m
szmcos( )— — FEztq—vz0m
() = - m Bz
4 Bz q
> Soln2 := algsubs(g*Bx/m=omega, Solnl):

> So0ln3 := simplify(Soln2);

Solng := {X(t) =0,

m (—cos(tw) Ez + cos(t w) vy0 Bx + Bz v20 sin(tw) — vyl Bx + Ez)
2
q Bx

z(t) =

3

®) —sin(tw)m Ez + sin(t w)m vy0 Bx+ Ez t q Br — vz0 m Bz cos(tw) + vz0 m Bz }
yt) = 2
q Bz

> m:=1; q :=1; Bx :=1; Ez :=1; vy0 :=0; vz0 := 0;

> # one can try other vyO and vzO0.

m:=1
q:=1
B o= 1
Ez =1
vyl =0

v20 =0
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>

>

Solni;
{y(t) = —sin(t) + t, x(¢t) = 0, z(t) = 1 — cos(t) }
assign(Solnl);

8 Magnetostatics

> plot([y(t), z(t), t=0..25], scaling=constrained);

After substituting in the numerical values, we plot the trajectory. This curve looks familiar:
the cycloid that we encountered in the brachistochrone problem in Chapter 3. We leave to the
reader as an exercise to plot trajectories with other initial conditions.

8.2 Biot-Savart Law

The electric current is defined as the charge per unit time passing a given point. A line charge A
traveling along the wire at speed v constitutes a current,

I=)\v. (8.6)
When charge flows over a surface, we describe it with the surface current density K,
K=ov, 8.7)

where o is the surface charge density. We define, analogously, the volume current density J
as

J =pv, (8.8)
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where p is the volume charge density. The magnetic field due to a steady current along a line
is given by the Biot—Savart law,

B(r;) = @[/M' (8.9)

2
4 D)

The constant i is called the permeability of free space; in SI units its value is

po =41 x 1077 N A2, (8.10)

With ST units for length in meters (m) and electric current in amperes (A), the magnetic field
has the unit tesla (T).

x
Figure 8.1: Notation for the Biot-Savart law.

Similar to our discussion for Coulomb’s law, we here devote particular attention to our nota-
tion. According to Figure 8.1, r; is the position vector for the field point, at which we intend
to determine the strength of the field, rs is the position vector for the source point, at which
the current in an element of length contributes to the field, and r;5 is the separation vector, of
which the length is 712,

ryp =ry —ry, ri2=[rf (8.11)
The unit vector eq5 is the normalized vector of rqs,

€10 = —. (812)

Integration is performed with respect to the source; the line element dly in Cartesian coordi-
nates is

dly = dzox + dyzy + dzoz. (8.13)

The direction of the magnetic field is the direction of the cross-product of dl, and ej5. If a
surface or volume current density is provided, we alter the form of the integral appropriately:

K
B(r) = Z_;/ (I‘QT)QX €12 das, B(ri)— Z_; / J(I‘zzzx €12 dr. (8.14)
12 12

We adopt this notation consistently so that we can apply this formulation directly in a calcu-
lation.
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Example 8.2 Evaluate the magnetic field B at a distance s from a segment of wire carrying
a steady current ;.

ry

21

dly

Figure8.2: A wire carrying a steady current 4.

Solution We choose the coordinate system so that the wire lies along the x axis and the field
point is on the z axis:

Iro = Q?Q)A(, ry = 21%7.

We have
o _ 2 2
rip =r; —7Tro, T2 =14/25+ 27,
N —I2 N zZ1 N
d12 = dZEQX, €19 = X + z,
\/xz T 22 \/x2 T 22
2 1 2 1

Z1 d$2 ~

N acmmid

Vi + 22

As all elements needed for integration of the Biot—Savart law are available, we find the mag-
netic field:

d12 X €19 = —

_ hoi b <_ 21 dxs )_,u_oia\/bQ—sz—b\/aQ—sz. ®.15)

R N 217/b% + 23\/a? + 27

Worksheet 8.2 Application of the LinearAlgebra package in this worksheet is similar to
that in Section 6.1 in which we discuss Coulomb’s law. If we adopt the symbols in a clear and
systematic fashion, the calculations proceed readily.

assume(x2, real, zl, real):
with(LinearAlgebra) :
<x2 | 0] 0 >;

r2vec := [z2, 0, 0]
<0 0| z1>;

rlvec := [0, 0, z1]

r2vec :

> rilvec :
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> ril2vec := rlvec - r2vec;
r12vec := [—z2, 0, 21]
> dl12 := map(diff, r2vec, x2);
di2 =1, 0, 0]
el2 := Normalize(ri2vec, 2):
el2 := map(simplify, el2);
el2 = l— 2 2!
Vz2? 4 212 V2% + 212
r12 := Norm(ri2vec, 2):
r12 := simplify(ri2);

r12 = \/122? + 21>

> Bdir := CrossProduct(dl2, el2);

1
Bdir := 07_z770
V222 + 212
> By := mul[0]*i/(4*Pi)*int(Bdir[2]/r12°2, x2=a..b);
__1u0i(—b\/a2+212+a\/b2+212)
-4 721 Vb2 + 212 Va2 + 212
> Byl := limit(By, a=-infinity): By2 := limit(Byl, b=infinity);
1 ,LLOi

By2 = —— —
v2 2wzl

By

For an infinitely long wire, that is a — —oo and b — oo, the magnetic field is

g _L1pot (8.16)

27T21’

which points to negative y; hence the direction of the magnetic field curls around the wire.

Example 8.3 Find the magnetic field B at a distance z above the center of a circular loop of
radius R that carries a steady current ¢; see Figure 8.3.

Solution  Spherical coordinates in Cartesian basis vectors, discussed in Section 6.2, are
clearly convenient here. The position vector for a source point is

ro = Rcos¢pX + Rsingy,
and that for a field point is

Iy = 21Z;
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Figure 8.3: A current loop.

the length of the separation vector is

12 = \/RQ—FZ%.

The differential displacement is

(91‘2 (91‘2 81‘2

lh=—= — — 17
dly d + 90 d¢+ d (8.17)
therefore,
dI‘2
dls = _(i’d(b = —Rsingdpx+ Rcospdoy.

The normalized separation vector is

Rcos¢ . Rsing |

21 .
€12 = ——F——=X— y+ Z;
VR?+ 22 VR?+ 2% VR?+ 2%

then
s1Rcos 21Rsm¢

Because the x and y components contain cos ¢ and sin ¢, respectively, the integral over ¢
through a complete cycle is zero; only the z component is nonvanishing:

d12 X €19 =

dpx + S——=

M_Oi 27 1 R2 d(b MOZ R2
Ar Jo R 421 /R + 23 2 (R?+2)32

As the integrand is independent of ¢, the integration simply gives a factor of 27.

B, =

(8.18)
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Worksheet 8.3 We follow the convention for symbols in the preceding worksheets.

assume(zl, real, R, real, phi2, real):

with(LinearAlgebra) :

r2vec := < R*cos(phi2) | R*sin(phi2) | 0 >;
r2vec := [R cos(¢2), Rsin(¢42), 0]

> rivec :=< 0 | 0 | z1 >;
rlvec := [0, 0, z1]
> rl2vec := rlvec - r2vec;

r12vec := [—Rcos(¢2), —Rsin(¢2), 21]

> dl12 := map(diff, r2vec, phi2);

dl2 .= [—Rsin(¢2), Rcos(¢2), 0]

el2 := Normalize(ri2vec, 2):

el2 := map(simplify, el2);

012 — |— Rcos(¢2)  Rsin(¢2) z1

\/Rz—i—zﬂ7 \/I~22—|—z127 VR2 + 212

r12 := Norm(ri2vec, 2):

r12 := simplify(ri2);

r12 :=\/R2 + 212
Bdir := CrossProduct(dl2, el2):
Bdir := map(simplify, Bdir);
Rcos(¢2) z1 Rsin(¢2) 21 R?
VR2 + 212 7 VR2 + 212 7 VR2 + 212
> Bz := mul[0]*i/(4*Pi)*int(Bdir[3]/r12~2, phi2=0..2%Pi);
1 i R?
B e o — 00T
2 (R2 + 21%)B/2)

Bdir .=

The reader is encouraged to modify the worksheet to calculate the field at a point off-axis. One
might choose the field point in the xz plane (i.e., r1 = x1X + z12) without loss of generality,
and Maple should return the x and z components of the field in terms of elliptic integrals,
although these results are not particularly illuminating.

Because the integral of the field involves 712, the length of the separation vector, we can em-
ploy equation (6.46) to expand ;2 in Legendre polynomials; see an exercise at the end of the
chapter. Such a calculation gives a multipole expansion in magnetism. From equation (8.54),
neglecting terms in 7, 4 and higher, we have

B = - irR*(2 cos 04 + sin 0,6). (8.19)

= 3
4dmry
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For z; > R equation (8.18) becomes

- Ho 2i7TR2

3 ’

B, =
a2y

(8.20)

which is equation (8.19) at §; = 0. By analogy with electrostatics, we define a magnetic

dipole as a system of current distribution that produces a magnetic field proportional to 3.

Therefore,
m =iA = inR>. (8.21)

A current loop thus serves as an example of a magnetic dipole, provided r; > R.

8.3 Vector Potential

In electrostatics we introduce the electric potential, which is the integral of the electric field.
It is often easier to calculate the potential first and then to differentiate it to evaluate the field,
than it is to integrate directly from Coulomb’s law. We analogously introduce the magnetic
vector potential that is the integral of the magnetic field. The reason why we can represent
E as a gradient of a scalar potential is that the curl of E is always zero; in contrast, in mag-
netostatics the curl of magnetic field B is not always zero. For this reason one cannot, in
general, represent a magnetic field as a gradient of a scalar function. However, by Gauss’s law
of magnetism, the divergence of B is always zero,

V-B=0. (8.22)
Hence we can represent B as the curl of another vector field,

B=VxA, (8.23)
where A is the magnetic vector potential.
Ampere’s law is

V x B = popd; (8.24)
the solution for the vector potential is

1
Ho dly

Alry) = 4 ) rig’

(8.25)

or in terms of volume or area current density,

A(r)) = @/Mdm, A(ry) = @/Mdag. (8.26)

- 47 T12 47
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The magnetic vector potential is less useful than the electric scalar potential in electrostatics
because the former is still a vector having three components and also because, unlike an elec-
tric potential that we can connect to a measurable quantity, there is no direct measure of the
vector potential. Introduction of this vector potential nevertheless simplifies the calculations
because its integrand contains no cross-product.

Example 8.4 A spherical shell of radius R carries a uniformly distributed surface charge o.
The sphere is spinning at constant angular velocity w. Find the vector potential A and mag-
netic field B both inside and outside the sphere. This problem resembles that in Griffiths 1999,
p. 236, example 5.11.

N
() (b)

Figure 8.4: A spinning charged sphere.

Solution To solve this problem we use a trick. Although it seems natural to align the z axis
along w, as in Figure 8.4(a), the integral is easier to evaluate if we let r; lie on the z axis;
then w is tilted at an angle 1) on the zz plane: see Figure 8.4(b). We explain the reasoning as
follows. Because with such coordinates we have

ry = 212, Ty = Rsinfscos@sx + Rsinbssin oy + Rcosboz,

then

rig = \/R2 + 27 — 2Rz cos 0s.

This length is familiar as it appears repeatedly in integrals related to Coulomb’s law. Accord-
ing to that experience, we choose to perform the integration in the (b) configuration.

The vector for angular velocity is

w=wsinyY X + wcosy z;
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hence the velocity vy is

Vo = W X TI9
= —Rw cos 1 sin O sin ¢ X + Rw(cos v sin O cos ¢y — sin ) cos O3) y

+ Rwsin v sin 05 sin ¢ Z.

Again, only A, is nonvanishing because the integrand for A, and A_ contains sin ¢»,

4, = Lo /27T dbo /’T " o Rw(cos 1) sin B cos ¢ — sin 1 cos 0z) R? sin 0y
0 0

4m V/R? + 27 — 2Rz cos 0y

= . (8.27)

Although this integral appears formidable, Maple achieves the integration and delivers elegant
results, depending on whether r; is inside or outside the sphere:

_ oo z1siny, r <R,
Ay = _M0R4WO' Sinw SR (828)
3 22’ -

Worksheet 8.4 Like many preceding worksheets, we define the symbols in a systematic
fashion and follow the formulas provided to perform the calculations. The Norm command
is used as before, and the surface current density k is obtained from the CrossProduct and
ScalarMultiply commands. The int command serves to evaluate those formidable inte-
grals.

> with(LinearAlgebra):

> assume(R>0, theta2, real, phi2, real, z1>0);

> additionally(z1<R); #change to (z1>R) for outside the sphere

> angularvel := < omega*sin(psi) | O | omega*cos(psi) >;
angularvel := [wsin(y), 0, wcos(1))]

> rivec :=< 0 | 0 | z1 >;

rlvec := [0, 0, 21]
> r2vec := < R*¥sin(theta2)*cos(phi2) | R*sin(theta2)*sin(phi2) |
> Rxcos(theta2) >;
r2vec := [Rsin(02) cos(¢2), Rsin(62) sin(¢2), R cos(62)]
> rl2vec := rlvec - r2vec;
r12vec := [—Rsin(02) cos(¢2), —Rsin(02) sin(¢2), z1 — R cos(62)]
> r12 := Norm(ril2vec, 2): rl2 := simplify(ril2);
712 := \/R2 + 21% — 2 21 Rcos(62)

> v2 := CrossProduct(angularvel, r2vec);

v2 := [~wcos(¥) Rsin(62) sin(¢2),
wcos(y) Rsin(02) cos(¢2) — wsin(y) R cos(62), w sin(y)) R sin(02) sin(¢2)]
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> k := ScalarMultiply(v2, sigma);

k := [—0owcos(v) Rsin(62) sin(¢2),
o (wcos(v) Rsin(02) cos(¢2) — wsin(yp) R cos(62)), o wsin(y) R sin(62) sin(¢2)]
> Ay := mul[0]/(4xPi)*int(int(k[2]*R"2*sin(theta2)/r12,

> phi2=0..2*Pi), theta2=0..Pi);

1
Ay = ~3 powsin(y) Ro z1

The vector potential A in configuration (b) contains only A,, thus we can transform back to
configuration (a) by aligning w with z without altering A. To express A in a spherical basis,
we let the position vector for the field point in spherical coordinates be r1 = (r = 21,0 =
—1),¢ = 0), and use § = ¢ in equation (6.13):

R .
Ho warsin@d), r <R,
poRwo sinf

3 r?

The vector potential has the same direction as the current. We calculate the magnetic field by
taking the curl of the magnetic vector potential in spherical coordinates:

A(r,0,¢) = (8.29)

, T>R.

zuona (cos O — sin 06), r <R,

B=VxA={}

9 g (8.30)
§u0R4wa ( cogsﬂf + 5111390> , r>R.
r

r

Worksheet 85 To evaluate the curl of a vector we invoke the VectorCalculus package.
Because in curvilinear coordinates basis vectors depend on position, we must construct the
vector potential A as a vector field, using the VectorField command, so that we can apply
Curl to it. Special attention is required when we use Maple to plot in spherical coordinates;
in some textbooks the definitions of # and ¢ are interchanged. In Maple, three arguments are
required: the first is the radius r, the second is the azimuthal angle ¢, measured in the xy
plane from the x axis, and the third is the angle 6 from the z axis. Confusing the order would
produce an incorrect graph.

> with(LinearAlgebra): with(VectorCalculus): with(plots):
Warning, the names CrossProduct and DotProduct have been rebound

Warning, the assigned names <,> and <|> now have a global binding

Warning, these protected names have been redefined and unprotected: *,
+, ., Vector, diff, int, limit, series

Warning, the name changecoords has been redefined
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assume (mu[0] >0, R>0, sigma>0, omega>0);
SetCoordinates( ’spherical’[r, theta, phil);
spherical,. o 4
Ain := VectorField(< 0 | O | mu[O]*R*omega*sigma/3*r*sin(theta)
>)3
. 1 . _

Ain := 3 Ko Rworsin(f)eq

Aout := VectorField(< O | 0 | mu[0]*R~4*omegaxsigma/3

*sin(theta)/r~2 >);

4 .
L e % o R* w o sin(6)

e
72 ¢

Bin := Curl(Ain, ’spherical’[r, theta, phil);
2 2
Bin := 3 Ho Rwocos(f)e, — 3 sin(f) o Rw oeg

Bout := Curl(Aout, ’spherical’[r, theta, phil);

Bout = 2 o oo ws) er + i sin(6) po R4wgéo
3 r3 3 73

Binnorm := Normalize(Bin, 2): Binnorm := map(simplify, Binnorm):

fieldplot3d([ Binnorm[1], Binnorm[3], Binnorm[2]], r=0..1,

phi=0..2*Pi, theta=0..Pi, coords=spherical, scaling=constrained);

Boutnorm := Normalize(Bout): Boutnorm := map(simplify, Boutnorm) :
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> fieldplot3d([ Boutnorm[1], Boutnorm[3], Boutnorm[2]], r=1..5,
> phi=0..2*%Pi, theta=0..Pi, coords=spherical, grid=[8,8,16],

> scaling=constrained);

The magnetic field inside the sphere is uniform; this fact is readily verifiable from equa-
tion (8.30), on transforming from the spherical basis to the Cartesian one, which is z =
cosft — sinf 6 in equation (6.18). Outside the sphere, the pattern of the magnetic field
resembles the electric field of an electric dipole discussed in Section 6.5. The dependence
on r~3 in the magnetic field indicates that a spinning sphere of charge constitutes a magnetic
dipole. Explicitly, the magnetic field produced by an ideal (infinitely small) magnetic dipole
m aligned with the z axis at the origin is
Ho

B = 47;’; (2cos0 +sin 0 ). (8.31)

Curiously, the electric field produced by an ideal electric dipole p aligned with the z axis at
the origin is

(2cos O +sin 6 ). (8.32)

4degr3

Although the electric dipole field is due to charges, and the magnetic dipole field is due to
circulating currents, they take the same form. As early as 1821, Ampere suggested that mag-
netism originates from a “molecular current,” and his view was astonishingly prescient be-
cause at that time the existence of molecules was not generally accepted. According to mod-
ern atomic theory, magnetization of materials indeed arises from circulating currents within
atoms, either from intrinsic spin of electrons or from orbital motion of electrons in an atom;
see Section 13.5 for details. Our calculation provides a naive model of an electron, which
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for this purpose can be considered to be a tiny spinning sphere of charge, such as a magnetic
dipole. A neutron, which can also be considered to be a spinning sphere, has a nonvanishing
dipole moment anti-parallel to the direction of its angular momentum; this condition indicates
that a neutron comprises charged substructures which can be attributed to quarks.

8.4 Forceand Torque on Magnetic Dipoles

Because there appears to exist no magnetic monopole, the basic entity in magnetic phenomena
involves a magnetic dipole. We devote our attention to the force and torque on magnetic
dipoles. All results in this section are applicable to electricity, with replacements m — p and
B — E. This subject is important in many areas: for example, the dominant force among
electrically neutral but electrically polar molecules is due to dipole-dipole interaction.

We have seen two examples for magnetic dipoles: a current loop, and a spinning sphere of
charge. A magnetic dipole moment is a vector quantity, of which the direction is normal to
the plane of the loop:

mEI/da:Ia. (8.33)

We mention in Section 6.5 that an electric dipole consists of two equal but opposite charges a
distance apart, but a more general definition for an electric dipole moment is

p= /rg p(ra) drs. (8.34)
A magnetic dipole experiences a torque in a magnetic field:

N =m x B. (8.35)
The potential energy depends on the orientation of the dipole in the field:!

U=-m-B, (8.36)
and the negative gradient of this potential energy produces a force:

F=V(m-B). (8.37)

In a uniform field, the net force on a magnetic dipole is zero. For this reason, in the Stern—
Gerlach experiment a nonuniform magnetic field is required to separate atoms of differently
oriented magnetic dipole moment.>

!"This energy is incomplete in describing a mechanical system, but is sufficient for calculating the force based on
the principle of virtual work. We refrain from digressing to a subtlety; see Feynman 1965, vol. 2, p. 15-2ff for details.

2An introduction of the Stern—Gerlach experiment can be found in Feynman 1965, vol. 2, p. 35-3ff, and
A. P. French and E. F. Taylor, An Introduction to Quantum Physics, New York: Norton, 1978, p. 432ff.
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The magnetic field produced by an ideal dipole is given in equation (8.31); in coordinate-
independent form it appears as

B(r) = 4‘;:3 [3(m - #)f — m], (8.38)

where 1 is the unit vector directed from the dipole to the field point r.

Example 8.5 Find the force and torque between two magnetic dipoles m; and my a dis-
tance r apart, oriented as shown in Figure 8.5; assume 7 to be much greater than the physical
dimension of the dipoles, so that we can treat the dipoles as ideal.

e
T m,

0

mo
Figure 8.5: Force and torque between two dipoles.

Solution In this example we make use of both Cartesian and spherical coordinates, depending
on convenience. Aligning the z axis with my, two magnetic dipole moments in the Cartesian
basis are

mo = mgi, m; =mg sin(@ — 91) b'e + mq COS(G — 91) i, (839)
and the position vector is
r=rsinfX+rcosfz. (8.40)

We regard m;, as the source, and at r the magnetic field produced by this source is

_ fomm2 s ~ 2 ~
Ba(r) = = [3cosfsinfx + (3cos® 0 — 1)z] . (8.41)
The potential energy is
U=-m; By = %(sin@sin 01 — 2 cosfcosby). (8.42)
v

The force is the gradient of m; - Bo; we calculate it in spherical coordinates:

F= V(ml Bg) =
HoT 1112
4rd

The torque is m; x Bg; we calculate it in Cartesian coordinates:

[3(sin 6 sin 6y — 2 cos f cos b1 )i — (cos O sinfy + 2sinfcosfy)0]. (8.43)

HoTI1T12

N = B =
X B 473

(sin 6 cos 6y + 2 cosfsinby)y. (8.44)
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Worksheet 8.6 The symbols in this worksheet are self-evident. We use spherical coordi-
nates in Gradient, although a reader might well use Cartesian coordinates by expressing r
and @ in terms of = and z.

> assume(r>0, theta, real):
> with(LinearAlgebra): with(VectorCalculus):

Warning, the names CrossProduct and DotProduct have been rebound
Warning, the assigned names <,> and <|> now have a global binding
Warning, these protected names have been redefined and unprotected: *,
+, ., Vector, diff, int, limit, series
> rvec := < r*sin(theta) | 0 | rxcos(theta) >;
rvec := rsin(f) ex + rcos(d) e,

<0 | 0| m2>;

m2uvec := m2 ey,
> mlvec := < mi*sin(theta-thetal) | O | ml*cos(theta-thetal) >;

mlvec := ml sin(0 — 01) ex + m1 cos(6 — 01) e,

Normalize(rvec, 2):

> m2vec :

e := map(simplify, e);

e := [sin(0), 0, cos(0)]
> B2vec := ScalarMultiply((ScalarMultiply(e, 3*DotProduct(m2vec,
e)) - m2vec), mu[0]/(4*%Pixr~3));

3 po m2 cos(#) sin(6) i 1 po (3 m2 cos(6)? — m2)
' 4

B2vec :=

)

w3 w3

U := -DotProduct(mlivec, B2vec):
U := combine(U): U := expand(U);
1 m1 o m2cos()cos(0l) 1 mi pom?2sin(f)sin(01)
U= == + —
2 w3 4 wrd
F := -Gradient (U, ’spherical’[r, theta, phi]l):
F := map(simplify, F);
P 3 m1 pom2 (—2cos(f) cos(01) + sin(f) sin(61)) s
T4 i ’
1 m1 o m2 (2sin(0) cos(01) + cos(f) sin(61)) _
= €
4 rd 0
N := CrossProduct(mivec, B2vec):
N := map(combine, N): N := map(expand, N);

1 m1 po m2sin(0) cos(01) 1 ml pom2 cos(f)sin(61)
N :=| - 4 = ey
4 w3 2 wrd
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We leave it to the reader to vary values of ¢ and 6, and to observe the direction of the force and
torque. One might even place two bar magnets on a smooth table to perform an experiment.
We must notice that the force between dipoles depends on r~4, and on their orientations, 6
and 6;. Therefore, the force is not central (see the definition in Section 4.3) because it contains
both radial and tangential components.

8.5 Summary of Electromagnetism in Static Conditions

A charged particle is influenced by electric and magnetic forces. Classical electromagnetism
is a field theory, in which force represents the interaction between fields and charge according
to the Lorentz force law,

F =¢[E+ (v x B)]. (8.45)

Because we can extract measurable physical quantities, such as force, energy and momentum,
from fields, the objective is to determine electric and magnetic fields in the region of interest
from charge and current according to given distributions, or from boundary conditions. In
static conditions, the fields are governed by these four Maxwell’s equations:

v.E=2, (8.46a)
€0

V xE =0, (8.46b)

V-B=0, (8.46¢)

V x B = poJ. (8.46d)

For electric charge and current according to given distributions, the electric field and the mag-
netic field are calculated by these integrals:

L [ p(rs)
E = — d 8.47
(r1) Ires / 2, ez dry, (8.47)
Ho dly x eqo

We consider these two equations to constitute solutions of Maxwell’s equations. In principle,
we can enter them in Maple, and obtain the results analytically or numerically. Several exam-
ples appear in Sections 6.1, 6.2, and 8.2. The most important aspect of the calculation is to
distinguish the position vectors for the source and the field, and their separation.

We introduce the electric scalar potential V' and the magnetic vector potential A; because
they simplify calculations, they may be considered as an intermediate step. Potentials can be
evaluated for a given distribution, and once they are determined we calculate the fields:

1
Vi) = /Mdm, E=_VV, (8.49)
47‘1’60 T12
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and

A(rl):ﬂl/@, B=VxA. (8.50)

47 12
We offer examples in Section 6.4 and Section 8.3.

We devote Chapter 7 to the theory of potential, which provides an extremely useful technique
for obtaining the electric potential from boundary conditions. We neglect the application of
the symmetry properties of Gauss’s law and Ampere’s law; problems of this type can certainly
be solved with Maple, but in most situations manual calculation is easy.

Exercises

1. Find the trajectory of a charged particle when both uniform electric and magnetic fields
are present, the same as for the example in Section 8.1, with the following initial veloci-
ties:

@ v(0) = —(E/B)¥;
() v(0) = (E/2B) 3
(© v(0) = (E/B) (5 +2).

2. We calculate the magnetic field at a distance z above the center of a circular loop carrying
a steady current; that is equation (8.18). Plot the magnetic field as a function of z.

071 —
0.6
0.5+

B
0.4

0.3

Figure 8.6: The Helmholtz coil provides a convenient way of producing a relatively uniform
magnetic field near its center.

3. The Helmholtz coil comprises two current loops of radius R a distance d apart. (a) Find
the expression for the magnetic field on the axis as a function of z, and show that 9B/0z
is zero at the midway point. (b) Determine d such that 9> B/9z? is also zero at the
midpoint (Answer: d = R), and calculate the resulting magnetic field there. (c) Plot the
magnetic field as a function of z for such d, which should resemble Figure 8.6.
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4. A semicircular wire carries a steady current ¢; see Figure 8.7. Find the magnetic field
at a point P on the other semicircle. This problem is taken from Griffiths 1999, p. 249,
problem 5.45.

Figure8.7: Semicircular wire carrying a current.

5. Two straight conductors of infinite length are placed parallel to the z axis, a distance d
apart and each carries current 7 in opposite directions. Determine the vector potential of
this system.

6. A uniformly charged sphere of radius R carries a total charge ¢; the sphere is rotated
about a diameter with constant angular velocity w. Calculate the vector potential and
magnetic field both inside and outside the sphere.

7. This exercise guides the reader to calculate the magnetic field produced by a circular loop
of radius R lying in the 2y plane and carrying a current i using multipole expansion.’
For a field point on the zz plane (see Figure 8.8), we use equation (6.46) to expand the
separation vector:

z

Figure 8.8: Circular wire carrying a current.

1 —~ R
Z i P(cosy), forr > R, (8.51)
=0 "1

Ity —ro

30ne might consult Jackson 1999, p. 184, equations (5.46), (5.48), (5.49).
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where

cosy = sin 0y cos ¢a;

this expression is from equation (6.45b) with ¢; = 0 and 65 = /2.

(a) From equation (8.25), we write

(b)

1 27
A, = Z_;i {— Py(cosv)R cos padps

™1 Jo

1 2m
+ 2 RP;(cosv)R cos ¢padpo

11 0 (8.52)
+ 3 R%Py(cos )R cos pade

1Jo

1 2
+ = R3Ps(cos )R cos ¢odea + . . ] .

170

Evaluate these integrals (F; can be invoked with the LegendreP command) to verify
that

Ho . 2 1 . R2 R4
A, = EZTFR ? sinf; — 4—71%1331(008 01) + S—T?Pm(cos 01) + ..., (8.53)

where

15 3
Ps1(cosf) = > sin 0 cos? 0 — 3 sin 6,

315 105 15
Psq(cosf) = 5 sin 6 cos* 6 — e sin @ cos® 0 + 3 sin 6.

These P, are the associated Legendre polynomials. One need not be concerned
with the names; we will discuss them in Section 16.2, equation (16.11).

In spherical coordinates, the vector potential is
A =Au0,

where Ay = A, as obtained in equation (8.53). Use Maple’s Curl command to
verify that the magnetic field is

T r3

1 3R? 15R*
B= Z—OMRQ {2 {—1 cosfy — %Pg(cosﬁl) + %PE;(COS&) + .. } r

1. 3R? 5R4 R
+ [E sin @, — WPgl(cos 01) + @Pm(cos@l) + .. ] 0} , (8.54)

where the Legendre polynomials are

)
Ps(cosf) = 5 cos® 0 — g cos ),
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63 ) 15
Ps(cosf) = 5 cos® 0 — % cos® 0 + g Cos 0.

8. A physical electric dipole consists of two equal and opposite charges separated by a
distance d; see Figure 8.9.

z

T

N
d T

—-q

Figure 8.9: Physical electric dipole.

(a) Verify that the electric potential of this system is

V= ! d 1cost9+ d2P(cos9)+ d4P(cos9)+ (8.55)
" dmeg o |12 P T ]

This problem actually belongs to Chapter 6; one might review the discussion of
multipole expansion in Section 6.4.2.

(b) Use Maple’s Gradient command in spherical coordinates to verify that the electric
field is

E = ! dq?2 1cost9+d2P(cost9)+3d4P(cost9)+ iy
T dmeg U7 73 O T g ORI g SO T

1 . d? d* .
+ l:ﬁ Sln@l + 4—71?P31(COS 91) + mP51(COS 91) + .. :| 0} . (856)

(c) Comparing equations (8.54) and (8.56), comment on the similarity and difference
between electric and magnetic dipoles.

9. Using equation (8.1), the Lorentz force law, and equations (8.31) and (8.32), consider the
motion of an electric charge in magnetic and electric dipole fields.*

4See G. C. McGuire, “Using computer algebra to investigate the motion of an electric charge in magnetic and
electric dipole fields,” American Journal of Physics, 71, 809-812 (2003).
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9 Electric Circuits

Many problems of simple electric circuits involve solving a system of equations simultane-
ously; as we have seen in Chapter 1, Maple is particularly suitable for this type of problem.
The mathematical structure of an oscillatory circuit is identical to that of a spring-mass system
in mechanics, treated in Chapter 2, for which we solve second-order linear differential equa-
tions. Alternating circuits have the same mathematical structure as forced oscillations, but in
this chapter we introduce a technique of using complex numbers to solve the problems.

9.1 Resistorsin Seriesand in Parallel

Ohm’s law is
V =1R. 9.1
The resistance of resistors connected in series is the sum of their individual resistances,
R=Ri+Ro+R3+.... 9.2)

The resistance of resistors connected in parallel is
S=5 t5 t+t5+.... 9.3)

One can analyze a complicated circuit by repeatedly combining elements using the above
formulas to reduce it to a simple circuit. We offer two examples.

Example9.1 Derive the formula for the delta-star (or A-Y) transformation.

Solution From Figure 9.1, we find R,, Ry, and R, by solving these equations:

1
Ra + Rb =T 1 (943)
Ry + Ra+R3
1
Ra + Rc - T . 1 (94b)
Ry + Ri1+R3

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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R,
R R
1 2 Rb Rc
R3
Figure9.1: A-Y transformation.
and
1
By +Re=5——5— (9.4¢)
Rs3 + Ri+R2
We obtain
R R RiR RoR
Ra:#7 b:#’ Pl 9.5)
Ri+ R2+ R3 Ri+ Ra+ R3 Ri+ R2+ R3

Worksheet 9.1 We have three equations and three unknowns. We denote Ra as R,, R1 as
R etc., and use the solve command to evaluate the unknowns.

> Eql := Ra + Rb = 1/(1/R1 + 1/(R2+R3));
1

R1I  R2+ RS
> Eg2 := Ra + Rc = 1/(1/R2 + 1/(R1+R3));
1

qu = RG+RC:L+—1

R2  RI1+RS3
> Eq3 :=Rb + Rc = 1/(1/R3 + 1/(R1+R2));
1

R3  RI1+ R2
> solve({Eql, Eq2, Eq3}, {Ra, Rb, Rc});

Re — R2 R3 _ R1 R3 o R1 R2
~ R2+R3+RI’ "~ R2+ R3+RI’ ~ R2+ R3S + RI

Example 9.2 The value of an unknown resistance can be accurately measured with a circuit
known as the Wheatstone bridge, shown in Figure 9.2. The circuit consists of unknown resistor
R, three known resistors R, Ra, R3, and a galvanometer; the resistance of the known resistor
R; is varied until the galvanometer reading is zero. Derive the balance condition.
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Figure 9.2: Wheatstone bridge.

Solution If there is no current between a and b, we can set two equations:
il(Rl + R3) = ig(Rz + Rw),
ilRl = iQRQ.

Having three unknowns, ¢, 75 and R,, but only two equations, we can solve for the ratio.
Doing so we obtain
RyR3

R, = . 9.6
R 9.6)

Worksheet 9.2 In this worksheet, the corresponding symbols are evident. For three un-
knowns, Rx, i1 and i2, we only have two equations. We choose a subset of unknowns Rx and
i2 and ask Maple to return the solutions in terms of another unknown i1. Avoid using the
symbol I that Maple reserves for the imaginary unit, /—1.

> Eql := i1*R1 + i1*R3 = i2*R2 + 1i2x*Rx;
Eql :== i1 R1 + 11 R3 =12 R2 + 12 Rx
> Eq2 := i1%R1 = i2xR2;

Eq2 :=il R1 = i2 R2
> Solnl := solve({Eql, Eq2}, {Rx, i2});
il R1 __R3 RQ}

1 = 1)) = — =
Soln {12 T2 , Rx 71

9.2 Kirchhoff’sRules

Although a complicated circuit may be analyzed by reducing series and parallel components to
their equivalents, there exist simple circuits for which analysis according to this method fails.
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Kirchhoff’s rules are applicable to any circuit; they are based on two fundamental theorems
in electromagnetism: electric charge is conserved, and the curl of electric field is zero in
electrostatic conditions. The latter,

VxE=0,

is one of Maxwell’s equations. This equation, written in an integral form, signifies that a line
integral of electric field around any complete loop is zero,

j{E -dl = 0. 9.7)

We state Kirchhoff’s rules in terms of current and voltage:

1. The sum of currents entering a junction in a circuit equals the sum of currents leaving
that junction,

Z Iin = Z Loyt (9.8)

2. The sum of potential differences across all elements around any closed circuit loop is
zZero,

Z AV =0. 9.9)

closed loop

Example 9.3 In the circuit shown in Figure 9.3, determine the current in each resistor.

1T il 1

A0V — 360V = 80V —

200 % 80 Q % 20 Q %'3 70 Q %'4

a

is
Figure9.3: A circuit with resistors and batteries.

Solution We adopt labels for currents according to the figure. Applying rule 1, we find at
junction a,

i1 + iz +i5 =0,
and at junction b,
i3+ 14 — 15 = 0.

Applying rule 2, we take the direction of loops to be counterclockwise.
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For the left loop,
+40 — 2001 + 80i2 = 0;
for the middle loop,
—360 — 40 — 80175 + 2073 = 0,
and for the right loop,
+80 4 360 — 2073 + 7074 = 0.
Solving these five equations simultaneously, we obtain
11=—1, i2=-3, i3=8, t1=—-4, i5=4.

All magnitudes of current are in units of amperes. A negative current signifies that it flows in
the opposite direction to that in which we assign in the diagram.

Worksheet 9.3 In this problem we have five equations for five unknowns. The significance
of symbols is obvious.

> Eql := i1 + i2 + ib = 0;
Eql :=141 +142 +1i5 =0
> Eq2 := i3 + i4 - ib = 0;
Eq2 =13+ i4 —i5 =0
> Eq3 := 40 - 200*il1 + 80*i2 = 0;
Eq3 :=40—20041 +80:2 =0
> Eqg4 := -360 - 40 - 80*i2 + 20%*i3 = 0;
Eqj :=—400—-80142 +20:¢3 =0
> Eqb := 80 + 360 - 20%i3 + 70%xi4 = O;
Eq5 :=440—-20i3 + 7044 =0
> Solnl := solve({Eql, Eq2, Eq3, Eq4, Eqb5}, {i1, i2, i3, i4, i5});
Solnl :={il = -1, =—4,i8 =8, 15 =4, i2 = -3}

9.3 Direct-current Circuits

In addition to resistors, capacitors and inductors are common elements in circuits. Here we
discuss direct-current circuits containing these elements.
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9.3.1 RC Circuit

Simple RC circuits are shown in Figure 9.4; (a) is a charging circuit, and (b) is a discharging
circuit.

Ciﬁﬁsli T 5

(b)

Figure9.4: Simple RC circuits.

We discuss the RC charging circuit. According to Kirchhoff’s rule and supposing the battery
to have voltage Vj, after closing switch S;, we write for a counterclockwise loop starting at
the battery,

Vo—iR—%:O. (9.10)

In this equation, ¢/C' is the potential difference across the capacitor, and iR is the potential
difference across the resistor. The definition of current is

. dg
=2, 9.11
T ©.1D
We rewrite equation (9.10) as
dg q
Vo——R——==0. 9.10/
O At C ©.10)

The problem of a simple RC circuit thus amounts to simply solving a first-order differential
equation, which Maple can readily accomplish. Suppose the capacitor to have no charge at
time ¢t = 0, so ¢(0) = 0; the solution is

q=CV (1 _ e—t/RC) . 9.12)
We also find the current by differentiating charge with respect to time,

dg Vo _i/re
1=—=—¢ . 9.13

dt R ©.13)
This solution indicates an exponential decay of the current as the capacitor charges, according
to which we identify the characteristic time constant to be RC'
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Wor ksheet 9.4

> Eql := VO - q(t)/C - diff(q(t),t)*R = 0;

t
Eql := V0 — %—(%q(t))R:O
> Solnl := dsolve({Eql, q(0)=0}, q(t));

Solnl := q(t) = VO C —e=c®) VO C
> assign(Solnl);
> current := diff(q(t), t);

e(=<®) V0
R

current :=

We leave the discharging RC circuit as an exercise.

9.3.2 RL Circuit

A simple RL circuit is shown in Figure 9.5.

R L

o
L]+
oo
S1
Figure 9.5: Simple RL circuit.

We discuss the situation in which we close S; at ¢ = 0 while keeping S, open. Applying
Kirchhoff’s rule and proceeding counterclockwise starting from the battery, because the volt-
age difference across an inductor is L%, we obtain

di

Vo Lz —iR =0, (9.14)

which is also a first-order differential equation. Suppose that there is no initial current att = 0,
so that ¢(0) = 0, we solve this equation:

i= % (1 _ e_Rt/L) . (9.15)

The solution has the form of an exponential decay, in which the characteristic time constant
is L/ R. The current asymptotically approaches V{/ R, which implies that L ceases to play a
role in this circuit after a sufficiently long time.
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Wor ksheet 9.5

> Eql := VO - Lxdiff(i(t),t) = i(t)*R;

Eql := V0 — L(%i(t)) =i(t) R
> Solnl := dsolve({Eql, i(0)=0}, i(t));

(-4
Soln1 :=1i(t) = % %

9.3.3 RLC Circuit

A RLC circuit in series is depicted in Figure 9.6.
R

~ C

AY

L
S
Figure 9.6: Basic RLC circuit in series.

Applying Kirchhoff’s rule, clockwise starting from the capacitor, we obtain

q . di
_ X _JR-LZ = .1
C iR o 0 9.16)
With this definition of current,
,_da
ot

we rewrite the equation as

9.17)
This equation is identical to the second-order differential equation governing damped oscilla-
tion for the spring-mass system,
d*x
m—s+

dx
dt2 bE + kx =0.

(9.18)
We have studied this type of problem extensively in Chapter 2; all the results obtained there

are directly applicable here: we simply need to alter the symbols. We make a list in Table 9.1.
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Table 9.1: Mechanical and electric system.

Mechanical system Electrical system
time, ¢ time, ¢

position, charge, q

mass, m inductance, L
damping coefficient, b  resistance, R

spring constant, k (capacitance) ™!, 1/C
force, I’ voltage, V'

Similar to the patterns for damped mechanical oscillation, we classify the solution of differ-
ential equations as follows:

1. overdamping, R? > 4L/C;
2. underdamping, R? < 4L/C;,
3. critical damping, R? = 4L/C.

Example 9.4 1In atypical experiment, we drive an electric circuit with a signal generator and
observe the response with an oscilloscope. For the RLC' circuit in Figure 9.6, suppose that
R =500, L =10mH and C' = 0.19 pF. The function generator is operated to output a
square wave at electric potential difference 10 V and frequency 300 Hz.

Solution We slightly modify the differential equation to conform to an experimental situation.
The function generator outputs 5 V for an interval 1/300 s, then —5 V for another interval
1/300 s, and so on. The capacitor is typically fully charged from a previous cycle; therefore,
if we choose zero time as the beginning of one cycle, the initial conditions become

q(0) =C AV = (0.19 x 107%)(5) = 9.5 x 1077 C,
and

4(0) = 0.
The differential equation is

d?q  dq g

note an offset —V{. For the next cycle, because the capacitor is negatively charged, we have
the initial conditions

q(1/300) = —9.5 x 107 (C),
and

G(1/300) = 0.
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The differential equation becomes

d*q  _dq ¢
4 g9y
az g Te T

Note the switching of sign of the offset, V.

Worksheet 9.6 We solve the differential equations for three cycles, and produce a plot sim-
ilar to one that would appear on an oscilloscope.

> VO0:=5; P:=1/300; C:=0.19e-6; R:=50; L:=10e-3;
Vo =5
1
<P:::§66
C:=0.1910"5
R :=50
L :=0.010
> Eql := Q1(t)/C + diff(Q1(t),t)*R + Lxdiff(Q1(t),t$2) = -VO;

Eql = 0.5263157895 107 Q1(t) + 50 (& Q1(£)) + 0.010 (L Q1(£)) = —5
> Solnl := dsolve({Eql, Q1(0)=C*V0, D(Q1) (0)=03}, Q1(t));

Soln1 := Q1(¢t)
/2050263158
40000000001 psngpy . (M 3080263158

~ 8759002770964265928000

40000000001 _ V2080263158t 1000
e(—2500%) oo _
21052631580000000 2 1052631579

> assign(Solnl);

> Eq2 := Q2(t)/C + diff(Q2(t),t)*R + Lxdiff(Q2(t),t$2) = VO:
> Soln2 := dsolve({Eq2, Q2(P)=-CxV0, D(Q2) (P)=0}, Q2(t)):

> assign(Soln2):

> Eq3 := Q3(t)/C + diff(Q3(t),t)*R + Lxdiff(Q3(t),t$2) = -VO:
> Soln3 := dsolve({Eq3, Q3(2%P)=C*V0, D(Q3) (2%P)=0}, Q3(t)):
> assign(Soln3):

> with(plots):

Warning, the name changecoords has been redefined
> pl := plot(Q1(t)/C, t=0..P):

> p2 := plot(Q2(t)/C, t=P..2%P):

> p3 := plot(Q3(t)/C, t=2%P..3%P):
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> display([pl,p2,p3], axes=BOXED);

10

~10

0.002 0.004 0.006 0.008  0.01
t

This pattern is similar to mechanical oscillation in an underdamped condition. We further
illustrate a simple application of Maple’s graphic ability in a physics laboratory.

9.34 LissajousFigures

An oscilloscope is an indispensable instrument in a laboratory: it displays voltage as a function
of time ¢, thus allowing experimental verification of a calculated result, as illustrated in the
preceding worksheet. In addition to the z—t mode, it is possible to display one voltage against
another voltage, or the x—y mode. When two signals are connected to the horizontal and
vertical inputs of an oscilloscope, it plots the value of one signal against the value of the other
as both signals vary with time. Such a plot is called the Lissajous figure, and from it one can
obtain information about phase and amplitude. A parametric plot in Maple simulates such a
display on an oscilloscope. We use the following worksheet to illustrate parametric plots.

Worksheet 9.7 To make a parametric plot, one specifies both z and y as functions of some
parameter, in this case time ¢. The syntax to specify a parametric plot is a list (enclosed within
square brackets) containing an x expression, a y expression, and the name and range of the
parameter.

> f := 60; omega := 2%Pix*f;
f:=60
w:=1207
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> plot([cos(5.1l*omega*t), sin(3*omega*t), t=0..3/f],
scaling=constrained, axes=boxed);
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> plot([cos(omega*t), sin(5*omega*t), t=0..1/f],
scaling=constrained, axes=boxed);

0.5-

—0.5-

A reader with experience of operating an oscilloscope might instantly recognize these plots;
these Lissajous figures illustrate two ratios of horizontal and vertical frequencies, 5.1 : 3 and
1:5.
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9.4 Alternating-current Circuits

The mathematical structure of a direct-current RLC circuit is identical to that of damped
oscillation in mechanics, and an alternating-current circuit corresponds to driven oscillation.
We merely need to substitute the symbols in Table 9.1, with the driving force replaced by
the voltage. We have demonstrated how to solve this type of differential equation with the
dsolve command in Chapter 2. In this section, we refrain from repeating the treatment of
second-order differential equations; instead we introduce the method with complex numbers
to find the steady-state solution. Conversely, this technique is applicable to a mechanical
system.

9.4.1 Impedance

For a circuit driven by a sinusoidal voltage, when the system reaches a stable state, the cur-
rent in an inductor lags behind the voltage across that inductor by 7 /2, and the current in a
capacitor leads the voltage across that capacitor by /2. Across a resistor there is no phase
difference. These results can be incorporated into the formulation with complex numbers.
In the Cartesian form, a complex number is written as = + ¢y, where = and y are real and
i = /—1. We can convert the Cartesian form to the polar form,

p=ax+iy=pe?, (pz 2 + 2, wzarctang).
x

In our notation, a symbol with a tilde is a complex number, and its counterpart without a tilde
is its magnitude,

As a complex number intrinsically contains information about magnitude and phase, it pro-
vides a convenient representation of an electric circuit in which voltage and current might not
oscillate in phase. We offer no derivation of the use of complex numbers in the analysis of an
alternating-current circuit, which can be found in much literature,! but simply state the rules.

Ohm’s law is generalized to

V=127, 9.19)

where ‘7, I R 7 are complex numbers; 7 is called the impedance. We make the effort to attach
a tilde to a symbol that is a complex number; in some literature these tildes are omitted.

According to this formulation we express complex voltage and current in the polar form,

V=Vev, J=]e,

'Feynman 1965, vol. 2, Chapter 22.
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where V' and I are magnitudes, which are maximum values of voltage and current respec-
tively; ay and aj are corresponding phase angles. Do not confuse the imaginary unit
t = /—1 with current the I.

For a resistor,

Z (resistor) = R, (9.20)
which yields Ohm’s original law.

For an inductor, the impedance is

Z(inductor) = iwL. 9.21)

We understand that a rapidly varying field in an inductor enhances the potential; therefore Z is
proportional to w. The property that the current lags behind the voltage by 7/2 in an inductor

is reflected in the imaginary factor, because ¢*™/? = .

For a capacitor,

~ 1
Z (capacitor) = ek (9.22)

In this situation, a slowly varying field provides a sufficient time for the capacitor to be charged
and hence for the potential to increase; therefore Z is inversely proportional to w. The property

that current leads the voltage by 7/2 is likewise reflected in the imaginary factor, because
e i i.

We summarize the impedance in Figure 9.7.

V=IZ R (iwC)~! iwL

Figure 9.7: Impedance of basic circuit elements.

We can combine impedances to evaluate their equivalent. For a series connection,
22214—22-1—234-..., (9.23)

and for a parallel connection,
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We typically control the voltage, and the current is

<

I=-.
Z

Any physical quantity is measured by a real number. Once we obtain I, we must evaluate its
magnitude I and phase angle o;.

For an alternating current, the magnitude of the voltage V' = |V| or the current I = |I| is the
maximum value of the oscillation. Customarily, one actually measures the root-mean-square
value:

Vv 1

Vims = Ea Iis = % (925)

A factor 1/1/2 arises from averaging cos?(wt) over one cycle, which gives 1/2.
The average power is
V2

P=—m _ 2 Q7 9.26
%{Z} rms { }? ( )

because only the real part dissipates energy. The notation %{Z } signifies the real part of the
impedance Z.

Similar to a direct-current circuit, we can reduce elements in series and parallel connection
to their equivalent impedance. For a circuit that defies such reduction, we can always apply
Kirchhoff’s rules.

Example9.5 An RLC series circuit is driven by a sinusoidal power supply of maximum
voltage V' at angular frequency w. (a) Find the maximum current delivered by the source
and the phase angle between current and voltage. (b) Calculate the maximum charge in the
capacitor.

Solution For RLC in series,

- 1
wC
Because our concern is the phase difference between current and voltage, we choose the phase
angle for V' to be zero so that V' = V/, which is real. The complex current is

) (9.27)
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with its phase angle relative to V,

% —wlL
a7 = arctan £ . (9.28)
R
The charge in the capacitor is
~ -~ 1
§=CVo=Cl—;
¢ © iwC'’
therefore
|4
(9.29)

q=|(i|: 2,2 2(,,2 1 2'
\/Rw + L2 (w? - 75)

Comparison of this result with oscillatory motion in a mechanical system indicates that charge
corresponds to position; this expression is identical to equation (2.17) obtained from solving
the differential equation:

Fy
LTmax = v
\/b2w2 + m2(w2 _ E)2

The natural frequency for the system of spring and block is /k/m; when the driving fre-
quency w is set at the natural frequency the amplitude is extremely large. Analogously, for
an RLC circuit driven by an alternating supply of power, its charge or current has a response
curve identical to that of frequency; resonance occurs when the driving frequency is set equal
to the natural frequency,

w=wn=1/zs (930

Worksheet 9.8 Maple provides the abs command to find the magnitude of a complex num-
ber, and the argument command to find the phase angle; these two commands are most useful
for analysis of impedance circuits. We have already encountered the evalc command, which
serves to simplify an expression containing complex numbers.

assume(R>0, L>0, C>0, V0>0, omega>0):
Z := R + Ixomega*L + 1/(I*omegaxC);

I
Z=R+wLl—-—

wC
current := VO/Z:
current := evalc(current);
1
current := —

(U SR (R
v wC “ wC
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> CurMag := abs(current):
CurMag := simplify(CurMag) ;
1
CurMag := VOwC
HE “’ \/R2w202+w4L202—2w2LC+1
> CurPhase := argument(current) ;
1
—wlL+—
CurPhase := arctan TwC’
> charge := Ckcurrent*1l/(I*omega*C);
Vo L L 1
VOR YT Lo
-1 2 2
1 1
R2+<wL——) R2+<wL——>
wC wC
charge :=
w
ChrMag := abs(charge):

ChrMag := simplify(ChrMag) ;

hrMag = Vi
ChrMag OC\/R2w2C2+w4L2CQ—2w2LC+1

Example 9.6 A circuit shown in Figure 9.8, for which R = 10 k), C; = 0.5 pyF, C5 =
0.2 uF, is driven by an alternating power supply for which V' = 120 V and f = 60 Hz.? Find
(a) the root-mean-square current and its phase of i1, (b) the average power dissipated in the
entire system, and (c) the root-mean-square voltage across the resistor.

.

Ci
@ R= C
T

Figure9.8: A network circuit.

Solution The angular frequency is

w=2rf=377(s"1).

2E. M. Purcell, Electricity and Magnetism, 2nd ed., New York: McGraw-Hill, 1985, p. 317.
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The equivalent impedance for three elements combined is

~ 1 1
Z = - + 54— =6375.6 — 10112.214.
wCh 75 +iwCso
We set V to be real, so that
-V
I = —=.
Z

We use the root-mean-square value for V'; the magnitude of I automatically becomes a root-
mean-square value. We have

~ 120
i= — 0.0054 + 0.0085 i.
6375.6 — 10112.2 + !

We find the magnitude of current from
Lms = |I| = 0.01 (A),
which is ;. The average power dissipated in the system is

F = 11’2[1'18

R{Z} = (0.01)%(6375.6) = 0.64 (W).
The voltage across C] is

1

inl

I

=45.0 — 28.41,

so the voltage across R (and C5) is
120 — (45.0 — 28.4) = 74.9 + 28.4 14,
of magnitude

74.9 4 28.414| = 80.2 (V).

Worksheet 9.9 We apply the abs and argument commands to find the magnitude and phase
angle of a complex number, respectively, and the Re command to extract the real part of a
complex number.

> R := 10000; C1 := 0.5e-6; C2 := 0.2e-6; VO := 120; omega :=

> 2%Pi*60;
R := 10000

C1:=0.510"°¢

C2:=0.210"°
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Vo =120
w:=120m
> Z := 1/(I*omega*Cl) + 1/(1/R + I*omega*C2);
16666.66667 I 1
= — - +—3
10000 -+ 0.0000240 I ™
> Z := simplify(evalc(Z));
Z = 6375.561852 — 10112.22516
> current := VO/Z;
current := 0.005353682721 + 0.008491431245 I
> crms := abs(current);
crms = 0.01003824304
> phaseangle := argument (current) ;
phaseangle := 1.008265605
> pow := crms~2*Re(Z);
pow := 0.6424419268
> VC1 := simplify(evalc(current*1/(I*omegaxC1)));

VC1 := 45.04844188 — 28.40216896 [
> VR := VO - VC1;
VR := 74.95155812 + 28.40216896 1
> VRmax := abs(VR);
VRmax := 80.15247511

9.4.2 Bridges

The Wheatstone bridge is applicable to an impedance circuit; the balance condition occurs on
simply replacing the resistance R with the impedance Z,

Z _ Z%Z:«]
Zy

, 9.31)

x

An impedance bridge is useful for measuring an unknown impedance. For instance, if one
seeks to measure an unknown capacitance, to be designated C.;, one can use the bridge shown
in Figure 9.9.

The impedances are

- - - 1 ~ 1
Z/1=R Jo =R Z3 =R —_— Ze =R, - .
1 1, 2 2, 3 3+iwCS’ +szm
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R, R,

) ©
Cs c,
R R,

Figure 9.9: Bridge to compare capacitance.

Substituting these into the balance condition, we obtain

1 R2 (R3 + iwle)

Ry + - .
+ iwCy, R,y
Comparing real and imaginary parts, we find
RyR3 R, Cy
Ry=——, (C,= .
IRy Ro
Worksheet 9.10

9 Electric Circuits

(9.32)

The Re and Im commands serve to extract the real and imaginary parts of

a complex number. For two complex numbers to be equal, both their real and imaginary parts

must separately be equal.

> assume(R1, real, R2, real, R3, real, Rx, real, Cs, real, Cx,

real,

omega, real):

Z1 := R1;
Z1 = R1
> Z2 := R2;
Z2 .= R2
> Z3 := R3 + 1/(I*omegaxCs);
1
48 = —
S o= IR o Cs
> Z4 := Rx + 1/(I*omegax*Cx) ;
I
Z4 = Rx —
4 Y=
> Eql := Z4 = Z2%Z3/Z1;
I
. ne(woL)
Eql := Rx — v

ow:

R1
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> Eq2 := evalc(Eql);
I R2 R3S R21
Fqz .—Rx—wa " RI  RiwCs
> Eq3 := Re(1lhs(Eq2)) = Re(rhs(Eq2));
R2R3
Eq3 = =
q3 Rz Tl

> Eg4 := Im(lhs(Eq2)) = Im(rhs(Eq2));

1 R2
Bad = “wCr  RlwCs

> Egb := isolate(Eg4, Cx);

R1 Cs
R2

Eq¢5 = Cr =

See an exercise at the end of the chapter for another kind of impedance bridge, the Maxwell
bridge, in which the standard capacitor is in parallel with a variable resistor. One can similarly
obtain the values of R, and L, from the balance condition.

Exercises

1. In Section 9.1, we derive a formula for the delta-star transformation, which expresses
R, Ry and R, in terms of R;, Ro and R3; see Figure 9.1. Conversely, we can derive
the star-delta transformation: that is to find R, Ry and R3 in terms of R,, R and R, by
solving the three equations of (9.4).

2. Referring to the Wheatstone bridge in Figure 9.2, let R3 = aR;, Re = (R, then the
balance condition gives R, = «ofR;. We want to determine the potential difference
between a and b when R} is slightly changed, and also the value of « that results in the
greatest potential difference.

(a) If Ry is changed to R} = (1 + )Ry, provided z is small, then
Vo — Vo =i1R] —i2Ro,

where
LV LV
""R+Rs’ ? Ra+R.
Show that
Vo, —V, ax
VE == )
Vs (1+a)(1+a+x)

which is independent of (3. Make a plot of V" as a function of = and «, which should
resemble Figure 9.10.
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Figure 9.10: Potential difference as a function of « and .

(b) With z fixed, at what value of « does V' resume a maximum? This is the condition
for maximum sensitivity.
Answer: a = /1 +  (~ 1 for small ).

In Figure 9.4 (b), suppose that a capacitor is initially charged with g, and S5 is closed at
t = 0. Find charge ¢ in the capacitor as a function of time, and plot this function.

Considering the RL circuit in Figure 9.5, suppose that switch S; has been closed for long
enough so that the stable current is V;)/ R. At one instant ¢ = 0, Ss is closed and S; is
open. Find current as a function of time, and plot this function.

I

Figure9.11: RC circuit.

R

For the circuit with R = 1000 €2 and C' = 0.1 pF shown in Figure 9.11, one sets the
power supply to output a sine wave at 2000 Hz and 10 V. The voltage across the capacitor
Vi is measured by an oscilloscope.

(a) On application of Kirchhoff’s rule, the differential equation governing this system is

: dq(t) ,  a(t)
10 2nft) - ——R — —~

sin(2 ft) I C

where f = 2000, R = 1000, and C = 0.1 x 105, Solve this equation for ¢(t); the

voltage across the capacitor is ¢(t)/C.

207

(b) Make a plot of both voltage of the source V; and voltage across the capacitor V¢ as
functions of time, which resembles a display on an oscilloscope in the z—t mode;
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Figure 9.12: Display on an oscilloscope in z—t mode and z—y mode.

a phase difference should be noticed. Make another plot in parametric form of V
and V-, which resembles a display on an oscilloscope in the z—y mode, which is a
Lissajous figure. Both results are displayed in Figure 9.12.

6. For aparallel RLC circuitin Figure 9.13 driven by an alternating power supply with root-
mean-square voltage Vi, and angular frequency w, find the root-mean-square current
delivered by the source and its phase angle relative to the voltage.

Figure9.13: RLC circuit in parallel.

7. Figure 9.14 shows the Maxwell bridge; from the balance condition, find R, and L, in
terms of known components Ry, Rs, R3 and Cs.

Rl RZ

S

Figure 9.14: Maxwell bridge.
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10 Waves

In this chapter we introduce wave phenomena. This topic gives us the opportunity to integrate
mathematical skills acquired in solving partial differential equations and expanding functions
in Fourier series and integrals, introduced mainly in Chapters 5 and 7. Knowledge of waves is
important in our treatment of quantum mechanics in subsequent chapters. We also discuss the
generation of electromagnetic waves through electric-dipole radiation, which is an example
of solving the time-dependent Maxwell equations. Electromagnetic waves are the foundation
of our treatment of physical optics in the next chapter. A wave is described by a function of
space and time, in which Maple can produce animations so that we can visualize the motion.

10.1 Wave Equation

Mathematically, a wave is a function of space and time that satisfies this equation,

1 0%
T2 92
which is a partial differential equation of second order in space and second order in time; v
denotes the wave velocity. Many physical phenomena related to oscillation can be described

by waves. For example, a wave equation can describe the surface of a water wave, or sound,
which is the oscillation of air density.

V2 (10.1)

In one dimension, the wave equation is

P(a,t) _ 1 Pl t)

0x? v2  Ot?

We use Maple to solve this one-dimensional wave equation.

. (10.2)

Worksheet 10.1 A partial differential equation is generally difficult to solve; Maple has a
command pdsolve for this purpose.

> Eql := diff(psi(x,t), x$2) = 1/v-2*diff (psi(x,t), t$2);

82
2 ot2 w(!ﬂ» t)
Eql = % Yz, t) =222 7 —

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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> Solnl := pdsolve(Eql, psi(x,t));
Solnl :=¢(z, t) = _Fl(vt+z) + _F2(vt—x)

According to Maple output with slight modification, the solution of the one-dimensional wave
equation is expressed in the general form,

Y(x,t) = F(z —vt) + G(x + vt), (10.3)
which is d’ Alembert’s solution.

In equation (10.3), F' represents a wave propagating in the positive x direction with speed v,
whereas GG is a wave propagating in the negative = direction. We invoke Maple’s animate
command to illustrate wave motion. An animation consists of plot frames displayed one after
another, sequentially. Displaying animation in a book is difficult because a still picture fails to
convey the dynamic behavior. The reader should enter these commands into a Maple session
to enhance their understanding.

Example10.1 Observe the motion of the wave functions
Y(x,t) =5.0 e (@=8.00)°
and

P(x,t) = 5.0 @37,

Solution  We can produce an animation by directly entering the wave function under the
animate command.

Worksheet 10.2 The animate command is straightforward. If we alter the sign of v in the
worksheet to +3.0, we can generate the other type of solution of the wave equation, which
propagates in the negative x direction.

> with(plots):

Warning, the name changecoords has been redefined

> animate(plot, [5.0*exp(-(x-3.0%t)"2), x=-5..15], t=0..3,
numpoints=200) ;
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2 4 6 8 10 12 14
X

In this worksheet we display a still picture at one instant. We call this function of space
Y(x,to) the wave profile.

The most familiar wave has a sinusoidal profile, which is a plane wave. Such a wave is
characterized by wavelength )\ and period 7', and is described mathematically as

Y(x,t) = Asin(kx — wt + 0), (10.4)

where 9 is the phase angle. The cosine serves equally well for this purpose. In this equation,
k is the wave number that is related to the wavelength X as

21

k=— 10.5
T (10.5)
and the angular frequency w is related to the period 1" as
27
= —. 10.6
w= T (10.6)

Because this function must satisfy a general solution for the wave, w and k are related by
w = kv, (10.7)

where v is the phase velocity of the wave.

Example 10.2 Observe the motion of these three functions:
f1 =sin(z —t),
fo = sin(z +t),
fa=fi+ fo
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Solution An animation is readily produced on entering these functions directly; we omit the
output plots.

Worksheet 10.3

with(plots):

f1 := sin(x-t);

£f2 := sin(x+t);

animate(plot, [f1, x=-4%Pi..4*Pi], t=0..4%Pi);

animate(plot, [f2, x=-4%Pi..4*Pi], t=0..4%Pi);

pl := animate(plot, [fl, x=-4%Pi..4xPi, color=blue], t=0..2%Pi,
numpoints=200, thickness=1):

> p2 := animate(plot, [f2, x=-4%Pi..4*Pi, color=yellow], t=0..2%Pi,
numpoints=200, thickness=1):

> p3 := animate(plot, [f1+f2, x=-4%Pi..4*Pi, color=green],
t=0..2*Pi, numpoints=200, thickness=2):

> display([pl, p2, p31);

vV V. V V V V

Running this animation, one can observe the behavior of wave f3, which is formed on adding
f1, a wave traveling to the right, and fs, a wave traveling to the left. It appears that f3 does
not propagate; it simply oscillates up and down in a fixed pattern. The mathematical formula
for the composite wave f3 is

sin[k(z — vt)] + sin[k(x 4+ vt)] = 2sin(kx) cos(kvt). (10.8)
Worksheet 10.4

> fl:=sin(k*x(x-v*t)); f2:=sin(k*(x+v*t));
f1 :=sin(k (z —vt))
12 :=sin(k (v +vt))
> f£3 := f1 + £2:
> expand(£3);
2sin(k x) cos(kvt)

According to this formula, at any fixed x, the wave oscillates with frequency w = kv and
amplitude 2 sin(kx). We refer to this characteristic as a mode, which is a pattern of motion
that at any point moves sinusoidally, and for which all points move at the same frequency. The
amplitude of a mode vanishes at points for which sin(kz) = 0, that is,

2 3w )

™
:0—— _—
€T Jk:?k:? k



10.2 Mbrating String 287

these points are nodes. The distance between successive nodes is 7 /k, which is half a wave-
length for the corresponding mode. Complicated motion can be analyzed by combining vari-
ous modes, which we will discuss in the next section.

10.2 Vibrating String

We consider the physics of a vibrating string, that is, a wave on a string of length [, fastened
at both ends z = 0 and z = [. Such a situation is commonly observable for some musical
instruments, for instance, a violin string. To describe motion of a wave under these conditions,
we seek to find the solution of the wave equation,

(1) _ 1 9(x,1)

= 10.9
Ox2 vz o2 (109

which is subject to the boundary conditions,
¥(0,t) =0, (,t)=0, t>0. (10.10)

Moreover, suppose that the string is plucked from its null position f(z) and released with a
velocity g(x) at time ¢t = 0, so that this string begins to vibrate. We impose the corresponding
initial conditions,

Y(2,0) = f(2), (10.11)
and

oY _

o . = g(x). (10.12)

Separation of variables, discussed in Chapter 7, is the method that we apply to solve this
problem. Let ¢)(z,t) = X (x)T'(t), and assign a constant —n?k? after separation of variables;
the solution for the spatial equation is

X (z) = sin(nkz),
and for the temporal equation,
T(t) = acos(nkvt) 4+ bsin(nkuvt).

Because the spatial solution is subject to boundary conditions, of which one is X (1) = 0, we
must have

nkl = nx, k= ? (10.13)
The general solution is a linear combination of terms with various n,
U(x,t) = Z sin(nkx)[a, cos(nkvt) + by, sin(nkvt)]. (10.14)

n=1
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This solution is a combination of modes, each characterized by an integer n. This solution
reflects an important principle of a linear system: any motion can be expressed as an expansion
in distinct modes. The frequency corresponding to a mode is nw = nkwv, which can only occur
at certain discrete values. The condition n = 1 denotes the fundamental frequency; n > 1
denotes a harmonic, which can only be an integer multiple of the fundamental frequency. For
this general form, coefficients a,, and b,, are simply obtained as Fourier coefficients:

!
ap, = %/ f(z)sin(nkz) dx, (10.15a)
0
2 ! ,
b, = nkvl/o g(z) sin(nkx) dz. (10.15b)

Be aware of a subtle difference of the definition of k& between these equations and the Fourier
series in Section 5.1, because, for the fundamental mode, the distance between the nodes is [,
which is half a wavelength. We can regard f(z) and g(z) as odd functions with period A = 21,
such that f(z + 20) = f(z).

Example10.3 A string of length [ = 3 is disturbed at ¢ = 0 with an initial displacement

0<x <1,

10.16
1<z <3, ( )

|8

there is no initial velocity. Find the wave function ¢(x, t) for ¢ > 0.

Solution We have evaluated the Fourier coefficients of a similar function in Section 5.1; in
that problem the function is a full wave, so L = 3, but here it is a half wave, so [ = 3 and
A = 2] = 6. Therefore k differs by a factor of 2:

!
ap, = %/ f(z)sin(nkz) dx.
0

The integrals are readily evaluated with Maple, which yields the result

93 . 7wz mut n 93 | 27 2mot
sin — cos — sin — cos
272 3 3 82 3 3

9\/3 sin 47r_x CcoS dmut — 9\/3 sin 5ﬂ CcoS o7t
3272 3 3 5072 3 3

7/’(% t) =

+...

Worksheet 10.5 We evaluate the coefficients, employing the exact method of Chapter 5. We
animate the wave motion described by ¢, which is a function of = and ¢, using the animate
command.
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k:=—
3
N := 10:
for n from 1 to N do
L :=3: v :=1:
k := Pi/L;
™
k= —
3
N := 10:

for n from 1 to N do

a[n] := 2/L*(int(x*sin(n*k*x), x=0..1)
+ int((3/2 - x/2)*sin(n*k*x), x=1..3)):
end do:

n :=’n’:

Epr2 := add(aln]*sin(nxk*x)*cos(nxk*xv*t), n=1.

with(plots):

Warning, the name changecoords has been redefined

>

animate(plot, [Epr2, x=0..L], t=0..6, scaling=constrained);

N
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Most partial differential equations admit no analytic solution; thus we must resort to numerical
methods. Numerical solution of a partial differential equation involves more complicated tech-
niques; a widely used one is the finite-difference method. Commercial programs are available
to solve partial differential equations numerically, and Maple implements some algorithms.
The reader might obtain information from help under pdsolve [numeric]; this command
accepts only certain types of boundary-value problems and is subject to improvement. A vi-
brating string is one type of problem suitable for pdsolve with option numeric; we present
the worksheet below. Because application of this command is limited at this stage, we do not
explore this topic any further.
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Wor ksheet 10.6

> Eql := diff(psi(x,t), x$2) = diff(psi(x,t), t$2);
> Eq2 := {psi(0, t)=0, psi(3, t)=0};
>

Eq3 := {psi(x, 0)= piecewise( x >= 0 and x <= 1, x, x > 1 and x
<= 3, 3/2-x/2), D[2] (psi)(x,0)=0};

> Solnl := pdsolve(Eql, Eq2 union Eq3, numeric);

> Solnl:-animate( psi(x,t) ,t=0..2xPi, scaling=constrained);

10.3 Sinusoidal Wavesin Linear Combinations

The result of the preceding section indicates that a wave confined to 0 < x < [, or a periodic
wave (x + [,t) = 1(z,t), can be expressed as sinusoidal waves in linear combination,
which is the Fourier series listed in equation (10.14). For given initial position and velocity,
the Fourier coefficients are evaluated according to equation (10.15).

We extend this concept to any wave that satisfies the wave equation in a domain —oo < <
00; such an extension is naturally a Fourier integral. Before discussing this topic, we define
our prospective notation; we then introduce an important theorem: the uncertainty principle
related to the Fourier integral.

10.3.1 Complex Notation

Exponentials are generally easier to manipulate than sines and cosines. Euler’s formula
e = cosf +isind (10.17)

relates these functions so that we can express a sinusoidal wave in complex notation. We
have shown how to use complex numbers for an electric circuit, and the advantage of using
complex numbers becomes further evident in Section 11.2; we devote this section to notation
because it is sometimes a source of confusion.

A sinusoidal wave has the general form
Y(x,t) = Acos(kx — wt + 0), (10.18)

where § is the phase angle. According to Euler’s formula, this can be written as

bla,t) =R {Ae“’”—wf”)} . (10.19)
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We introduce a notation for a complex wave function, indicated by tilde,
O(x,t) = Aetlkr—wt) (10.20)

and

A= Ae®. (10.21)

The complex amplitude A absorbs the phase angle; hence it contains information of both
amplitude A and phase angle 9, both real numbers. We can find the magnitude of the amplitude
as a complex scalar product of A with itself,

A% = AA*, A=VA2 (10.22)

Because measurement of a physical quantity yields a real number, our interest typically lies in
the real part of a complex wave function,

P, t) = R{P(x,1)}. (10.23)

In some literature, a wave function in complex notation is written without a tilde; such an
omission might result in confusion between A and A. In this and the next chapter we make
an effort to distinguish a complex number from its magnitude, which is a real number, by
deploying a tilde to denote the former. One should be aware that, for a sinusoidal wave
expressed in complex notation, the amplitude should always be regarded as a complex number.
In the case when the tilde is lacking, the complex amplitude A can be expressed in the polar
form,

A=|Ale?,

Some authors intend this expression for equation (10.21): one should exercise due care with
notation.

10.3.2 Fourier Integrals

A wave 1(z, t) in a domain —oco < 2 < oo can be represented as a Fourier integral,

Y(z,t) = W%{/m d(k)em—wtdk}, (10.24)

where &(k) is the Fourier transform; we here employ the complex notation.

Similar to a problem in Fourier series, if we are supplied initial conditions, such as initial
position and velocity at t = 0,

Y(z,0) = f(), (10.25)
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and

oy

50| =), (10.26)

t=0

we can calculate the Fourier transform,

1

o1/ /_OO {f(a?) + ég(x)] e R . (10.27)

d(’“):(27@

One should find the analogy between this equation and equation (10.15), for which we omit

the derivation.

We mention above in relation to equation (10.7) that, for a sinusoidal wave, the wave velocity
is

This velocity v is called the phase velocity. In a dispersive medium the phase velocity varies
for each frequency component of the wave; w and k are thus not independent variables. We
write the angular frequency w as a function of the wave number £,

w = w(k). (10.28)

Because w depends on k, it must remain inside the integral in equation (10.24).

10.3.3 Uncertainty Principle

Although the uncertainty principle is often regarded to be of a quantum nature, it is actually a
property of any wave, related to the Fourier integral.

An infinitely long periodic wave with a constant amplitude, such as A sin(kox), is a featureless
carrier that cannot transmit information. To transmit information, we must truncate the wave
to form a finite wave train of length Az. The speed with which this wave train propagates is
called the group velocity. In a dispersive medium, we define the group velocity as

dw(k)

o (10.29)

Ug:

This quantity typically differs from the phase velocity, which is w/k.

Like any other wave, a wave train can be represented as a linear combination of many sinu-
soidal waves of wave number k; the amplitude of each sinusoidal wave is just the Fourier
transform a(k). We make an observation of two functions and their Fourier transforms. To
simplify our discussion, in this section the initial velocity g(x) is of no concern.
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Example 10.4 We have a wave cos(kox) enveloped through these two functions:

1 —1<91:<1
A=< 2 7
0, .’E<—§, §<.’E,
and
2, —1<x<1,
fa(z) = SRR
O, JJ<—Z, Z<JJ.

Find their Fourier transforms.

Solution  Without loss of generality, the wave number kg can be set to an arbitrary value;
for convenience we set it to zero. We have performed Fourier transformation of this type in
Section 5.2:

ak) = \/%/ ek dy = \/gsmkka. (10.30)

We display the graphical output.

Worksheet 10.7 The Fourier transform and its plot can be conveniently produced by Maple
with the int and plot commands.

> f1 := piecewise(-1/2<x and x<1/2, 1, x<-1/2, 0, 1/2<x, 0):
> plot(fl,x=-2..2);

f
H
0.8
0.6 1
0.4
0.2
-2 -1 0 1 2
X
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>

10 Waves
gl := 1/sqrt(2*%Pi)*int (1*exp(-I*k*x), x=-1/2..1/2):
> gl := simplify(gl):
> plot(gl,k=-8+Pi..8%Pi);
alpha
A7
0
7 \
1
L1
QZj \
/ 4
[ 1 |
(019 |
/ 1\
4 \\
-20 10/ O 1bk 20.
> f2 := piecewise(-1/4<x and x<1/4, 2, x<-1/4, 0, 1/4<x, 0):
> plot(£f2,x=-2..2);
f
2
15-
1
0.5
= ] 0 1 2
X
> g2 := 1/sqrt(2xPi)*int (1*xexp(-Ixk*x), x=-1/4..1/4):
g2 := simplify(g2):
> plot(g2,k=-8+Pi..8%Pi);
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alpha
0.2
15
0.1

0.05 -

20 _10 0/ 10 20

From the plots in the worksheet, we see that Fourier transform &(k) is a function with a
maximum at ko (which we set to zero) and breadth of order Ak. The sharper the function, the
broader its Fourier transform. Before we define Ax and Ak exactly, we estimate their orders
of magnitude from the graph. For the first function, Az ~ 1/2 and Ak ~ 27 (the symbol
~ denotes an estimate of order of magnitude), and for the second function, Az ~ 1/4 and
Ak ~ 47. We see a trend that

Az Ak ~ 7.

To state this result quantitatively, we define the root-mean-square deviations of the position
and the wave number as

C(frrf)dy * 2 __

respectively, where f* and &* are complex conjugates of the position function and its Fourier
transform.

For any wave function, there is an uncertainty relation,

Az Ak > (10.32)

DN | =

Instead of a proof of this property, we offer an example. The equality sign applies to the
Gaussian function; we perform a calculation for such a function.
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Example10.5 A Gaussian function is defined as

1 2

f(x) = e 27, (10.33)

2mwa

where a characterizes the width of the profile. Find the Fourier transform of a sinusoidal wave
enveloped by this function, and verify the uncertainty relation.

Solution  Again we set the wave number ky = 0. The Fourier transform of a Gaussian
function is

a(k) = E/ fem* dy = \/%e_Tk. (10.34)

This Fourier transform is also a Gaussian function, but a appears in the numerator, not the
denominator. We use the definition in equation (10.31) to find the root-mean-square deviation.
From symmetry, T and k are zero. We have

SO (fa?flde o2

2

T P T
and
= ffooo(ozk2a)dk _ 1
[oo(a®)dk 2a?
therefore,
Ax Ak = %

Worksheet 10.8 Basic Gaussian integrals can be readily evaluated by Maple.

> assume(a>0);
> f := 1/(sqrt(2xPi)=*a)*exp(-x~2/(2¥a"~2));

z2
1 ﬁe(—m)
= 2 /ma
> g := 1/sqrt(2+Pi)*int (f*exp(-I*k*x), x=-infinity..infinity);

a? k2

._1\/56(_ % )
=3 Nz

> xsq := int((f*x)~2, x=-infinity..infinity)/int(£f"2,
x=-infinity..infinity);

a2
g ==
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> ksq := int((g*k)~2, k=-infinity..infinity)/int(g"2,
k=-infinity..infinity);

1
ksq := —
= 9q2

> Eprl := sqrt(xsq)*sqrt(ksq);

1
Eprl .= —
& 2
When we replace x with ¢, and k& with w, we obtain the uncertainty relation in the domain of

time and frequency,

At Aw > (10.35)

N~

Suppose that we seek to approximate a pulse, which is a wave train of finite duration, by
sinusoidal waves; the briefer the time interval, the broader the frequency required. This uncer-
tainty relation plays a crucial role in communication. The limiting speed of data transmission
is determined by the duration of each piece of the signal: the smaller At, the more information
can be delivered in unit time. To abbreviate a pulse, one must increase the bandwidth Aw.

In quantum mechanics, the frequency is energy divided by the Planck constant h, and the wave
number is the momentum divided by the Planck constant. Thus the uncertainty principle of

Heisenberg is related to the wave property of matter; we will discuss this topic in Chapters 13
and 14.

10.4 Gaussian Wave Packet

A Gaussian wave packet is a sinusoidal wave at a particular wavelength modulated by a Gauss-
ian function, defined in the preceding section; we write it as

22
f(x) = e 2a% cos(kox). (10.36)
Using complex notation for convenience, we express f(x) as
z? -
fz) = m{e—memow}. (10.37)

To find the time evolution of a Gaussian wave packet, we express it in terms of a Fourier
integral. The calculation of the Fourier transform is straightforward:

a(k) = ae =5

(k—ko)* (10.38)
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To express the wave as a Fourier integral, we must specify w = w(k). According to a common
model,! w depends on k to the quadratic power:

27.2
w = wp (1 + %) . (10.39)

With this w, we express the wave with its time evolution as a Fourier integral:

W@t = oo (;1/23? {/ e 752(‘““%)1 ei[kw-wo<1+b2k2/2>ﬂdk}. (10.40)
™ — 0o

Maple can evaluate this integral exactly (see worksheet); we omit listing the result because in
quantum mechanics we will again consider a Gaussian wave packet. The result is still a wave
modulated with a Gaussian function, moving at group velocity

dw(k)

o = wob?ky. (10.41)

k=ko

Ug:

The width of the Gaussian function is
1/2

5 2
14 (b;flot) ] , (10.42)

which increases with time. From the animation, we can observe that the Gaussian wave packet
“diffuses” when propagating in a dispersive medium.

Worksheet 10.9 We use Maple to evaluate Gaussian integrals; we plot the wave function
¥ (x,t) in a three-dimensional graph, and produce an animation.

assume(a>0, b>0, omega0>0, t>0);
f := exp(-x~2/(2xa~2)) *exp (I¥k0*x) ;

fi= e(—%) e(kOz 1)

> alpha := 1/sqrt(2*Pi)*int (f*exp(-I*k*x), x=-infinity..infinity);

a2 (—k0+k)?2
a=e """z )

> omega := omegalOx(l + 1/2xb~2xk~2);

21,2
w:= w0 <1+b2k )

I'The interested reader might consult Jackson 1999, Sections 7.8 and 7.9 for the spreading of a pulse as it propa-
gates in a dispersive medium.
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> psi

:= 1/sqrt (2*Pi)*int (alpha*exp (I* (k*x-omega*t)),

> k=-infinity..infinity);

> psil :

> psi2 :

1/21 (a? k02 w0t b2 42w0ta? 42T w02 202202 k0 z—22 I))

. \/ﬁe(_ a2+w0tb2 T a
B V2a2 +2Tw0tb?

(U

eval (Re(psi), {a=0.5, b=1, omegal=1, k0=1});

—1/271(0.75t4+21t2-0.50z—221)
6( 0.25+¢ 1 )

1:=05v2R
v v2 V0.50 421t

eval (Re(psi), {a=5, b=1, omegalO=1, k0=1});

—1/21(75t421t2—50x—221) )
e 25+t I

vo0+21t

P2 :=52R

299

> plot3d(Re(psil), t=0..6, x=-12..25, axes=boxed, numpoints=800) ;
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> plot3d(Re(psi2), t=0..6, x=-12..25, axes=boxed, numpoints=800) ;
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> with(plots):

Warning, the name changecoords has been redefined

> animate(plot, [Re(psil), x=-20..120], t=0..60, numpoints=200);

> animate(plot, [Re(psi2), x=-20..120], t=0..60, numpoints=200);
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According to these plots, the shape of the wave profile varies as it propagates. The broad
packet (koa > 1) distorts slowly, but the narrow packet (kga < 1) broadens rapidly.

10.5 Two-dimensional Circular Membrane

The wave equation in three dimensions is

1 9%
Vi = — . 10.43
V= ( )
The Laplacian V2 can be expressed in various coordinate systems, as we have examined in
Chapter 7. Most techniques for solving a partial differential equation related to the Laplacian
introduced in the theory of potential are applicable to wave equations.

In this section we consider a two-dimensional circular membrane, such as a drum. It is ap-
propriate to use polar coordinates p and ¢, which can be considered as cylindrical coordinates
without the z component. Modifying the formulation in Section 7.6 in which we discuss the
Laplace equation in cylindrical coordinates, we directly obtain a solution of the wave equa-
tion in polar coordinates. A differential equation to describe the oscillatory motion of the
two-dimensional circular membrane is

0% 1% 10% 1 0%

gy tw oY __"2V¥ 10.44
Op2  p0dp p20g? w2 Ot (10.44)

where 1) is a function of p, ¢ and ¢,

’[Z) = 7/’(%% d)at)

As the surface of the drum is fixed at p = a, the radius of the drum, the boundary condition is

Y(a, ¢,t) = 0. (10.45)

When the drum is excited by an initial displacement, the initial condition is

Y(p,#,0) = f(p, 9). (10.46)

We suppose that there is no initial velocity, although to include such a contribution is not
difficult.

To solve this equation, we again apply the technique of separation of variables, letting 1) =
R(p)®(¢)T'(t); we adopt results directly from the Laplace equation in cylindrical coordinates
in Section 7.6. Comparing equation (10.44) with the boundary-value problem for the potential
in cylindrical coordinates,

V19V 19V PV

o7t oap T e T 0 104D
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we find the only difference to be
o0?V 1 0%
922 2o
We thus replace Z with T as
Z(z) = sinh(kz) — T'(t) = cos(kut).
The angular and radial solutions are the same,
®(¢p) = Asin(me) + B cos(mo)
and
R = ClJpm(kp),

respectively (J,,, (kp) is the Bessel function of order m). According to our boundary condition,
the wave function must vanish at p = a; k thus takes only special values,

jr— "”’;" n=1,23,..., (10.48)

where x,,,,, are the roots of the Bessel functions J,,, (%, ) = 0, listed in Table 5.2.

The general solution for a two-dimensional wave equation in polar coordinates is

»(p, P, t) = Z Z I (Emn p) €O8(Kmnvt) [Amn sin(me) + By, cos(mg)]. (10.49)

m=0n=1

For each pair of m and n, this solution corresponds to a mode in two dimensions. Recall that
amode is a pattern of motion that oscillates at a fixed frequency: in one dimension it is char-
acterized by only one index n, with frequency nkv; in two dimensions it is characterized by
two indices m and n, with frequency k,,,,v. Two-dimensional vibration can also be analyzed
in various modes; it is a Fourier series in ¢ and a Fourier—Bessel series in p, for which the
coefficients are evaluated from an initial condition f(p, ),

2 2 a )
Apn = m/{) dd)/o dppf(p: @) Jm (kmnp) sin(me), (10.50)
and
2 2 a
B = iy [, 4 | 0080, 000 nnp)costma). 105D

All these calculations are identical to those encountered in relation to the theory of potential.

Example10.6 A circular membrane of radius a = 1 is excited at ¢ = 0 with an initial
displacement

¥(p,9,0) = f(p,¢) = pla — p) cos(2¢).
Find the wave function ¢ (p, ¢, t) for t > 0.
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Solution Because this initial condition contains cos(2¢), the Fourier series is nonvanishing
only for terms of B,,,,, with m = 2. We have

/ " leos(26)Pdé =
0

we thus find B»,, as

2 a
Bon = m/@ plp(a = p)]J2(k2np) dp.

The wave numbers are

Fop = 2L 514, hgy = 222 — 842, kog = 22 1162, oy = 222 —14.80,....
a a a a

We have exploited an expansion of this type numerous times. The wave function is

U(p, o, t) 0.53J2(5.14p) cos(2¢) cos(5.14vt)

0.098.75(8.42p) cos(2¢) cos(8.42vt)
0.088.J5(11.62p) cos(2¢) cos(11.62vt)
0.034.J5(14.80p) cos(2¢) cos(14.80vt)

++ 4+

The frequencies of the first four modes are hence

w21 = kzlv = 5.14’0, w292 = kgg’l} = 8.42’0,
w23 = kzgv = 11.621}, Wa4 = k24’U = 14.801}, seey

which are proportional to the roots of the Bessel functions listed in Table 5.2. Recall that for
a one-dimensional vibrating string the frequencies are kv, 2kv, 3kv, ..., because the roots
of sines occur at 7, 2w, 37, .... Unlike the situation of a one-dimensional vibration, the
frequencies in a two-dimensional vibration are not simple multiples of each other; this lack of
harmony provides an explanation as to why the sound from a percussion instrument, such as
a drum, is cacophonous.

Worksheet 10.10 The procedure to calculate expansion coefficients is identical to that in
Section 7.6. We produce an animation in three dimensions using the animate command.

> x2[1] := evalf(BesselJZeros(2,1));
21 := 5.135622302
> x2[2] := evalf(BesselJZeros(2,2));

29 := 8.417244140
> x2[3] := evalf(BesselJZeros(2,3));
223 := 11.61984117
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>

x2[4] := evalf (BesselJZeros(2,4));
24 := 14.79595178
x2[5] := evalf (BesselJZeros(2,5));
25 := 17.95981949
a :=1; v :=1;
a 1
v 1
N := b:

for n from 1 to N do

k2[n] := x2[nl/a;

end do:

for n from 1 to N do

B2[n] := 2/(a~2*BesselJ(3,k2[n]*a)"2)*int (rho*rho*(a-rho)

*BesselJ(2,k2[n]*rho), rho=0..a);

10

Waves

end do;

B2, :=0.5273837770

B2 := 0.09805457534

B23 :=0.08758732210

B2, := 0.03433336328

B25 = 0.03495744094
psi := add(B2[n]*BesselJ(2,k2[n]*rho)*cos(2*phi)*cos(k2[n]*v*t),
n=1..N);

1 := 0.5273837770 BesselJ(2, 5.135622302 p) cos(2 ¢) cos(5.135622302 t)

+ 0.09805457534 BesselJ(2, 8.417244140 p) cos(2 ¢) cos(8.417244140 ¢

-+ 0.08758732210 BesselJ(2, 11.61984117 p) cos(2 ¢
+ 0.03433336328 BesselJ(2, 14.79595178 p) cos(
( ) cos(

+ 0.03495744094 BesselJ(2, 17.95981949 p) cos
with(plots):

2¢
2¢

Warning, the name changecoords has been redefined

animate(plot3d, [[rho*cos(phi), rho*sin(phi), psil], rho=0..a,

>

>

phi=0..2%Pi], t=0..2xPi/(v*k2[1]));

)
) cos(11.61984117¢)
) cos(14.79595178 ¢)
) cos(17.95981949 1)




10.6 Electromagnetic \Waves 305

In the above example, we deliberately choose a problem for which expansion as a Fourier
series only requires one particular m, but undertaking an expansion with many m terms is
straightforward.

If the initial velocity is not zero, we must include an extra term in the temporal component:
T(t) = C cos(kmnvt) + D sin(kpy,vt).

For this situation there is an exercise at the end of the chapter.

10.6 Electromagnetic Waves

We have studied electromagnetism in static conditions in Chapters 6, 7 and 8. The complete
theory of electromagnetism is governed by the time-dependent Maxwell equations,

v.E=2, (10.52a)
€0
OB
V-B=0, (10.52¢)

OE
V x B = puoJ + poeo (10.52d)

ot
If there is no source, that is p = 0 and J = 0, we can prove that these electric and magnetic
fields conform to wave equations:

2 2E
V2E = - 10.53
Ho€o 27 ( )
and
’B
V?B = Hoco 505 (10.54)

see an exercise at the end of this chapter. Each Cartesian component of the electric and
magnetic fields satisfies the wave equation, in which the wave velocity is

1
\///4050.

Substituting in the values of permittivity and permeability of free space, we evaluate this
velocity to be

(10.55)

v =

v =1299792458 ms !,
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which is precisely the speed of light c. This astonishing result provides strong evidence that
light is an electromagnetic wave. One might be less impressed by this fact because the rela-
tion ¢ = \/ﬁ is exact by definition in SI units, but the introduction of €y and p is from
experiments in electrostatics and magnetostatics: Coulomb’s law in equation (6.1), and the
Biot—Savart law in equation (8.9); the speed of light inevitably arises from the permittivity
and permeability independent of the choice of units. We will discuss the interference of elec-

tromagnetic waves in Chapter 11; here we discuss the excitation of electromagnetic waves.

A general solution of the time-dependent Maxwell equations is found on first calculating the
retarded scalar and vector potentials,

1 £
Vir,t) = —/Mdvg, (10.56)
47‘(60 T12
and
I(ra,t,
A(ry,t) = @/MWQ, (10.57)
47T T12

respectively, where the retarded time is

ty=10——. (10.58)
c

We denote r; as the position vector for the field point, ry as that for the source point, and ry2
as the separation vector, just as defined in Section 6.1.

After we calculate the potentials, we obtain the electric field as

0A
E=-VV - — 10.59
VV - (10.59)
and magnetic field as
B=V xA. (10.60)

We apply it to radiation from an electric dipole.

10.6.1 Electric-dipole Radiation

The most common method of generating an electromagnetic wave involves a dipole radiator,
which is an electric dipole oscillating at frequency w, see Figure 10.1, for which

q = qo cos(wt). (10.61)

The maximum magnitude of this dipole moment is

P = qod.
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Figure 10.1: A radiating electric dipole.

We first calculate the scalar and vector potentials. For two point charges, the integral for the
retarded scalar potential becomes a sum of two terms,

Ve - L {LIO coslolt =7/l | —aveosl(t — /) } e
dmeo T2 712
where
i = \/r2 Fridcosf + (d/2)2. (10.63)
Because the current is
dq . . .
I(t) = 2= "0 sin(wt)z, (10.64)
the retarded vector potential is
dj2 . ‘_ N
A(rht)::ﬁﬁt/‘ qowsinjw(t —rz/0)lz (10.65)
A J_as2 r12
where
rig = \/7“% —r12z9c080 + (22/2)2. (10.66)

In most situations we employ approximations to simplify the expressions, which we summa-
rize as

d< A< . (10.67)

Justifications of these approximations are that the physical size d of the electric dipole is much
smaller than the wavelength, A = 27¢/w, and that an observer is located far from the dipole.
We expand the scalar potential V' as a function of d and retain only the linear d term. After
such an expansion, we discard any term containing r to more negative powers than —1:

pw <cos 0

4dmege 1

> sinfw(t — r1/c)]. (10.68)
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For the vector potential, because we make observations at a distance r, much larger than
wavelength A, we treat the integrand simply as a constant at 719 = 71:

A= Mo <i> sinfw(t — r1/c)]z. (10.69)
4 T1

Hereafter we omit the subscript on 71 for V(ry,¢) and A(rq,t), bearing in mind that r is the
length of the position vector for the field point.

We proceed to evaluate the electric and magnetic fields. To calculate the curl and gradient of
these vectors, spherical coordinates are convenient. We convert the vector potential from a
Cartesian basis to a spherical basis, according to equation (6.18),

z =cosfr —sinf 6,

SO

e (eosO\ e (sind
A= p sin[w(t r/c)]( . >r+ y sin[w(t r/c)]( . )0. (10.70)

The electric field is

A 2 /sing A
E—_yy_ JA __popw (SION ot — /)6, (10.71)
ot 4 r

and the magnetic field is

2 sin @ R
B=VxA= —% <51%) coslw(t —r/c)]ed; (10.72)

in both equations we discard any term containing 7~! to more negative powers than —1.

The energy radiated from an oscillating electric dipole is determined by the Poynting vector,

! o pPwt [(sin6\*> X
5= BB =y <T) cos [w(t —r/c)]t. (10.73)

Worksheet 10.11 The formalism is straightforward; the complicated approximations, which
involve only the Taylor expansion, are readily performed by the taylor command. To calcu-
late the gradient and curl in spherical coordinates, we employ the Gradient and Curl com-
mands in the VectorCalculus package, with an appropriate setting of the SetCoordinates
option.

> with(LinearAlgebra): with(VectorCalculus):
Warning, the names CrossProduct and DotProduct have been rebound

Warning, the assigned names <,> and <|> now have a global binding
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Warning, these protected names have been redefined and unprotected: *,

+

>
>

>

., Vector, diff, int, limit, series

assume (r>0) ;
V1 := 1/(4*Pi*epsilon[0])*(g*cos(omega*(t - rp/c))/rp -

g*cos (omega*(t - rm/c))/rm);

)

rp m
TEQ
rp := sqrt(r~2 - r*dxcos(theta) + (d/2)°2);

Vi1 =

B~ =

1
=g V412 —4rdcos(f) + d?
rm := sqrt(r~2 + r*xdxcos(theta) + (d/2)°2);

1
m = 3 /412 +4rdcos(d) + d?
Vi:
V1 := convert(taylor(Vi, d=0, 2), polynom);

q cos (w (t - g)) cos(0) - gsin (w (t - g)) wcos(6) ;

r2 cr

V1 =

| =

TEQ
V1 := subs({1/r~2=0}, V1);

gsin (w t wcos(0)d
A L )

V1l := algsubs(g*d=p, V1);

1 sin (w (t— g)) wcos(f) p

V1 =
4 TEQCT
Current := -g*omega*sin(omegaxt) ;
Current := —qwsin(wt)
Az := mu[0]/(4%Pi)*subs(t=t-r/c, Current)*d/r;
. r
1 Mo gqwsin (w (t— —)) d
Az = —= <
4 T
Az := algsubs(q*d=p, Az);

e _1 Lo w sin (w (t— g)) P

4 Tr
SetCoordinates(’spherical’ [r, theta, phil);

spherical,. g 4
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> Avec := VectorField(<Az*cos(theta), -Az*sin(theta), 0>);

Avee — 1 Mo w sin (w (t— g)) pcos(9)6r+ 1 Ho w sin (w (t— E)) psin(6)
! mr 1 -

Gradient (V1) ;

1 cos( (t - g)) w? cos(0) p lsin (w (t - g)) wcos(f)p

mTegcir 4 TegCT?

1 sin ( — —)) wsin(@)p_

€0

> Eprill :

FEpril :

r2megce
> Epr12 := map(curry(subs, 1/r~2=0), Eprill);

o8 (w (t— g)) w?cos(0)p

4 mTegcir
> Eprl3 := map(diff, Avec, t);

1 How? cos (w (t - g)) pcos(f)

r

1 How?cos (w (t - g)) psin(6)

Epri3 .= —- e+ — €9
mr 4 mr
> epsilon[0] := 1/(mu[0]*c~2);
1
€0 =
0 Mo €2
> Efield := -Eprl2 - Epri3;
r c
1 How? cos(w (t — —)) psin(6)
Efield := c €0
4 T

> Epr21l := Curl(Avec);
1 po w? cos (w (t— %)) psin(6) 1 o wsin (w (t— g)) psin(0)

Epr21 = 4 T 4 mr &y
r

> Epr22 := map(collect, Epr21, r);

1 o w? cos (w (t— g)) psin(6) 1 Lo w sin (w (t— g)) psin(6)

2 €o

FEpr22 .=
pr 4 Ter 4 Tr

> Bfield := map(curry(subs, 1/r~2=0), Epr22);
1 How? cos (w (t - i)) psin(6)
Bfield := —— £ €y
mer

> Poynting := ScalarMultiply(CrossProduct(Efield, Bfield),
1/muf[0]):

> Poynting := map(simplify, Poynting);
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2
w(tc—r
| Ho w* cos (%) p? (=1 + cos(9)?)
Poynting := | 16 22 e

0
0

To average an oscillating system over a complete cycle, we perform an integration:

%/OTCOS2[w(t—r/c)]dt = %, (T = 2w—7T> .

Therefore, the mean of the Poynting vector is

— 20t [siné 2A
S:M?)OQPWQC (T) i, (10.74)

The Poynting vector signifies the energy per unit time per unit area transported by the fields.
To find the total power radiated, we integrate over a sphere of radius r:

27 ™ . 29
/ d¢/ a0 Y 2 g = 8T
0 0 3

r2
The power radiated by an electric dipole is therefore

2 .4
?:/Qda:“‘)p“’ . (10.75)
127e

The Poynting vector contains a term sin® #, which gives the angular distribution of the power
of radiation; we plot such a pattern in the following worksheet.

Worksheet 10.12 Maple can readily evaluate these basic integrals, and plot the angular dis-
tribution of the power.

> T := 2xPi/omega;

T.=—
w

> Eprl := cos(omega*(t-r/c));

Epri1 := cos (w (t— g))

> Epr2 := 1/T*int(Epri~2, t=0..T);

1
E ==
T2 3
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> Epr3 := 2+Pi*int(sin(theta) "2/r~2*r~2+sin(theta), theta=0..Pi);
87

Epr8 .= —
pT 3

> plots[sphereplot] (sin(theta)~2, phi=0..2*Pi, theta=0..Pi,

> scaling=constrained);

From the plot, we notice that no radiation is emitted along the axis of the dipole.

10.6.2 Synchrotron Radiation

Synchrotron radiation refers to the radiation emitted by a charged particle moving at nearly the
speed of light along a circular path (instantaneously); the acceleration for the circular motion
is provided by a Lorentz force (ev x B) in a magnetic field. This phenomenon is observed in
many astronomical systems; it is also utilized as a powerful tool for the investigation of the
optical properties of solids. This subject is complicated and knowledge of special relativity
is required. In this section, we adopt equations from Jackson’s Classical Electrodynamics
without derivation, and use Maple to illustrate important features of the angular and spectral
distribution of synchrotron radiation.

In relativity, two of the most important definitions are

N = _ (10.76)

V1-p5%
see Chapter 12 for an additional discussion. A high-speed electron in the presence of a mag-
netic field undergoes circular motion, and the rate of energy loss P is proportional to y to the

P

)
C
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fourth power, or more precisely?

e?c
P=——+4 10.77
Greol2 | ( )
where R is the radius of circular orbit. The angular distribution of power is
dpP e2c 1 sin” § cos? ¢ (10.78)

dQ ~ 16m2¢0R2 (1 — fcosf)® | 42(1 — Beosh)? ;
integrating this formula over all angles gives equation (10.77), which we leave as an exercise.

We plot the angular distribution below.

Worksheet 10.13 In this worksheet, we define that the charged particle moves in the x direc-
tion (horizontal axis), while the acceleration is in the z direction (vertical axis); 0 is measured
with respect to the z axis.

> beta := 0; g := 1/sqrt(l - beta~2);

B:=0

g:=1
> plot(1/(1 - betakcos(theta)) 3*(1 - sin(theta) 2/ (gx(1 -
> Dbetaxcos(theta)))~2), theta=0..2%Pi, coords=polar,

> scaling=constrained);

2Jackson 1999, equation (14.31), p. 667, or Griffiths 1999, problem 11.16, p. 465. Note that the acceleration for
circular motion is v? /r; we replace a in the latter reference with ¢ /R because the particle moves at essentially the
speed of light and the radius of a synchrotron radiation facility is fixed.

3Jackson 1999, equation (14.44), p. 670, or Griffiths ibid.
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> beta := 0.5; g := 1/sqrt(1 - beta~2);
6:=0.5
g := 1.154700538
> plot(1/(1 - beta*cos(theta)) 3*(1 - sin(theta) 2/ (gx(1 -

> Dbetaxcos(theta)))~2), theta=0..2*%Pi, coords=polar,

> scaling=constrained);

For 8 = 0, the angular distribution is identical to that of the electric-dipole radiation seen in
the preceding worksheet. When [ is 1/2, implying half the speed of light, the radiation is
sharply peaked in the forward direction. Increasing the velocity makes it tip forward more,
and with a larger magnitude, which we leave the reader to discover by modifying the work-
sheet. This plot illustrates the “searchlight” pattern of synchrotron radiation; the peaking is
concentrated within 6 < 1/+.

Because emitted radiation is confined within a narrow cone in the direction of the velocity
vector, it sweeps past an observer in a time interval much smaller than the period for an elec-
tron to make one revolution; in other words, only a short pulse of radiation is detected. Based
on the uncertainty principle, a short pulse must be made of a broad range of frequencies. The
precise formula for the spectral distribution of synchrotron radiation is complicated, which
involves the modified Bessel function K, (x). Nevertheless, Maple supports this function,
named BesselK (nu, x). Defining a critical frequency*

373c

We = 2R’

(10.79)

4Jackson 1999, equation (14.81), p. 679.
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the energy radiated per unit frequency interval is’

ﬁ_ e? w [
dw

Areoc | wo
TeoC We Jow,

For a periodic circular motion, the spectrum is actually discrete, consisting of frequencies that
are integer multiples of the fundamental frequency wy = ¢/R. The power radiated into the
nth multiple of wy is®

1 seN2dl
Po=o (E) Tl (10.81)
The spectral dependence is determined by this part:
F(§) = 5/ Ks/3(x) dz, (10.82)
3

where ¢ = w/w,. This integral certainly looks difficult, but Maple can perform it, and pro-
duce a plot, which illustrates the pattern of the spectrum of synchrotron radiation, while the
frequency is expressed in units of w. (equation (10.79)).

Worksheet 10.14 Because the spectral distribution extends over a broad range, the
semilogplot command serves to impose a logarithmic scale on the horizontal axis.
The reader can render a plot on a linear scale.

> F := xixint (BesselK(5/3, x), x=xi..infinity):

> plots[semilogplot] (F, xi=0.01..10, axes=frame);

0.8
0.6-
0.4-

0.2

1 1. 1e2

Xi

5Jackson 1999, equation (14.91), p. 681.
6Jackson 1999, equation (14.92), p. 681.
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This plot shows that synchrotron radiation spread over a broad frequency distribution — the
uncertainty principle Aw At 2 1/2 is at work again. The peak occurs at w = 0.2858 w,.,
which we leave as an exercise. In practice, synchrotron covers the visible, ultraviolet to X-
ray regions. Several synchrotron light facilities exist as derivative installations attached to
storage rings of high-energy experiments, but in recent years synchrotron radiation facilities
have been built exclusively to generate a high-quality light source to enable condensed-matter
physicists and biologists to conduct research. For example, the Advanced Light Source of
the Berkeley Lab has a circumference of 196.8 m and a nominal energy of 1.9 GeV;’ from
these data we obtain v ~ 3718 (1.9 GeV divided by the rest mass of the electron 0.511 MeV,
see equation (12.31)) and R ~ 31.3 m (the path is not exactly circular). The fundamental
frequency is wog = ¢/R ~ 9.57 MHz, but the peak is at 0.2858 w, ~ 2.11 x 10'7 Hz, which
corresponds to X-rays of 0.87 keV.

Exercises

1. A string of length [ = 3 is disturbed by an initial displacement

, O<x<l,
1<x <3,
and an initial velocity

gx) =x(x—3), 0<z<3.

Derive the wave equation ¢ (z, t) for ¢ > 0.
Hint: in addition to a,,, we must evaluate b,, in equation (10.15) for the series sin(nkuvt).

2. A circular membrane similar to that in Section 10.5 is subject to an initial condition
™\ .
¢(Pa ¢7 O) = f(p7 (b) = COS(7) Sin ¢

Calculate the wave function ¥ (p, ¢, t).

For the same initial displacement, find an expression for the wave function if additionally
it is released with initial velocity

%
Ot |10

—4(00) = (-1 cos 7).

for which one must consider also terms in sin ¢.

7See http://www-als.1bl.gov for more information.
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3.

5.

(a) Employing the VectorCalculus package, verify by a direct calculation that
V x (V xa)=V(V-a) - V?a, (10.83)
where a is an arbitrary vector field.

(b) Apply the curl to equations (10.52b) and (10.52d), verify that Maxwell’s equations
in a region of space free of charge and current become the wave equations.

Verify that the total power radiated by an oscillating magnetic dipole m(t) =
mo cos(wt)z is

— m2w4
P— % (10.84)

Hint: consult Griffiths 1999, p. 451.

Based on a crude model, an atom can be treated as an oscillator in which an electron
is driven up and down by an electromagnetic field, and such an electron is subject to a
linear restoring force.

(a) The differential equation governing such a system is
mi + mwir = eEy cos(wt); (10.85)

show that the steady-state solution is

eEo

rT=————
m(wg — w?)

cos(wt). (10.86)

(b) Using equation (10.75), show that the power of radiation emitted by such an oscilla-
tor is

2 .4

— e‘w ek 2
P= . 10.87
127mepc? [m(w% — wQ)} ( )

(c) The intensity of an incident wave is

1
T=geocky, (10.88)

and the scattering cross-section is defined as

P
o= Vi (10.89)
show that
2 4 2
o SMe W ¢ (10.90)

3 (w2 —wd)?’ dmwegmc?’
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where r. is the classical radius of the electron. When w is small compared with wy,
we can disregard w? in the denominator, and the power of radiation is proportional to the
fourth power of the frequency. This process is called Rayleigh scattering; it is responsible
for the blue color of the sky because it favors the scattering of light of higher frequency.
In an extreme when wy is zero, which corresponds to a free electron, we obtain the cross-
section of Thomson scattering as introduced in an exercise in Chapter 2.

(a) Integrate the angular distribution of synchrotron radiation over all angles, that is

dP e%c T 2 1 sin? 0 cos? ¢
Zd0=—""[| ap dp —————— |1 — ———— | sinb
dQ 167r2eoR2/0 /0 (b(l—ﬂcos@)?’ (1 - Beosh)? """

to verify the formula of total power in equation (10.77).

(b) To find the frequency at which the power of synchrotron radiation reaches a maxi-
mum, one needs to find the root to the equation

dF(E)
dg

where F'(£) is defined in equation (10.82). Verify that the root is £ = 0.2858.

207

In synchrotron radiation, the charged particle undergoes circular motion, thus accelera-
tion is perpendicular to velocity. In a linear motion in which acceleration and velocity
are parallel, the angular distribution is®

E B e?a? sin® 0
dQ  16m2ec3 (1 — Beos )5’

(10.92)

(a) Plot the angular distribution for § ~ 0 and # < 1, which should resemble Fig-
ure 10.2. Although this angular distribution is different from that of synchrotron
radiation, a similar characteristic relativistic peaking at forward angles is present.
Generation of X-rays through “bremsstrahlung,” or braking radiation, conforms with
this pattern based on classical theory.

(b) Verify that the total power is

e2a276

P= Greecd (10.93)

by performing an integral

am sm 6‘ ,

8Jackson 1999, equation (14.39), p. 669, or Griffiths 1999, equation (11.74), p. 463.
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Figure 10.2: Radiation pattern for 3 = 0 and 5 = 0.9.
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11 Physical Optics

From the calculated speed of electromagnetic waves, Maxwell argued that light must be an
electromagnetic wave. Physical optics is a manifestation of the wave nature of light, and the
mathematics involved in its treatment simply involves the addition of waves. Maple can per-
form this task by directly adding waves graphically, as well as by deriving algebraic formulas.

11.1 Light asan Electromagnetic Wave

Electric and magnetic fields in a space free of charge and current satisfy these equations:

’E

V2E = Ho€0 7 (11.1)
9’B
V’B = Hoco 7 (11.2)

Each Cartesian component of the electric field E and the magnetic field B therefore satisfies
a wave equation,

1 9%y

el (11.3)

Vi =

where 1) is one component of either field, such as I, or B,,. As stated in the preceding chapter,
the speed of an electromagnetic wave is

=299792458 ms™ !, (11.4)

Ho€o

which is by definition the speed of light in a vacuum. An implication of this result is that light
is an electromagnetic wave, as Maxwell deduced.

For most of this chapter, our interest lies in monochromatic plane waves, such that waves of a
single frequency travel in the x direction. The fields describing such a wave are

E = Eqcos(kz — wt + ¢), B = Bgcos(kx — wt + ¢). (11.5)

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Electromagnetic waves are transverse waves: their oscillation is perpendicular to the direction
of propagation. Therefore,

Ey-x=0, Bp-x=0. (11.6)

From these results we understand that Ey and B possess only y and z components. Because
the effect of magnetic field is generally small, from this point onward we discuss electric field
only.

11.1.1 Polarization

We express an electromagnetic wave in complex notation as

E=R {Eoe“’“—wﬂ} : (11.7)
where Eq is complex because it contains information about the phase angle; see the discussion
in Section 10.3.1.

The electric vector Eq expresses the polarization of the wave. Because this vector is perpen-
dicular to x, we can construct it from two independent states of polarization in the y and z
directions,

Eo = Eo,y + Fo.2. (11.8)
Generally Egy and E are also complex; they can be expressed in polar form as
EOy = EOyeiaya EOz = EOzemza

where Fy, and Fy. are the magnitudes of the maximum amplitude in the corresponding di-
rections. Note that o, and o, need not be equal to each other.

We write the field as
E = Eoy cos(kx — wt + ¢ + ay)y + Ep. cos(kz — wt + ¢ + a;)z. (11.9)

This equation indicates that ¥ and z components of electric field oscillate at the same fre-
quency, but not necessarily with the same phase. The polarization of a wave is characterized
by the magnitudes Ey, and Ej, and by the phase difference between «a,, and a,.

If oy = v, there is no phase difference; the wave is described as being linearly polarized, or
plane polarized.

If oy # o, there is a phase difference; the wave is described as being elliptically polarized.
The reason for this term is that, for fixed x, the tip of the electric field vector rotates in a plane
parallel to the yz plane; the trajectory of the arrowhead of this vector is an ellipse. When
Eyy = Ey, and |y, — a.| = /2, the ellipse becomes a circle; the wave is described as being
circularly polarized.
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We fix time and plot the electric vector in various polarizations. The projection of such a plot
in a plane parallel to the yz plane is a line, an ellipse, or a circle, depending on Ey,,, Fy, and
oy — a. The projection on the xy or 2z plane is a sinusoidal curve, with corresponding phase
angle.

With Maple we produce graphs for various polarizations.

Worksheet 11.1 We plot the projection on the yz and xz planes, and a view in three dimen-
sions using the spacecurve command. To observe the variation, alter the values of Ey,, Ey_,
and o, — ay;, which we denote as beta in this worksheet.

> EOy := 5; EOz :=5; beta := Pi/4; k := 2;

EOy =5
E0z =5
s
B = 1
k=2
> Ey := EOy*cos(k*x);
Ey := 5cos(2 )
> Ez := EOz*cos(k*x + beta);

Ez :=5cos(2z + g)
> plot([Ey, Ez, x=0..2%Pi/k], scaling=constrained,

> title="yz plane");

yz plane

4

> plot([x, Ez, x=0..6%2xPi/k], scaling=constrained,

> title="xz plane");
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xz plane
4 “‘ /\
z\\ / 4’6 o 12\‘ 14 1\ 5
2| ‘ /ﬁ

> with(plots):

Warning, the name changecoords has been redefined

> spacecurve([x, Ey, Ez, x=0..6%2*Pi/k], thickness=2,

> numpoints=120, scaling=constrained, axes=normal) ;

An elliptical polarization is shown in the worksheet. By varying the numerical values of E,
E,, and their phase difference (3, one can visualize different polarizations, which we leave as
an exercise.
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11.2 Mathematics of Interference

Mathematically, the interference of waves involves finding the sum %) of two waves of the
same frequency but different phase:

Y =11 + 1y = Aj cos(wt + ¢1) + Ag cos(wt + pa). (11.10)

The combination of two waves naturally retains the same frequency; we need to find the
amplitude and phase for the composite wave ).

We mention in Section 10.3.1 that complex notation is convenient to represent waves, be-
cause it is easier to manipulate exponentials than sines and cosines; consult that section for an
explanation of the notation. We write 1) as

= R{ Ao o ggeilerren
Defining

1@ = Atem7 1/;1 = A16M7 1/;2 = Alema
where complex amplitudes are

Ay = A, Ap = A€, Ay = Age'??,
we have

V=191 + o, ¢ =R{Y}

Eliminating a common factor e*“? yields

At = /11 + Ag, or Ateisat = Aleiwl + A2ei902'
We readily find the magnitude of the amplitude A; as the complex scalar product of Ay,

A? = A A7 = A2 4 A3 + 241 Az cos(ipa — 1) (11.11)

Worksheet 11.2 The complex scalar product is a complex number multiplied by its com-
plex conjugate. To form the conjugate of a complex number, Maple provides a command
conjugate. We employ the evalc command to simplify a complex expression. The combine
command is useful to further simplify a trigonometric expression.

> At := Alxexp(I*phil) + A2%exp(I*phi2);
At := Al e#1D 4 A2 e(42D)
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> Eprl := Atxconjugate(At);

Epr1 := (A1e®'D) + A2e2D) (A1 e(#1]) 4 A2 e(42D))
evalc(Eprl):

Epr2 :
Epr3 :
Epr4 := combine(Epr3);

Epri =2 A1 A2 cos(¢pl — ¢2) + A1% + A2

simplify (Epr2) :

We can extend the technique of adding two waves to adding multiple waves. Suppose that we
have n waves, all of equal amplitude but differing in phase ¢; we seek the sum of

1 = Alcos(wt) 4 cos(wt + ) + cos(wt + 2¢) + ... + cos(wt + (n — 1)¢)]. (11.12)

In principle, we can find the final amplitude using a graphical method. Here is an illustrative
example.

Example11.1 Five wave sources have the same frequency but successive differences in
phase by 7/10. Find the amplitude of the composite wave.

Solution In this problem, we have n = 5 and ¢ = 7/10. We form a plot of these waves and
their combination in a fixed position. The amplitude of the composite, which is the maximum,
is 4.52A.

Worksheet 11.3 Maple can conveniently produce plots of combination of waves; to find the
resultant amplitude we use the maximize command. One can vary ¢ to observe the effect of
the phase angle on the amplitude of the composite.

V

psill] := cos(t);

1 = cos(t)
> psi[2] := cos(t+phi);

9 = cos(t + @)

> psil[3] := cos(t+2*phi);

Y3 := cos(t + 2 ¢)
> psil[4] := cos(t+3*phi);

Yy := cos(t + 3 ¢)
> psi[B] := cos(t+4*phi);

Y5 = cos(t + 4 ¢)
> psiR := add(psil[i], i=1..5);
psiR := cos(t) + cos(t + ¢) + cos(t + 2 ¢) + cos(t + 3 ) + cos(t + 4 @)
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> phi := Pi/10;

™
0=
> plot({seq(psil[il, i=1..5), psiR}, t=0..4%Pi);
4
2
0 6 12
t

—2-
—4-

> evalf (maximize(psiR, t=0..2*%Pi));

4.520147022

This example illustrates that it is theoretically possible to find, graphically and numerically,
the total amplitude of waves in any combination.

In the same way as the addition of two waves, we employ complex notation to derive an
algebraic formula for the total amplitude of a composite of n waves. Adopting a notation
similar to the above, we find that the complex amplitude of a composite wave is

n—1
A, = A [1 L 4 44 e“"—l)ﬂ =AY e, (11.13)
k=0
and the magnitude is again the complex scalar product of Ay,
< s -1
A2 = A A _ p2e0s(ne) — 1 (11.14)
cosp — 1
Worksheet 11.4

> At := sum(exp(I*k*phi), k=0..n-1);

e(naéI) 1
At = —
e(®l) _ 1 e(®l) _ 1
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> Eprl := Atxconjugate(At);

e(nol) 1 e(nol) 1
Eprl = — —
e@l) —1 elol) 1 e@l) — 1 elol) 1

> Epr2 :
> Epr3 :

evalc(Eprl):

simplify (Epr2) ;
cos(no) — 1

Eprs = cos(¢) — 1

To express this result in the way more commonly presented in other textbooks, we use the
half-angle formula to rewrite equation (11.14) as

, _ in2 ne
a2 = pposme) =1 s Ty (11.15)

2
cosp — 1 sin® £

This mathematical formula is useful in the discussion throughout this chapter.

Ay

A

Figure 11.1: Phasor diagram.

Adding complex numbers can be represented geometrically in a phasor diagram; see Fig-
ure 11.1. In this diagram, each arrow denotes a complex number: the length of the arrow
indicates the magnitude of the amplitude, and the direction of the arrow indicates the phase
angle. The resultant number corresponds to a connection between the tail of the first arrow
and the head of the last arrow. Both the amplitude and the phase angle of the composite can
be measured geometrically in the phasor diagram.

11.3 Interference

In this section we discuss monochromatic plane waves in an idealized situation; we ignore the
physical size of a slit, which we will address in relation to diffraction in the next section. Each
wave is treated as a discrete source; such a wave is expressed as

E = Ey, cos(wt + ).
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The y component of the electric field is treated identically, and we do not discuss it further.
Two sources are described as coherent if they maintain a constant phase with respect to each
other.

11.3.1 Double-dlit Interference

We first discuss the double-slit experiment. The physical arrangement involves monochro-
matic light from a source passing a pair of slits; see Figure 11.2. Each slit can be considered
a new source of waves, named S; and Sy. Because we ignore the physical size of the slit, a
source is taken to be completely in phase at the slits.

Figure 11.2: Double-slit experiment.

If we observe an interference pattern at a distance L that is much greater than the distance d
between the slits, we can accept an approximation that the two rays r; and ry are parallel. The
path difference ¢ between these two rays is (see Figure 11.2)

§ = dsin6. (11.16)

One wavelength A of path difference corresponds to a complete cycle 27 of phase difference;
a path difference ¢ thus corresponds to a phase difference

<p=27ﬂ-dsin9. (11.17)

Throughout this chapter, one should always make the distinction between the phase angle ¢
and the physical angle 6.

We describe two sources S; and So with electric fields 7 and Es» respectively:
Ey = Egcoswt, FEs = Eycos(wt + ).
According to the principle of superposition, the resultant electric field at point P is
E, = Ey + Es = Ep[coswt + cos(wt + p)]. (11.18)

An optical instrument measures the intensity of light, which is proportional to the square of
the electric field:

I x EZ. (11.19)
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Directly applying the mathematical formula in the preceding section to this situation, we ob-
tain the pattern of interference for the double-slit experiment,

I = Iy cos® g. (11.20)

Because our objective here is to find the pattern of interference, we express our result on a
relative scale; we assign a constant intensity /o which we discuss no further. With this formula
we can find the positions of bright and dark fringes, which we will plot in a worksheet in the
next section.

11.3.2 Multiple-dit Interference

If we let light pass n equally spaced slits a distance d apart, we have n sources of waves. To
find the intensity at an angle 6 relative to the direction of the incident wave, we must add n
waves each having the same amplitude but a different phase; see Figure 11.3. Here again we
ignore diffraction due to the size of the slit, and treat each wave as a discrete source.

0 =dsiné

A =nd
Figure 11.3: Multiple-slit experiment.

Just as for the double-slit experiment, the phase angle ¢ is related to the physical angle 6 and
the distance between two adjacent slits d,

o= %Tsinﬁ. (11.21)

For n sources, we must find the resultant electric field,
E; = Ey[cos(wt) + cos(wt + @) 4 cos(wt + 2¢) +. .. +cos(wt + (n — 1)p)]. (11.22)

The mathematics is readily available: equation (11.15). The intensity is proportional to the
square of the electric field; we directly write

2 (11.23)
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We make plots of intensity for various n.

Worksheet 11.5 Instead of entering equation (11.23), to produce these plots we use the
original formula

cos(np) — 1
cosp — 1

which is directly derived from the summation of complex numbers using Maple as shown
earlier.

> At := sum(exp(I*k*phi), k=0..n-1):
> Eprl := At*conjugate(At):
> Epr2 := evalc(Eprl):
> Epr3 := simplify(Epr2);

Fprs = cos(no) —1

cos(¢p) — 1
> Itn := unapply(Epr3, n);
Itn :=n — 7%8(” ¢) =1
cos(¢) — 1

> plot(Itn(2), phi=-6.2%Pi..6.2*%Pi);

5 10 15
phi
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> plot(Itn(3), phi=-6.2%Pi..6.2%Pi);

11

_15

~10

5 O

10
phi

15

> plot(Itn(10), phi=-6.2%Pi..6.2%Pi, numpoints=200) ;

100

il

-15

~10

-5

10
phi

15

Physical Optics

These graphs demonstrate key features of the pattern of multiple-slit interference. The posi-
tions of primary maxima, which are the greatest maxima in each graph, remain fixed, but, as
n increases, the pattern becomes narrower. For n > 2, subsidiary maxima appear but with

significantly smaller intensity.
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The central maximum corresponds to ¢ = 0. Although at this value the denominator in
equation (11.23) is zero, the intensity is finite because zero also appears in the numerator. We
leave it as an exercise to prove that

) sin? = 5
lim | Io — 2. (11.24)

©—0 sin® s

We explain this result in a phasor diagram; see Figure 11.4. When ¢ = 0, all arrows align
parallel in a straight line; the amplitude adds n times so that the intensity becomes n? times
as great.

— — 3

(a) (b) (c)

Figure 11.4: Multiple-slit phasors for constructive interference.

Because this formula is invariant with the addition of integer multiples of 27 to ¢, primary
maxima clearly locate at integer multiples of 27, as is evident in the graph. The condition for
a primary pattern is thus

where m is an integer. The plot shows that the physical angle does not depend on n,

sinf = mTA. (11.26)

The condition for the first dark fringe associated with the central maximum is

sin® — =10
2 2
This property is also readily understandable from a phasor diagram. For n sources, there are
n arrows in the phasor diagram. The first minimum corresponds to a situation in which the
head of the last arrow comes back to the tail of the first arrow. We depict this condition in
Figure 11.5 for interference due to (a) two slits, (b) three slits and (c) four slits.

A
= A V>
)

(a) (b) (c

Figure 11.5: Multiple-slit phasors for destructive interference.

The geometry makes evident that

o= Euy (11.27)

n
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In terms of the physical angle,

sinf = A (11.28)
nd

Therefore, the greater n, the narrower the pattern.

The condition for subsidiary maxima can be similarly derived, which we leave to an exercise.

11.4 Diffraction

In the preceding section we assume the width of a slit to be zero, so that a wave emerging from
each slit is considered completely coherent. As such a situation is unrealistic, in this section we
take into account the physical dimension of the slit. Suppose that we have a single slit of finite
width a; monochromatic light passing this single slit also produces an interference pattern,
generally called diffraction for this situation, although there exists no universal definition of
this term.

To explain diffraction, we again use equation (11.23) for multiple slits. Referring to Fig-
ure 11.3, we consider a special case that d — 0 and n — oo, but their product nd is finite,
which is the width a. These sources are close together; therefore the path difference is small
and the phase angle is almost zero. We define a total phase angle @,

P = ne, (11.29)

which is finite. As the width a is equal to nd, the phase angle is related to the physical angle
by
2
&= T”asina. (11.30)

Because ¢ is small, we use an approximation for a small angle that sin ¢ = . With these
symbols inserted into the formula for multiple slits, the intensity for a single slit becomes

. 45 2
Sin =
I =41, (%) , (11.31)

where Iy is n21o. Even though n — oo, each I, which is proportional to d?, is small; thus
I nax remains finite.

Worksheet 11.6 To employ the small-angle approximation, we invoke the taylor com-
mand to expand the trigonometric functions. The denom and numer commands serve to ex-
tract the denominator and numerator, respectively, of the expression.
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> Itn := ItnO*sin(n*phi/2)~2/sin(phi/2)"~2;

2
Itn0 sin <n_¢)
2
Itn .= ———"—
sin ?
2

> phi := Phi/n;

S| &

> Itn;

;

2

Itn0 sin (

. P
sin [ —
2n

&\ 2
Eprl = sin (—)
2n

> Epr2 := convert(taylor(Eprl, Phi=0, 3), polynom);

| | &

> Eprl := denom(Itn);

q)Q
Epr2 .= —
e 4n?
> Itn := numer(Itn)/Epr2;
&\ 2
4 Itn0 sin (—) n?
2
Itn :=

@2

> Itn := algsubs(n~2*Itn0=Imax, Itn);

&\ 2
4 sin <§> Imax
Itn = 32

> Imax := 1;

Imazx =1

> plot(Itn, Phi=-6%Pi..6%Pi);
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5 10 15
Phi

~15 -10

The diffraction pattern shown above is important for our next discussion of the resolution for
a single slit.

11.4.1 Resolution of Single Slitsand Circular Apertures

The diffraction pattern of a single slit indicates that any source is imaged as a bright central
region flanked by weaker bright and dark fringes. This wave nature of light limits an ability
of optical systems, including our eyes, to discern between closely spaced objects.

Rayleigh’s criterion to resolve two sources is that the first minimum of one pattern lies at the
maximum of the other pattern. We calculate the first minimum from equation (11.31),

b
sin 3= 0, @ =2m, (11.32)
or as a physical angle,
A
sinf = —. (11.33)
a
Because the angle is small, we use the small-angle approximation to obtain
0= é (11.33%)
a

We here offer an alternative way to derive the diffraction formula, and apply this method
to a circular aperture. We do not intend to be rigorous, but merely present a rudimentary
introduction to advanced diffraction theory.
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Understanding that diffraction involves the addition of waves of infinite number, we convert
the sum to an integral. Instead of

n—1
By =AY cosjp, (11.34)
=0

we write

. 2wdsin 0 27 sin 0
= —
Jp =17 h\ z N

and perform the integration,

a2 9 i . 0
E —A cos (z ”m9>dz=Aw, (11.35)
—a/2 A msinf/\
or, using ¢
(@
I =41, [qug?) (11.36)

This result is identical to equation (11.31).

Worksheet 11.7 The integration and substitution are straightforward.

> phi := x*2+Pi*sin(theta)/lambda;

2x msin(0
o Zeenll)
> Eprl := int(EfO*cos(phi), x=-a/2..a/2);
Ef0 \sin <7“”SIH(9)>
Eprl = A
A 7 sin(0)

> Epr2 := algsubs(2+Pi*a*sin(theta)/lambda=Phi, Eprl);

Ef0 X sin (%)
Bpre = 7 sin(6)

> Epr3 := subs(sin(theta)=lambda*Phi/(2xPix*a), Epr2);

2 Ef0 a sin (%)
E =7
Drs >

> Epr4 := Epr3~2;

2
4 Ef0* a? sin (%)
B2

Epry =
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> Itn := algsubs(Ef0~2*a~2=Imax, Epr4);

&\ 2
4 sin (—) Imax
2
Itn =

(b?

For a circular aperture, the procedure involves a similar addition of waves, but we must un-
dertake it in two dimensions. Suppose that we have an aperture of diameter a; we describe it
with polar coordinates p and ¢ — not to be confused with the phase angle . We state the fact
that adding a wave in ¢ gives a Bessel function of zeroth order.' In contrast with a slit that
involves adding cosine functions, a circular aperture thus involves adding Bessel functions.

Again we convert from a sum to an integral by

, 27sin 6
JpP—=p N
)
a/2 27 sin 6 a Jy(amsinf/N\)
E,=A J 2mpdp = A- ————. 11.37
' /0 0(” A )”pp 2" sinb/\ (37

Using Maple to perform this integration, we obtain the intensity:

2

J (2
I =l l 1;2) (11.38)
This integral reflects a property of the Bessel function,
Ji(k
/Jo(kx)x de = xlT(x) (11.39)

Worksheet 11.8 Maple can accurately evaluate this integral involving a Bessel function.
The fsolve command is useful in finding the first minimum.

> phi := 2*Pi*rho*sin(theta)/lambda;

27 psin(f)
0= D

> Eprl := int(BesselJ(0,phi)*2xPixrho*Ef0, rho=0..a/2);

Eprl = % csc(0) X Ef0 a BesselJ (1, %ﬂ(@)

1Tackson 1999, p. 492.
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> Epr2 := algsubs(2*Pi*a*sin(theta)/lambda=Phi, Eprl);
1 P
Epr2 = 5 csc(0) A Ef0 a BesselJ <1, 5)
> Epr3 := subs(csc(theta)=2*Pixa/(lambda*Phi), Epr2);
b
7 a? Ef0 Bessel] (1, —)
Eprs = 2
pro - )
> Epr4 := Epr372;
P\ 2
72 a* Ef0* BesselJ (1, 5)
Epry =

o2
> Itn := algsubs(Ef0~2*a~4=Imax, Epr4);

B\ 2
72 BesselJ <1, 5) Imax

Itn := o2
> Imax := 1;
Imazx =1

> plot(Itn, Phi=-6%Pi..6%Pi);

15 -10 -5 O 5 10 15
Phi

> rl1l1 := fsolve(Itn, Phi=7..8);
rll := 7.663411940
> evalf(r11/(2%Pi));
1.219669891
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We plot the diffraction pattern for a circular aperture, which is similar to that of a slit. The
first minimum can be solved numerically, for which we obtain

D =7.66=122xm.

Therefore Rayleigh’s criterion for a circular aperture of diameter a is

h—19222. (11.40)
a

This factor of 1.22 is commonly cited in introductory physics textbooks, and here we offer its
derivation. We leave it as an exercise to find the next two minima, which correspond to the
next two dark rings when imaging through a circular aperture.

11.5 Diffraction Grating

Among the many types of diffraction grating, one is made of an opaque glass with many
equally spaced grooves cut by a diamond; the width of each slit is a and the spacing between
neighboring slits is d.

We have discussed the interference pattern of ideal multiple slits, by considering the physical
dimension of the slit to be zero. We have also discussed the diffraction pattern of a single
slit. To apply these results to a diffraction grating, we simply combine equations (11.23) and
(11.31):

sin® $& sin® %f

_ 2
I = 41 nax R ¢ , (11.41)
where we relate the phase angle to the physical angle as
in 6 dsin 6
szwasin . p=2r Si\n . (11.42)

This formula shows that the image of a diffraction grating is the pattern of an ideal multiple-slit
interference enveloped by a single-slit diffraction.

From the relation between physical angle and phase angle, we see that sources with differ-
ent wavelength \ appear at different locations after passing a diffraction grating. A grating
therefore is useful for separating light of various wavelengths. Using Rayleigh’s criterion, we
derive the resolving power for this situation. Suppose that we have two sources of wavelengths
Aand M = X\ + A); we seek a condition for \’ to have a maximum at angle 6, but A to have
a minimum at this angle. The condition for the primary features that we have derived is

27d sin 0
Y = T = Zz7Tm,
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where m is called the order of the maximum, counting from 0 which corresponds to the central
maximum. The condition of the first minimum for the central maximum is ¢ = 27/n, where
n is the number of slits. The first minimum associated with the mth maximum occurs then for

2md sin 0 2T
= =2mm + —.
A n

Defining the resolving power R as the ratio A/A\, we solve for it from the above two equa-
tions by eliminating d sin §; we obtain

S

RA)\

= mn. (11.43)

Worksheet 11.9 In contrast to plots in previous sections, we plot the intensity versus phys-
ical angle 6. The first plot is the double-slit interference pattern with the diffraction effect.
The second plot is for a ten-slit device, for two wavelengths 6.5 x 10" mand 5.5 x 107 m,
corresponding to red and green light respectively.

> phi := 2*Pixd*sin(theta)/lambda;

2w dsin(0
> Phi := 2*Pi*a*sin(theta)/lambda;
o Zﬂaiin(ﬁ)
> Itn := 4*sin(1/2%Phi) ~2/Phi~2*sin(n*phi/2)~2/sin(phi/2)~2;

. 2 . 2
sin (72 sin(6) \2sin [T dsin(6)
A A
Itn =

; 2
9 9 mg e mdsin(0)
72 a? sin(0)? sin (7)\

> d := 18e-6; a := d/6;
d := 0.000018
a := 0.3000000000 10~
> Itn := unapply(Itn, (n, lambda));

Itn := (n, \)

-5 9 2 0 2
01111111111 10"%sin (0.300000000(3\ 10 7rs1n(9)> i (0.000018)\n7rsm(0)>

—

0.0000187rsin(9)>2

2 il i
72 sin(0) s1n< 5
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> plot(Itn(2, 650e-9), theta=-Pi/4..Pi/4, numpoints=200);

06 -04 —02 0 02 04 06
theta

> plot({Itn(10, 650e-9), Itn(10, 550e-9)}, theta=-Pi/18..Pi/18,

> numpoints=200) ;

100

80

60 1

40

20

LA )

—0.15 -0.1 -0.05 O 005 01 0.15
theta

From the above worksheet, as we have seen before, the greater n, the narrower the pattern,
but also the intensity of subsidiary patterns decreases as m increases: this effect is due to
diffraction. The plot of two superimposed wavelengths shows that they are separated; their
separation increases as m increases, but there is no separation at the central pattern (m = 0).
On this basis we can understand the formula of resolving power, R = nm: the greater the
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product nm, the narrower the pattern and the larger the separation of patterns with distinct
wavelengths, which facilitates distinguishing between two wavelengths. Because, when m
increases the intensity decreases due to diffraction, in practice m cannot be too large.

11.6 Fourier Transform Spectrometry

A quantitative investigation of a spectrum involves determination of precise information about
the intensity of light as a function of frequency over a broad range. A distribution of spectral
intensity, B(k), which is a function of intensity versus wave number or frequency, provides
important information in atomic and molecular physics because each species has a unique
B(k). With a diffraction grating one can measure B(k), but practical limits arise because,
among other reasons, mechanically the number of slits n cannot be arbitrarily large.

Michelson designed an interferometer as part of an experiment to measure the speed of light at
great precision in order to test the effect of the motion of the earth in the purported “ether” (the
result was negative). With this instrument one can precisely measure spectra, as Michelson did
in resolving the D lines of sodium atoms. According to the schematic diagram (Figure 11.6)
of an interferometer, neglecting auxiliary mirrors or lenses, a beam of light is split into two
rays at mirror M, which is inclined at 45° to incident light. The mirror M, called a beam
splitter, transmits half the light incident on it and reflects the rest. One ray is reflected from M
vertically upward towards mirror M; the distance of which from M is adjustable; the second
ray is transmitted horizontally through M towards a fixed mirror M. After reflecting from
M; and Ma, the two rays reunite at M to produce an interference pattern, which one can view
through a telescope. A compensating plate P of the same thickness and material as M is placed
in the horizontal ray to ensure that the two returning rays travel through the same thickness of
the material of the beam splitter. In general, M; and My are not equidistant from M.

The pattern of intensity for the double-slit experiment conforms to
I=Iycos” . (11.44)

In a Michelson interferometer, one can vary the position of M;, which is equivalent to varying
 in the above formula, because

2
o= =ka. (11.45)
A
A plot of the intensity versus the difference in the optical paths from M to M; and to My is
called an interferogram. For an electromagnetic wave of a particular frequency, the interfero-
gram is described by this function:

I = Iy cos? kg = %[1 + cos(kx)]. (11.46)
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M, Bz ¢ adjustable mirror

h
M, Do) image of M,
Y
M P
source
I
beam
splitter M,
telescope

Figure 11.6: Michelson interferometer.

For an electromagnetic wave with a distribution B(k) of spectral intensity, the interferogram
is an integral over all frequencies, neglecting the constant term I /2 as it is simply an offset:

1 oo
I(z) = W/o B(k) cos(kz)dk. (11.47)
Conversely, if we have an interferogram, the spectrum B(k) is
1 o0
B(k) = 20z /0 I(z) cos(kx)dx. (11.48)

Therefore I(x) and B(k) are simply cosine Fourier transforms of each other.

Recall the uncertainty relation,
1
AzxzAk > 3’ (11.49)

in order to decrease Ak, we must increase Ax. We can hence measure the frequency more
precisely by letting the mirror move a greater distance. Although Michelson’s idea is brilliant,
the full potential of this method had to await the advent of an electronic digital computer to
rapidly calculate a Fourier transform. A Michelson interferometer is currently the basis of
many instruments used for precise measurement.
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Example 11.2 With this example we illustrate the cosine Fourier transformation. Suppose a
spectrum is described by this function:

(k — k)2

B(k) = exp {_ —

| +07e0 [_M} ,

2a?
which represents a situation in which a spectrum has two closely spaced lines of wave numbers

k1 and ko, for each line of which the profile is Gaussian. To evaluate the interferogram, we
perform an integration

I(z) =R {ﬁ /OOO B(k)e“”dk} .

Worksheet 11.10 We take arbitrary values k1 = 15, ko = 13 and a = 0.25 to produce a
plot.

> a := 0.25;

a:=0.25
> k1 := 15;

k1 :=15
> k2 := 13;

k2 =13

> Bl := 1xexp(-(k - k1)"2/(2*a~2)) + 0.7*exp(-(k - k2)~2/(2*a~2));
B1 — (—8-000000000 (k—15)%) +0'7e(—s.ooooooooo(k—13)2)

> plot(B1l, k=10..20);

0.8
0.6
0.4

0.2
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> Eprl := 1/sqrt(2#Pi)*int(Bl*exp(I*k*x), k=0..infinity);

1
Eprl := 5\/5(0.3133285343 %1 (e 12))15 1 0.2193299740 %1 (et 12))13

+ 0.3133285343 %1 (e(t- 12))15 erf (0.176 7766953 I = + 42.42640687)
+0.2193299740 %1 (et 12))13 erf (0.176 7766953 I = 4 36.76955262)) /\/E
%1 := (—0.03125000000 z?)

> plot(Re(Eprl), x=-10..10, numpoints=400); #takes a while

0.4

_ g AU(\ bﬂ\jﬂﬂ (\vmﬂu% (\W [\Uﬂ ﬁU v}\uﬂ vﬂj (\U{%ﬂuﬂvﬂwv%

The interferogram resembles a beat pattern that would be obtained by adding two waves of
distinct frequencies, which is exactly what it is. The original spectral lines are enveloped
by a Gaussian function. The Fourier transform of a Gaussian function is also a Gaussian
function; the interferogram thus appears to be enveloped by a Gaussian function as well.
Although Michelson lacked a digital computer to calculate such a Fourier transform, based on
the above reasoning he carefully examined interferograms recorded from visual observations
and deduced correctly that many spectral lines, such as a green line of atomic mercury at
546.1 nm, are multiplets comprising two or more closely spaced components, because the
interferograms show a pattern of beats.

11.7 Fresnd Diffraction

In previous sections, we have restricted our discussion to the approximation that all rays pass-
ing a slit are parallel to one another. Placing a screen far from the slit fulfils this condition;
this type of problems is called Fraunhofer diffraction.
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We now consider a situation in which light enters from infinity, casting the shadow of an
opaque object on a screen; see Figure 11.7. As the screen is not far from the object, we can
no longer assume that rays are parallel after the object. Near the edge of the shadow, we see
also a diffraction pattern. This type of problem is called Fresnel diffraction.

The intensity at P can be calculated by the addition of sources from D up to infinity, and
down to the edge of the object. We must calculate the path difference between F'P and DP.
Because only sources near D make a significant contribution, an approximation that F'P— D P
is h2/2s is satisfactory. The phase difference for Fresnel diffraction is therefore proportional
to the square of the distance from a reference point D; for comparison with problems of
Fraunhofer diffraction, the phase difference is linearly proportional to h.

opaque screen
object

Figure 11.7: Fresnel diffraction.

Any problem of diffraction can, in principle, be solved geometrically on constructing a phasor
diagram. In this case, we prepare a phasor diagram, which is a curve formed on addition of
many infinitesimal vectors according to a requirement that the angle increases as the square of
the length of the curve. We define a parameter 7,

2:27Th_2

—_— 11.
A 2s (11.50)

Ul

Hence each vector is

e’

Adding these vectors yields a curve described by this integral,

2 [
Et:\/j/ e dn. (11.51)
™ Jo

As our concern is only the relative intensity, a factor \/2/m has no particular significance.
With this choice, the integral converges to +(1/2 + ¢/2). This curve is called the Cornu
spiral.
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To find the intensity, we measure the distance in the phasor diagram. The Cornu spiral in the
complex plane is expressed with z and y in a parametric form with w,

x:%{\/?/ e”’2d77}7

™ Jo

yzi‘r{\/?/ e“72dn}.
™ Jo

Let the distance between D and the edge of the object be z, which is linearly proportional to
w; specifically,

Suppose that we seek the intensity at point P: we let D correspond to the center of the Cornu
spiral (0,0). We add from D up to infinity, which corresponds to (1/2,1/2), and from D
down only to the object, corresponding to (x, y). The intensity then corresponds to the square
of the distance:

1\? 1\?
1 - = - = .
<=3+ (-9)]
For w > 0, so that x < 0 and y < 0, the intensity has an oscillatory pattern, depending on z,
or w. For w < 0, corresponding to the shadow region, for which > 0 and y > 0, we employ

only one end of the Cornu spiral; the intensity falls off monotonically. The intensity exactly
opposite the edge is, from the graph, 1/4 of that of the incident light.

Worksheet 11.11 Defining the integral functions, we plot the Cornu spiral. We evaluate the
integrals numerically and plot the pattern of diffraction. We employ Heaviside for graphic
purposes only to indicate the opaque object; this command is useful in differential equations
to produce the step function.

> assume(u, real); assume(v, real);
> Amp := sqrt(2/Pi)*int(exp(I*u~2), u=0..v);
1 1 1 1
Amp ==+ =1 fl{=—=1 2
= (3037 = ((2-21) v7)
> x := Re(Amp);
1 1 1 1
= -+ -7 fll=—=1 2
w2 (530 «r((G-27) )
> y := Im(Amp);
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> plot([x, y, v=-2%Pi..2*Pi], scaling=constrained);

0.6 ,@@\

0.4

0.2

4-029] 02 04 06 08
021

O

> plot({1/2*%((x + 0.5)"2 + (y + 0.5)"2), Heaviside(v)},

> vy=-Pi/2..3/2%Pi, axes=frame);

/ﬂbNW

0.8 1

0.6
0.4

0.2
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Exercises

1. Modify the worksheet in Section 11.1.1, and observe polarizations for the following con-
ditions:

(a) linear polarization, for which Ey, = 5, Ep, = 5/2, a, — oy = 0
(b) elliptical polarization, for which Ey, = 5, Ey. = 5/2, o, — oy = 7/3;
(c) circular polarization, for which Ey, = 5, Ep, = 5, a, — oy = /2.

2. Verify equation (11.24).

3. From the formula for ideal multiple-slit interference, find the position and intensity of
subsidiary maxima.

4. To understand Rayleigh’s criterion, we consider equation (11.31) for two sources:

sin (‘p_%) ’ sin ((ﬂ_%) ’
r=4|—2 2| 44|27 (11.52)
b3 o+3 ' '

When the first minimum from one source resides at the maximum of the other source, it
corresponds to § = 27r; make a plot of this condition, which should resemble Figure 11.8.
Make plots for § > 27 and § < 27. Rayleigh’s criterion for a circular aperture can be
similarly obtained using equation (11.38).

"5 lo 5 O 5 10 15
Phi

Figure 11.8: Rayleigh’s criterion for a single slit and a circular aperture.

5. In Section 11.4.1, the angular size of the first dark ring of the diffraction pattern formed
by a circular aperture is found to be

A
sinf; = 1.22—.
a
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Prove that the the angular sizes of the second and third dark rings are

A A
sinfly = 2.23—, sinf3 = 3.24—.
a a

Hint: find the roots of the Bessel function of order 1.

6. Sketch the combined pattern for diffraction and interference of light of wavelength
650.0 nm passing four slits of width 3.0 um and separated by 9.0 um.

7. When the size of an aperture is much greater than the wavelength of the light, it is useful
to introduce the concept of rays, along which the light travels. Geometrical optics is
concerned with the determination of these rays, and according to Fermat’s principle,
light travels between two points along a path that requires the least time compared to
other nearby paths. We assume that the speed of light in glass is lower than the speed of
light in air by a factor n, the index of refraction. Referring to Figure 11.9, we attempt
to find the position of C' such that PCQ corresponds to the least time, compared with a
path PRQ or PS(Q, for instance.

Figure 11.9: Snell’s law using Fermat’s principle.

(a) We first use a numerical example: let the coordinates of P, @), C be (-5, 5), (5, —5),
(z,0), respectively, all have units of meters. We also assume that the speed of light
in air is 3 x 108 m s™!, and the index of glass n is 1.5. The time required for the
light to travel from P to () is thus

¢ = \/[x—(—c5)]2+52 L \/(5—0722+52.

Plot ¢ as a function of z, and find the value of x that minimizes ¢.
Answer: z,;, = 1.81 m.
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(b) Let the coordinates of P, @, C be (a, b), (d,e), (z,0), respectively, the time it takes

to travel from P to @ is

\/(a—x)2+b2+\/(d_x)2+e2. (11.53)
c c/n

t =

Take the derivative of ¢ with respect to x and set the derivation equal to zero, verify
that

(x —a) _ n(d—=x)

= , 11.54
VE—a32+02  /(d—x)+e2 ( )

which is equivalent to
sin 01 = nsinfsy; (11.55)

This is known as Snell’s law of refraction.
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12 Special Relativity

The treatment of relativity in the physics literature is abundant. The most common obstacle
to understanding relativity is confusion about observers in different frames. In this chapter,
we attempt to present relativity in a uniform fashion. We use matrix algebra to perform a
change of inertial frames. Our major concern is to be logically consistent; to do so we avoid
arguments such as switching places, and we solve equations directly. Although our approach
might result in lengthier calculations, we take advantage of the solving power of Maple to
facilitate this task.

12.1 Lorentz Transformation

The origin of special relativity lies in electromagnetism. Maxwell’s equations are not invariant
under the Galilean transformation, a prerequisite of Newtonian mechanics. Lorentz derived a
set of transformations under which Maxwell’s equations are invariant.

Let us consider two inertial reference systems K and K’ with coordinate axes zyz and 2'y’ 2/,
in which the system K’ moves relative to K along the x(z’) axis with velocity u. The Lorentz
transformations are

— ut t— 2
e B S s 2.1

V1—u2/c T—u2/c2

The Galilean transformation is the limit of ¢ — oo. We can express these transformations in a
matrix form. Defining

U 1
= —, = (12.2)
& ¢ 7 V1—u?/c?
and
20 = ct, z! = x, z? = Y, z2 = z, (12.3)

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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(the superscripts are indices, not exponents), this notation allows us to write equation (12.1)
as

x'0 v =8 0 0 20
R A | e (124
'3 0 0 01 z?
or more abstractly
x' = Lx, (12.5)

where x and x’ are column matrices containing four components of the corresponding vectors,
and L is a square matrix.

From the contribution of Minkowski and Einstein, we recognize that space and time are in-
separable. Three spatial dimensions and one temporal dimension form a four-dimensional
space-time, or the Minkowski space. A point (ct, x,y, z) in the Minkowski space is called an
event, and the trajectory of a particle in the Minkowski space is called a world line.

We define a four-vector as a set of four quantities that conform to the Lorentz transformations,

a’® v =8 0 0 a’
a'l — 0 0 al
a? |~ gﬁ g 1 0 a® |- (12.6)
a’ 0 0 0 1 a®

In the same way we use an abstract notation to express the above equation:
a’ = La. (12.7)

In Section 6.2, we urge the reader to be aware of the basis for a vector in matrix form. In the
Minkowski space, the basis vectors for a four-vector consist of three Cartesian basis vectors
and one basis vector parallel to the coordinate of time ¢. In this chapter we work exclusively
on components, arranging them in a matrix, without referring to basis vectors. We may alter-
natively think of this matrix representation as writing a system of four equations in a compact
notation.

A four-vector scalar product is defined as
—a’ + atbt + a?b? + a®b3; (12.8)
be aware of the minus sign for the zeroth (temporal) component. This quantity is invariant

under the Lorentz transformation; we verify this fact by a direct calculation.

Worksheet 12.1 In this worksheet we invoke the LinearAlgebra package. The matrix of
the Lorentz transformation is defined as L. Be aware that gamma is defined as Euler’s constant
in Maple; we avoid using this name by assigning -y to gma. Four-vectors a and b are denoted
A and B, respectively. In the K’ frame, we use Ap and Bp to represent them.
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L g

ANV V V

L =

v
=
i

v
w
i

Bp :

< a0, al, a2,

< b0, bl, b2,

with(LinearAlgebra) :
gma := 1/sqrt(l - beta~2):

= << gma | -gmaxbeta | 0 | O >, < -gmaxbeta | gma | 0 | 0 >,
OlOol1]10> <0l 01]O01]1>>

g

1B
AP Vi
1
-3 Ji_P
0

0 1
0 0 0
a3 >;
C a0
al
A = 02
- a3 -
b3 >;
- 50 ]
b1
B = b2
- b3 -
r a B al
\/16_ 52 \/1 _1ﬁ2
a a
= | = 4=
Vi-p  1-p°
a2
i ad
r bo _ B bl
Ve VS
= | = 4=
V=62 J1-p2
b2
L b3

355

> simplify(-Ap[1]1*Bp[1] + Ap[2]#Bp[2] + Ap[3]1*Bp[3] + Ap[41*Bp[4]);

al bl — a0 b0 + a2 b2 + a3 b3

We find that

_a/Ob/O _|_a/1b/1 + CL/2b/2 + a/Sb/3 — _aObO —|—Cllb1 —|—Cl2b2 4 &3b3.

(12.9)
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We can simply bear in mind that there is a minus sign for the temporal component when
performing a four-vector scalar product. However, to be more systematic in tracking the minus
sign, and to prepare for more sophisticated constructions for general relativity in Chapter 18,
we introduce a covariant four-vector a,, which differs from a contravariant four-vector a*
by a minus sign in the temporal component:

a® ag —aY
1 1
a al a
no__ _ —_
at = a, = = . 12.10
a2 9 I as CL2 ( )
a® as a®

The description of vectors of these two types might be misleading; we employ the terminol-
ogy merely to distinguish the position of indices, namely “contravariant” for superscripts, and
“covariant” for subscripts. The physical distinction between contravariant and covariant vec-
tors lies in the transformation rules to which they are subject, a topic beyond the scope of this
book. We define the metric tensor,

-1 0 0 0
0O 1 0 O
0 0 0 1
so that we can lower the index of a contravariant vector to form a covariant vector,
3
4= guwa’, (12.12)
v=0
or explicitly
ao -1 0 0 O a® —aY
| oar | _ 0 1 0 0 at | al
W ey | T 0 0 1 0 a? | a? (12.13)
as 0 0 0 1 a® a®

The scalar product using the above notation becomes

3
N
Z a,bt.
n=0
Adopting the Einstein summation convention, we further suppress the summation symbol:
a,bt.

Repetition of a Greek index in a product implies summation; for example, equation (12.12)
becomes a,, = g,,,a”. This notation is particularly convenient in general relativity; according
to an anecdote, Einstein regarded it as his “great discovery in mathematics.”
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The reader should not be concerned if the above definitions seem unfamiliar; we have no
particular need of this knowledge for the rest of this chapter. In summary, a four-vector can be
represented by its four components arranged in a column matrix, and they are subject to the
Lorentz transformation. Some examples of four-vectors are

* space-time interval: xl — z'y;
* wave frequency and wave vector: (w/c, k!, k2, k3);
* relativistic energy and momentum: p* = (E/c, pt, p?, p?).

We apply transformation properties of four-vectors in subsequent sections. The most im-
portant aspect of special relativity is to distinguish between the primed system, K’, and the
unprimed system, /. Much confusion about relativity arises from the question of who is
moving. Throughout this chapter we use a consistent notation. That is, we are situated in the
K frame, and We consider ourselves at rest; we see that K’ is moving in the x direction, coin-
ciding with 2, at velocity u. Although observers situated in the K’ frame consider themselves
at rest, and they consider us moving, we emphasize that their perception of who is moving is
irrelevant to our discussion in this section. Hence we seek to know how a physical quantity
measured by USin the rest frame K, denoted without a prime, is related to that measured by
themin a moving frame K’, denoted with a prime. Thus the mathematical objective is always
to express unprimed parameters in terms of primed ones and u. One must clearly understand
this objective before proceeding to a calculation.

12.1.1 Length Contraction and Time Dilation

The simplest four-vector is the interval between two Minkowski events,
(CAtv AQ?, Aya AZ) = (CtBa TB,YB, ZB) - (CtAa TAYA, ZA)a

which is subject to the Lorentz transformation.

Considering the effect of length contraction of a moving object: we seek to know the length of
a moving rod as it appears to a stationary observer. We analyze the problem in the following
way. Suppose the rod to be at rest in the K’ frame; we see the K’ frame move parallel
to the x axis at velocity u. We measure the length by identifying two simultaneous events
in K: one end of the rod passes at (ct1,21,0,0), and the other end of the rod passes at
(ct1,22,0,0). The length according to uSis Az = x2 — x1. These two events are viewed in
the K’ frame as (ct}, 24,0, 0) and (cth, 25,0, 0). Because the rod is at rest in the K’ frame,
and a7, are two fixed values. The length measured by an observer in the K’ frame is therefore
Az’ = xb, — 2, although ), might differ from ¢}. The objective of this problem is to elucidate
the relation between Az (unprimed) and Az’ (primed), in terms of the latter, when At = 0,
or simultaneously in K.

The transformation of a space—time interval is

Ax' =L Ax. (12.14)
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The result is

_ At — Azx/c

Al A (12.152)
Az = %, (12.15b)
Ay = Ay, (12.15¢)
A = Az (12.15d)

The solution of Ax when At = 0, in terms of Az, is readily obtained from equation (12.15b).
For this problem, one requires no knowledge of At’. We have

Az = Az'\/1 —u2/c2. (12.16)

Recall that Az’ is the length of the rod according to an observer in K’, who has no motion
relative to it. We conclude that a moving object becomes shortened.

Worksheet 12.2 In this worksheet we use txyz, with components (cxdt, dx, dy, dz)
to denote the four-vector of the space—time interval, (cAt, Az, Ay, Az). We perform the
Lorentz transformation to obtain the components of the space—time interval in the primed
system, represented by txyzp. We then evaluate at dt=0 in Eq3 to obtain dx in Eq4.

with(LinearAlgebra) :
gma := 1/sqrt(l - beta~2):

ANV V V

L := << gma | -gma*beta | O | O >, < -gma*beta | gma | O | O >,
Olol1]0> <0001 1>>;
1
= p 0 0
\/1— (2 \/1— 32
1
= b 0 0
V1—682  |/1-p2
0 0 1 0
0 0 0 1
> txyz := < cxdt, dx, dy, dz >;
cdt
txyz == (2
: 0
dz

> txyzp := L.txyz:
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> txyzp := map(simplify, txyzp);

cdt — B dz
V1 =2
Bedt — dx
txyzp = ﬁ
dy
dz
> Eql := dtp = txyzp[il/c;
cdt — (B dx
Eql = dtp = ————
V1-—p6%¢
> Eq2 := dxp = txyzpl2];
Bedt — dx
Eq2 :=dzp = —————
V1= 2
> Eqg3 := eval(Eq2, dt=0);
dz
Eq3 = drp = ——
V1=
> Eg4 := isolate(Eq3, dx);

FEq4 = dx = dxp m

We next consider the effect of time dilation for a moving frame. Suppose a clock to be at rest
in the K’ frame. The interval between two events A’ (cth, x5,0,0) and B’ (ct), 25,0,0) in
the K’ frame is At' = t) — t5. We seek to evaluate this interval according to a stationary
observer in K who sees K’ move at velocity u. To do so we must find the unprimed events A
(cts,z3,0,0) and B (ctq, z4,0,0) in the K frame, and At = t4 — t3 is our desired quantity
(unprimed).

The transformation of a space—time interval is the same as above. Our objective is again to
evaluate unprimed parameters in terms of primed ones. There is a subtle difference between
this problem and that above: to find At, we must also find Ax = x4 — 3, which is not zero;
the reason is that the clock in K’ is moving according to us. We need first to solve Ax of
equation (12.15b) under the condition Az’ = 0:

Ax = [cAt.

This result is understandable because the distance that the clock moves (Ax) is equal to the
velocity of the frame (3¢ = ) times the time interval (At), all according to US. Substituting
Az into equation (12.15a), we obtain

!
A= BT (12.17)

V1—0v2/e2

Therefore At is always greater than A¢’, and we conclude that a moving clock runs slowly.
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Worksheet 12.3 The Lorentz transformation is the same as above. We set the condition
Az’ = 0 in Eqg3, and solve for Az in Eq4. Substituting dx into Eq1, we obtain the relation
between primed and unprimed frames in Eq7.

> with(LinearAlgebra):

> gma := 1/sqrt(l - beta~2):
>

<

L := << gma | -gma*beta | O | O >, < -gmaxbeta | gma | O | O >,
Olol1]l0> <0001 1>>;

1

B
— 1___@.0 0
__F = 0 0
V1—682  |/1-p2
0 0

1
0 0 0

L=

0
1

> txyz := < cxdt, dx, dy, dz >:
> txyzp := L.txyz:
> txyzp := map(simplify, txyzp):
> Eql := dtp = txyzpl[il/c;
FEql = dtp = M
= e
> Eq2 := dxp = txyzpl[2];
Eq2 = dxp = _fedi— do
Vi-F
> Eq3 := eval(Eq2, dxp=0);
Bedt — dx

Eg3 :=0=—
V1 =2
> Eg4 := isolate(Eq3, dx);

Eq} :=dx = pcdt
> Eqgb := subs(Eq4, Eql);
cdt — % cdt

Eq5 = dtp = \/ﬁc
Eq6 := isolate(Egb, dt):

Eq7 := simplify(Eq6);

dtp

Eq7 == dt = ——
q 7

A space—time interval is a four-vector; its scalar product is with itself and therefore is an
invariant quantity. If the scalar product of the space—time interval is negative, we define the
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proper time 7 (always positive) as:
Adr? = ds? = Adt? — da® — dy? — d2? = Adt”? — da'? — dy'? — d2?. (12.18)

We interpret the proper time as the time read by a clock comoving with a given object, for
which spatial components vanish; in the above example of time dilation, dr = dt’ because
dr' = dy' = dz’ = 0. If we seek to know what a clock reads in frame K’, in terms of a
clock at rest in frame K, the situation is reversed: finding the primed parameter in terms of
unprimed ones, we integrate equation (12.18):

to 2
S :/ dyf1— (12.19)
t1 c

This integral yields the time interval for a moving clock when the corresponding interval
according to a clock at rest is to — ¢7.

12.1.2 Addition of Velocity

We maintain the definitions of frames K and K’ according to the preceding section: for K’
moving at velocity u in the x direction, we discuss the velocity addition rule according to
relativity. Suppose that an object moves at velocity v’ in the x’ direction according to an
observer in K'. We seek the velocity v, of this object moving from a point of view of an
observer in the K frame.

The infinitesimal separation between two events transforms as

g = dt — udz/c?
V1—u?/?’
dr — udt
do = X84 (12.20)
V1—u?/c?
dy' = dy,
dz = dz.

The velocity v/, according to an observer in the K’ frame is

,dr
v, = —.
roar
Our objective is to find v, (unprimed), which is
dx
Ve = —7,
dt

in terms of v/, (primed) and w.

From these transformations, we write directly

o dx — udt
T dt —udz/c?’
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Isolating dx/dt from this formula, we obtain

dx u+ vl
& 1tun (1221

Ve =

This is the velocity addition rule in relativity.

Worksheet 12.4 1In this worksheet, dtp and dxp denote dt’ and dz’, respectively; vxp, de-
noting v, is expressed in Eq1. In Eq2 and Eq3 we isolate dx/dt from v/,.

> with(LinearAlgebra):
> gma := 1/sqrt(l - beta~2): beta := u/c;

> L := << gma | -gmaxbeta | O | O >, < -gma*beta | gma | 0 | O >,
|

<0l O0]l1]0> <0001 1>>;
_ 1 _
2 N = = U
U U
1-; 1_0_20
U 1
L:=| — 0 0
- -
—Zc s
0 0 1 0
L 0 0 0 1 |
> txyz := < cxdt, dx, dy, dz >;
cdt
; o dz
TYZ = @
dz
> txyzp := L.txyz:
> txyzp := map(simplify, txyzp);
[ —c2dt +udz
—c? 4+ u?
W=—c
2
. u dt — dx
TYZP = _——
—c? 4+ u?
\/ &
dy
dz ]

> dtp := txyzpl[ll/c; dxp := txyzpl[2];
—c2dt + v dz

_C2+U2
(=T 2
2
C

dtp = —
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wdt — dx
dxp = —
—c% +u?
—
> Eql := dxp/dtp = vxp;
(u dt — dr) c?
Eql i =———"— =
1 —Rdttuds P
> Eq2 := isolate(Eql, dx);
2 dt
gt = dg = 2T )
cc + vrpu
Eq3 := lhs(Eq2/dt) = rhs(Eq2/dt):
Eq4 := simplify(Eq3);
dr ¢ (u+ vap
g = & Sl )
cc 4+ vrpu
12.1.3 Doppler Shift
Consider a plane wave of frequency w’ and wave vector k' = (k;, kj, k.) in the moving

frame K'. This wave is viewed to have a different frequency w and direction of propagation
k = (kz, ky, k) according to a stationary observer in the K frame. Such an effect is called the
Doppler shift. Based on the fact that frequency and three components of the wave vector form
a four-vector, we derive the formula for the Doppler shift from the Lorentz transformation.

If a wave propagates along the 2’ axis, the transformation is simple. Here we consider a more
general situation. Suppose a wave propagates in the plane x’y’, making an angle ¢’ with the
a’ axis. According to an observer in the K frame, the wave appears to make an angle ¢ with
the z axis; see Figure 12.1.

Figure 12.1: Doppler shift.

For an electromagnetic wave, the speed of light is constant; that is,
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Assume the magnitude of the wave vector to be k in the K frame; the four-vector is therefore
(k,kcos @, ksing,0). In the K’ frame, the four-vector is (k', k' cos ¢, k' sin ¢’,0). We can
relate these two sets of four-vectors through the Lorentz transformation:

K v =8 0 0 k
Ecos¢ | | =48 ~ 0 0 kcos¢
kK'sing’ | 0 0 1 0 ksin ¢

0 0 0 0 1 0

(12.22)
Yk(1 — B cos ¢)
_ vk(cos ¢ — [3)
ksin ¢
0

Our objective is again to express unprimed parameters in terms of primed parameters. Com-
paring both sides of the equation, we solve for cos ¢ and k in terms of cos ¢’ and k. We obtain
the frequency (recall that w = ck and w’ = ck’) to be

1+ Bcos¢’ |,
W= ———u'

; 12.23
/T— 32 ( )
the angles ¢ and ¢’ are related as
cos¢' +
=__—r = 12.24
cos ¢ 1+ Bcosg’ ( )

Worksheet 12.5 In this worksheet, the meaning of the symbols is evident; we use phip to
denote ¢'. We obtain k and cos ¢ on solving the equations in Soln1. Be aware that the order of
appearance of quantities in a solution set in Maple is generally unpredictable. After finding k
and cos ¢ in Eq6 and Eq7, we discuss two special cases for ¢ = 0 and ¢ = /2. Calculations
pertaining to the ¢ = 0 case are from Eq11 to Eq14: we need to find cos ¢’ first, which is
Eq12, so that we can find k, which is Eq14. The calculations for the ¢ = 7 case are from
Eq21 to Eq24.

> with(LinearAlgebra):

> gma := 1/sqrt(l - beta~2):
>

<

L := << gma | -gma*beta | O | O >, < -gmaxbeta | gma | O | O >,
Olol1]0> <00l 0] 1>>;

1 5

g e °

o || === ! 0
o Vi-pg  J1-p2

0 0 1 0

0 0 0 1
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> omega := kxc; kx := k*cos(phi); ky := kxsin(phi); kz := 0;

w:=kc
kx := k cos(o)
ky := ksin(¢)
kz :=0
> wavevec := < omega/c, kx, ky, kz >;
k
| kcos(¢)
wavevec := F sin()
0
> wavevecprime := L.wavevec:
> wavevecprime := map(simplify, wavevecprime) ;
_k(=1+Bcos(¢)) |
V1-p5?
wavevecprime 1= —M
V1= 32
k sin(¢)
- O -
> Eql := kp = wavevecprime[1];
!
Fat o by - _ECLE Beos(9))

VI-F
> Eq2 := kp*cos(phip) = wavevecprime[2];
k (B — cos(¢))
VP
> Eq3 := kp*sin(phip) = wavevecprime[3];
Eq3 := kpsin(phip) = ksin(¢)
> Solnl := solve({Eql, Eq2}, {k, cos(phi)}); # be aware of order
I { b=/ B-DE 1++1>6 (1 + Beos(phin) 000 _ ff%i)()p% }
> Eq6 := simplify(Soln1[1]); # for k
(1 + B cos(phip)) kp
V- P
> EqQ7 := simplify(Soln1[2]); # for cos(phi)

- _ cos(phip) + B
Eq7 := cos(¢) = 1 + Bcos(phip)

Eq2 := kp cos(phip) = —

Eq6 =k =
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> Eqll := eval(Eq7, phi=0);

cos(phip) + 3
1+ B cos(phip)
> Eql2 := isolate(Eqll, cos(phip));

Eq12 := cos(phip) =1
Eql13 := subs(Eql2, Eg6):
Eql4 := simplify(Eq13);

Eqll :=1=

(B+1)kp

Vi- 5

cos(phip) + 8
1+ B cos(phip)
> Eq22 := isolate(Eq21, cos(phip));

Eq22 := cos(phip) = —f
Eq23 := subs(Eq22, Eg6):
Eq24 := simplify(Eq23);

Eq2f =k =Fkp+/1— (2

Eq14 =k =
> Eq21 := eval(Eq7, phi=Pi/2);

Eq21 :=0=

We discuss special situations. If the wave propagates in the +x direction, then ¢ = 0; from
Figure 12.1 we see that ¢/ = 0 also. We verify this result mathematically in the above Maple
worksheet. With a supplementary manual arrangement, we obtain

w=4—=. (12.25)

This equation corresponds to the situation when a moving source directly approaches a sta-
tionary observer. We can also obtain a formula for a wave propagating in the —x direction. In
this case, ¢ = ¢/ =7, s0

_ [1=-8
v =115 (12.26)

This equation corresponds to a moving source that directly recedes from a stationary observer.

A transverse Doppler shift occurs when the wave is received perpendicularly. This condition
signifies that ¢ = 7/2 (be aware that it is the unprimed ¢); hence the wave propagates per-
pendicularly in the K frame, but there is still a shift in frequency. We solve for ¢’ first, which
is

cos ¢ = g, cos¢' = —f3;



12.2 Relativistic Kinematics and Dynamics 367

substituting this condition into our general formula in equation (12.23), we obtain

w=+/1- . (12.27)

This result implies a decrease in frequency.

In many textbooks, the inverse Lorentz transformation is introduced on observing that K is
considered to move at —u away from K'; unprimed parameters are hence readily expressed in
terms of primed ones. We avoid this argument because it might generate confusion about who
is moving. We only apply the transformation properties to obtain the primed four-vectors, and
employ Maple to solve directly for unprimed quantities.

12.2 Relativistic Kinematics and Dynamics

Newton’s second law is

d
F = —(mv). 12.28
2 (mo) (12.28)
This equation is not invariant under the Lorentz transformation if we consider the mass m to
be constant (independent of velocity v). If our concern is only to solve problems, to make
Newtonian mechanics consistent with relativity, we simply multiply the mass by a factor v,

M0 (12.29)

V1—02/c2

so that equation (12.28) becomes invariant under the Lorentz transformation; the quantity my
signifies the rest mass.

Just as Newton’s second law must be modified to conform to the Lorentz transformation, def-
initions of energy and momentum must be modified accordingly. The relativistic momentum
is defined as

moua

= — 12.30
p Tt/ ( )
relativistic energy is
m()C2
E=— (12.31)

N

Together they form a four-vector

' = (E/c,pes Py, D2)- (12.32)
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Because the scalar product of the energy-momentum four-vector with itself is an invariant,

E\2
P'pu =~ (—) +p-p=-myc’, (12.33)
c
we acquire an important relation between energy and momentum:
E? = (moc®)® + (pc)®. (12.34)

Consider an arbitrary collision process; if there is no external force, the sum of the energy-
momentum four-vector in each component is conserved:

> EBi=> Ejp, (12.35)
i J

> Pia =Y pj- (12.36)
i J

Indices a and b pertain to particles after and before the collision, respectively.

Example12.1 Two particles with rest masses m and mo move in one dimension. Particle
1 has initial velocity w3, and particle 2 is at rest. Assuming the collision to be elastic — under
which condition the rest masses are unchanged, find the final velocity of particle 1 after the
collision.

U1p Ulg U2q
m® > Mmeo® M ® > Mo

before after

Figure 12.2: One-dimensional relativistic collision problem.

Solution Both energy and momentum are conserved:
B + Eoy = Evyy + Eoy, (12.37)
and

Pla + D2a = P1b + D2b, (12.38)

with Ey;, as the energy of particle 1 before the collision and E), as its energy afterwards, and
analogously, Fy, and Ey, for particle 2. Using the relativistic energy and momentum, we
have

2 2 2
mic macC mic 2
+ = + moc”, (12.39)
\/1 - u%a/c2 \/1 - u%a/c2 \/1 - U%b/C2
and
MiUla M2U2q _ miuip (12.40)

VI—u3,/@ 1=,/ JT—ud/c
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Solving the above two equations with two unknowns w1, and us,, we obtain the final velocity
of particle m;:

mi —m3

Ulag = U1p-
m$ +m3 + 2myimay/1 — u?, /c?

(12.41)

Worksheet 12.6  The symbols are self-evident. We evaluate the limit ¢ — oo at the end for
the classical formula. The order of appearance of solutions in a set is unpredictable; for this
reason be aware of the selection of Soln1[2,2] as ulain the limit.

> Eql := ml/sqrt(l-ula~2/c~2) + m2/sqrt(l-u2a~2/c~2) =

> ml/sqrt(1-ulb~2/c"2) + m2;

1 2 1
Eql = n + n = n + m2

1 ula® 1 u2a> ulb?
2 2 1= c?

> Eqg2 := ml*ula/sqrt(l-ula~2/c~2) + m2*u2a/sqrt(l-u2a~2/c"2) =

> mil*ulb/sqrt(1-ulb~2/c~2);

Eg = ml ula " m2 ula _ ml ulb

ula?® u2a? ulb?
1-— =2 1-— =2 1-— =2

> Solnl := solve({Eql, Eq2}, {ula, u2al});

Solnl = {u2a =0, ula = ulb}, {u?a =2ml ulb

<m262_m2u1b2+\/(c—u]b)c2(c+u1b) 02m1>/<

—ul 1
(202m2m1 \/(C it o) +c2m22+c2m12—m22u1b2+m12u1b2>

2
\/(c—u]b)(c—i—u]b)) ula — ulb (m1? — m2?) }
c? o —ulb 1b
2m2m1\/(6 ulb) (e ulb) | 1192 4 mi?
c

> 1imit(Soln1[2,2], c=infinity); #select the right solution
ulbml — ulbm2
m2 + ml

ula =
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We see that in the nonrelativistic limit, for which ¢ = oo, u1, reduces to the classical formula
in Section 1.2.

Although Newton’s second law in the form F' = ma is invalid at a high speed, modifying the
mass with a correction factor ~y is all that one needs to solve a problem in dynamics. Namely,
we have

d
F=_— 12.42
P ( )

provided that we use the relativistic momentum defined in equation (12.30). We offer an
example as an illustration.

Example12.2 For a particle subject to a constant force /', find its position as a function of
time.

Solution From equation (12.42), we can write directly
o d mu(t) 7
at /T ut)/?

where u(t) = 4(t). Maple can solve this differential equation for x(t) — try it. However, we
perform a more detailed analysis to gain an insight.

(12.43)

Momentum is the integral of force with respect to time, and for a constant force, such a
calculation is easy:

mu B
VI—a?/

We next solve for u,

" Fet ' (12.44)
(Ft)2 + (mc)?

Ft, supposing u(0) = 0.

Supposing that 2(0) = 0, we integrate u to obtain

T = % [ (mce)? + (Ft)? — mc] . (12.45)

For comparison, according to Newtonian mechanics, the position is expected to be

1, 1F,
— a2 = g2,
TR T o

Worksheet 12.7 The integrals are evaluated with Maple. The symbols pos and poscl de-
note positions according to relativity and classical mechanics, respectively. To make the plot,
we assign unit values to F, m and c.
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>

>

>

>

>

>

>

>

>

p := m*xu/sqrt(1-u~2/c"2);

. mu
b= ; 02
o2
Eql := p = Fxtp;
Eq1 = =Ftp
w2
=
Eq2 := solve(Eql,u);
Fipc Fipe

Eq2 =

VE2ip? +2m?’ _\/F2 tp? + c2m?

pos := int(Eq2[1], tp=0..t);

c(VFZtZ + c2m? — V2 m?)
F

pos =

poscl := 1/2x(F/m)*t~2;
2
I o= =—
posc ™

@= 1l
=1
7, o=
pos;
Vi2+1-1
poscl;
2
2

plot ([pos, poscl], t=0..3, scaling=constrained,

legend=["relativistic", "Newtonian"]);
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0 o5 1152253

— relativistic
—— Newtonian

In the graph of z as a function of time, the slope corresponds to the velocity. We observe that
the curve based on relativity is a hyperbola, with a slope approaching the speed of light, while
the curve based on Newtonian mechanics is a parabola, with a slope approaching infinity.

Let us explore an interesting aspect of this motion. If a rocket has engines that give it a
constant acceleration of one earth gravity, g, it will not cause discomfort for the astronauts on
board. Coincidentally, g almost exactly equals one light year (ly) per year (yr) squared — a
reader can verify that g = 9.8 ms=2 = 1.03ly yr=2. Usingg = 1lyyr—2andc = 11y yr 1,

and year to measure ¢, equations (12.44) and (12.45) become

t

NZES

and

=1+t -1,

where x is measured in light years. Suppose that this rocket is sent to travel from the earth
to the center of the galaxy at 30 000 light years away, and it accelerates for half the trip then
decelerates for the remaining half. Maintaining an acceleration of 1 ly yr—2, the rocket attains
aspeed of u = 1/v/2 ¢ = 0.71 c after one year, u = 2/v/5 ¢ = 0.89 ¢ after two years, and
u = 3/+/10 ¢ = 0.95 c after three years. The midway time ¢, can be obtained from

15000 = /1412 — 1,

which gives t;, = 15001 yr; this value is understandable because within years, the speed of
the rocket is essentially the speed of light; for a large ¢, x ~ ¢. So far we have been using the
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coordinate and time based on earth. The astronauts, however, read the proper time 7, of their
world line, see equation (12.19), which is

th \/7 15001 \/7#
- 11— g = 1— dt = 10.3 (yr).
h /0 2 /0 211 (yr)

The calculation for the deceleration is identical to that of the acceleration, so we simply double
tn and 7, for the entire journey. We conclude that while 30 002 years will elapse for the
mission control on the ground, the astronauts on board will age by only 20.6 years!

12.3 Transformationsof Electromagnetic Fields

As described in Section 8.1, a charge in the presence of both electric and magnetic fields
experiences the Lorentz force:

Cfl—‘; — 4[E + (v x B)). (12.46)
We can always discover a frame which comoves with the charge at u = v, so that in such
a frame there is no magnetic force. This property implies that a magnetic field is simply an
electric field in motion from the point of view of relativity. Conversely, because there is no
frame that is superior to another, E and B have no independent existence: a purely electric
or magnetic field in one frame appears as a mixture of electric and magnetic fields in another
frame.

The transformation of an electromagnetic field involves a tensor of second rank. By definition,
a four-vector implies four components that transform according to the Lorentz transformation:

a’ = La. (12.47)

To extend this concept, we define a four-tensor of second rank to be sixteen quantities t° in
a 4 x 4 matrix, which transforms as

t’ = LtL; (12.48)
this is a similarity transformation in matrix algebra.

The components of electric and magnetic fields (in total six elements) form an antisymmetric
field tensor T

0 E./c E,/c E./c
“E,Je 0 B, -B,
—-E,/c —B. 0 B,
-E./c By —B, 0

(12.49)
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Using the transformation property of a tensor, we derive the formula for an electromagnetic
field viewed by a moving observer:

T’ = LTL. (12.50)

Performing the matrix multiplications, we obtain the transformation for an electromagnetic
field:

E; - Ea;, B; = B$7
v
B, =By~ vB.), By =7(By+ 5E.). (12.51)

Worksheet 12.8 Matrix multiplication is a simple task for Maple; the meaning of this work-
sheet is apparent.

> with(LinearAlgebra):
> T :=<< 0 | Ex/c | Ey/c | Ez/c >, <-Ex/c | 0 | Bz | -By >,

> < -Ey/c | -Bz | 0 | Bx >, < -Ez/c | By | -Bx | 0 >>;

i 0 Bz Ey Ez 7
@ @ @
E
= 0 Bz —DBy
T o= ¢
' E
2 B 0 Bz
c
E
22 By —Bs 0
L @ _
> gma:=1/sqrt(l-beta~2);
1

gma = \/17_—62

> L := << gma | -gmaxbeta | O | O >, < -gma*beta | gma | 0 | O >,

Y

<Ol O] 1]0O0> <0]O] O] 1>>
1
— p 0 0
\/1— 32 \/1— (32
B 1 0
V1—682  |/1-p2
0 0

1
0 0 0

0
1

> Tp:=L.T.Transpose(L):
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> map(simplify, Tp);

i 0 Bz _—By+fBBzc Ez+[(Byc 7
c V1-p52%¢ V1-=p5%¢
Bz —0B8FEy+ Bzc _,8Ez—|—Byc

z 0 Ji-Fo /- e

—Fy+ B Bzc _—ﬁEy—i—Bzc

0 Bz
V1-73%¢ V1-p32%¢
_Ez—l—ﬁByc BEz+ Byc By 0

| V1-fc J1-Pe - ]

Exercises

1. For a situation in which a particle moves in a plane with both v/, and v; nonvanishing
(see Figure 12.3), verify the velocity addition rule:
U+ v, V1 —u?/c?oy,

vy =Y~V (12.52)

e = 1+wl, /2" Y 1+ uvl,/c?

Using the definitions of v/, = v’ cos ¢', v, = v'sin¢’, v, = vcos¢ and v, = vsin g,

Figure 12.3: Addition of velocities.

verify that

Vu2 + 02 4 2uv’ cos ¢ — (uv’sin ¢/ /c)?
U =
1 + uv’ cos ¢/ /c2

(12.53)

where ¢ and ¢’ are related as

v’sinqﬁ’\/l—u?/c?' (12.54)

tan ¢ =
¢ u + v’ cos ¢’

2. Derive the formula for the Doppler shift for a situation in which, in contrast to the exam-
ple in the text, we consider a stationary source in K that emits a wave of frequency w;
we seek w’ viewed by a moving observer in K.
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Hint: unlike a sound wave, the formula for the Doppler shift of an electromagnetic wave
is independent of whether a source or a receiver is moving.

The relativistic kinetic energy is defined as the total energy minus the rest energy:

mo C2 2

(a) Expand the relativistic kinetic energy in the powers of u to verify that

Ein =

1
Fyxin = —mu“ + - —— +.... (12.56)

The leading term reproduces the classical formula.

(b) According to the above formula, find the speed when the kinetic energies determined
classically and relativistically differ by 1%.

(c) In terms of momentum, the relativistic kinetic energy is

Ekin = \/p202 + m(2)04 — mC2. (12‘57)

Expand the kinetic energy in powers of p to verify that

p? p*

Ban=2—— P 4
" 2mg 8mpe?

(12.58)

Again the leading term is the classical formula; the lowest-order relativistic correc-
tion to the Hamiltonian is therefore

AHy = — (L> pt. (12.59)

3.2
8myge
This term is useful in calculating relativistic correction in quantum mechanics.

Two particles, each having rest mass mg, collide head on at % c; after the collision they
stick together. What is the mass of the composite particle?

The Lagrangian for a relativistic particle is

— 1o
L=-m\1-% -V, (12.60)

Suppose a particle is influenced by a constant force F', so that V' = Fz. Employing the
Euler-Lagrange equation, derive the equation of motion using the method discussed in
Chapter 3, and solve the differential equation. One expects the result to be a hyperbola,
identical to equation (12.45).
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6. The twin paradox involves an astronaut taking a trip at a relativistic speed to a planet
then returning to the earth; though much has been written about it, few mention the ac-
celeration required to attain the relativistic speed, say v, from rest.! Assuming a constant
acceleration « in the astronaut’s frame, we rewrite equation (12.44) as

_ at , (12.61)
(at/c)? +1

which is the speed of the rocket according to an observer on the earth. Without ignoring
the accelerating process, let a journey consist of four sections, each consuming the same
amount of time: (1) acceleration for half of the trip until the rocket reaches a speed v; (2)
deceleration for the remaining half so that the rocket stops on the planet; (3) acceleration
for half of the return trip until the rocket reaches a speed v; (4) deceleration for the
remaining half so that the rocket stops on earth.

(a) From equation (12.61), show that the lapse of proper time for an observer on earth is
1

V1=02/c

(b) From equation (12.19), show that the lapse of proper time for the astronaut is

T 2
T:/ 1—“—2=51n1/c+“, (12.63)
0 c a c—0

where 7' is in equation (12.62); this result can be equivalently expressed as

(12.62)

v
a

7= Stanh1 2. (12.63)
a c
Make a plot of 7" and 7 versus v, and one should observe that
T>T. (12.64)

7. (a) Verify that E - B is an invariant quantity under the Lorentz transformation; that is

E'-B'=E-B.

(b) Verify also that a quantity B-B — E- E is invariant under the Lorentz transformation.

8. In Section 8.1, we calculate the motion of a charged particle in the magnetic field. Al-
though the Lorentz force law is correct, the famous F' = ma is not in relativity. There
is a simple remedy: we write F' = 9 and p is modified by a Lorentz factor ~y, thus the

dt>
equation of motion becomes
d d
7P = E(vmV) =qv x B, (12.65)

I Acceleration in special relativity is treated in C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation, San
Francisco: Freeman, 1973, Chapter 6; our calculation is essentially the answer to exercise 6.3 on p. 167 of that book.
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where v = 1/4/1 — v2/c2. Suppose we have a constant magnetic field B, along the
z axis, and a particle with initial velocity vy, in the y direction moves on the xy plane.
Because the magnetic force does no work, total energy is conserved, and -y is constant, as
well as the magnitude of the velocity.> We obtain the equations of motion in components:

VM = quy B, ymi = qyB., (12.66a)
Ymiy = —quy B,y ymi = —qiB.. (12.66b)

Solve these coupled differential equations, assuming z(0) = 0 and y(0) = 0, to verify
that

T = Uﬁ[l —cos(wt)], y= Yoy sin(wt), (12.67)
w w
where
Lo 8B (12.68)
ym

Notice a < in the denominator, which differs from the cyclotron frequency in equa-
tion (8.5). Substitute numerical values to make a parametric plot of the solutions, and
observe that the particle undergoes circular motion at a radius v, /w.

2The magnitude of the velocity, v = 4 /v% + vg, is constant, but not v because vz and v, are functions of time.
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13 Quantum Phenomena

In this chapter we introduce the experimental details of quantum behavior and their theoretical
interpretation. Knowledge of quantum phenomena is required for the four subsequent chapters
on quantum mechanics and quantum statistics. We also present Bohr’s model for the hydrogen
atom, and the statistical approach of paramagnetism, which are two important applications of
the old quantum theory.

13.1 Blackbody Radiation

Any object with a temperature above absolute zero emits thermal radiation. In the late nine-
teenth century, physicists had an active interest in measuring the spectrum of thermal radiation
from a blackbody, which is an ideal object, at a particular temperature 7" that absorbs all radia-
tion incident upon it and that is in equilibrium with radiation. Quantitatively, one measures the
energy emitted per unit time per unit area of the surface in an interval of frequency between v/
and v + dv; this quantity is called spectral radiancy, Ry (v)dv.

From the spectral radiancy Rr(v)dv for various temperatures, two empirical laws are ob-
served for a blackbody. First, the frequency at which the curve reaches a maximum vp,.x is
proportional to the temperature,

Vinax X 17 (13.1)
this is Wien’s displacement law.

Second, the total flux of energy, which is the integral of spectral radiancy over the entire range
of frequency,

RT = /OO RT(V)dI/, (132)
0

is proportional to the fourth power of the temperature,
Ry = oT*; (13.3)

this is the Stefan—Boltzmann law, where the proportionality constant o is known as the Stefan—
Boltzmann constant, with an experimental value of 5.67 x 1078 W m~2 K4,
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Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Two attempts to apply classical physics to the explanation of the spectral radiancy Ry (v)dv
from a blackbody have yielded contradictory results: the Rayleigh—Jeans law and Wien’s law.
The former accounted for experiments in the regime of long wavelength, and the latter for
short wavelength; neither is satisfactory for wavelengths over the entire range.

In 1900 Planck successfully derived a formula to describe the curve Ry (v)dv. The funda-
mental difference between Planck’s approach and the classical derivations is that Planck made
an assumption that energy can only assume discrete values,

e =0,Ae,2Ae,3A¢,4A¢, . .., (13.4)
where

Ae = hv. (13.5)
The newly introduced constant % is named in honor of Planck.

Among the different ways of deriving Planck’s formula for the blackbody spectrum, in Chap-
ter 17 we employ the method of quantum statistics; here we preview the result:

3
Re)dv = 2 V"4, (13.6)

2 ehv/kT _ 1
Because our concern is radiation from a cavity, we prefer to use the energy density instead of
the energy flux. In gas kinematics, the rate of effusion can be calculated from the bombard-
ment of particles on an orifice in the wall of an oven. For photons, the energy density and
energy flux are related by a factor of ¢/4,

Rr(v) = sz(u). (13.7)

We offer no proof of this result; it is available in the relevant literature.

Planck’s formula incorporates the Rayleigh-Jeans law, which is the limit hv/kT < 1, and
Wien’s formula, which is the limit hv/kET > 1; see one of the exercises at the end of the
chapter. It also provides a theoretical basis for those empirical laws. Wien’s displacement law
is readily derived: differentiating Planck’s formula with respect to the frequency and setting
the derivative equal to zero, we solve for that frequency corresponding to the maximum of the
distribution:

d 3V2 h V3eh1//kT

—Ry(v) =0, /KT _ 1 KT (ehv/FT —1)2°

7 (13.8)

We obtain a transcendental equation; apart from a numerical solution, plotting two curves of
both sides of the equation and finding their intersections is the graphical method of obtaining
the same result. The nontrivial solution is approximately

kT

max = 2.82—. 13.9
7 W (13.9)

IFeynman 1965, vol. 1, p. 45-9; Pathria 1996, p. 137ff.




13.1 Blackbody Radiation

381

This result provides a rule of thumb: the maximum of the spectral distribution is near the

frequency corresponding to an energy of about 3k7'.

The Stefan—Boltzmann law can be obtained as

/°° 2mh V3 d 2o kAT
=2 V=
o 2 ehv/KT _q 15h3¢2
where the Stefan—Boltzmann constant is identified as
2o k4
o= ———.
15h3c2?

(13.10)

(13.11)

Worksheet 13.1 The meaning of the symbols should be easy to understand. Maple directly
performs these calculations, including solving the transcendental equation. We plot the spec-

tral distributions of a blackbody at three temperatures.

> assume(c>0, k>0, h>0, T>0):
> R := 2+Pi*h*nu~3/(c~2*(exp(h*nu/(kxT))-1));
. 27 hv?
T2 (e(%) —1)
> Rint := int(R, nu=0..infinity);
. 27 kAT
Rint := 573 2
> sigma := Rint/T"4;
_ 2 7% k4
~ 15h3¢2
> Eql := diff(R, nu) = 0;
67 hv? 271 h2 18 e(#1)
Eql := hv - hv
c? (e(ﬁ) —-1) (e(ﬁ) —1)2kT

> Solnl := solve(Eql, nu);

Solnl :=

kT (LambertW(—3 e(=3)) + 3)

h
> Soln2 := evalf(Solnl);

2.821439372 kT

Soln2 := 5 , 0.
> R1000 := eval(R, {c=2.998e8, k=1.38e-23, h=6.626e-34, T=1000});
14744 1049713
R1000 — 0.1474409669 913 TV
£(0.480144927510- 3 v) _ |
> R1500 :=

0.1474409669 10~49 7 13

R1500 :=

6(0.3200966183 10-8v) _q

eval(R, {c=2.998e8, k=1.38e-23, h=6.626e-34, T=1500});
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> R2000 := eval(R, {c=2.998e8, k=1.38e-23, h=6.626e-34, T=2000});

0.1474409669 10~49 7 /3
R2000 := — 5 mo0ma1638 105 o) —

> plot([R1000, R1500, R2000], nu=0..4el4, legend=["1000 K",

> "1500 K", "2000 K"1);

4e—-09

3e—-09 -

2e—09 =

1e—-09 -

0 lefld  2ef14 3ei14  detld

1000 K
1500 K
2000 K

We mention that equation (13.8) is subject to numerical solution, which is basically a process
of trial and error. Scrutinizing the Maple output, the solution of equation (13.8) is, however,
expressed as a “known function” — LambertW. In the early 1980s, Maple developers included
the Lambert W function in the package,” which is the function that solves the equation

W(z)eW @ = g (13.12)
This definition enables one to write Wien’s displacement law as

kT

Vmax = [W(—3e7?) + 3] > (13.13)

The Lambert function is managed symbolically in computer algebra like trigonometric, expo-
nential or Bessel functions, which admit integration and differentiation explicitly; it thus can
be expanded in an infinite series:
oo
—1)n—ipn=2 125 54
(1) 4, 2295 2% 6

3 8
_ ) 2 232
W(:C)—Z =) 2t =rx—r"+-x 395—1—24 7

5 ..., (13.14)

n=1

2For more applications of this function, see S. R. Valluri, D. J. Jeffrey, and R. M. Corless, “Some applications of
the Lambert W function to physics,” Canadian Journal of Physics, 78, 823-831 (2000).
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In contrast to a numerical solver such as the Newton—Raphson method or similar, the above
expansion facilitates the most rapid and accurate algorithm in order to evaluate a numerical
value to an arbitrary precision. Another application of the Lambert function is the range of
projectile motion with air resistance, see one of the exercises at the end of the chapter.

13.2 Photoelectric and Compton Effects

The photoelectric effect is another experiment from the late nineteenth century for which
classical theory fails to provide an explanation. When monochromatic light falls on a metallic
plate, electrons are ejected: these are called photoelectrons. According to experiment, the
maximum kinetic energy of the photoelectron is proportional to the frequency of the light, and
there is a definite threshold of frequency, 1y, below which no photoelectron is emitted.

Einstein proposed that light comprises parcels of energy, called light quanta; each light quan-
tum contains energy I proportional to its frequency,

E = hu, (13.15)

with the Planck constant as a constant of proportionality. In a photoelectric experiment, the
energy of a light quantum is acquired by an electron. Using this theory, Einstein successfully
explained the photoelectric effect. To escape from a metal, an electron must overcome the
energy that binds the electron inside the metal, for which the corresponding energy is called
the work function, denoted by w. The remaining energy becomes the kinetic energy of the
electron; therefore, the kinetic energy of the electron is proportional to the frequency of the
incident radiation. The work function w is a property characteristic of a particular material; it
is related to the threshold frequency through w = huy.

The theory of light quanta also serves to explain the Compton effect; this experiment demon-
strated that a light quantum, or a photon, behaves like a particle, in the same sense as an
electron or a proton is a particle. Compton arranged for X-rays of defined wavelength \ to
fall on a graphite target; he discovered that scattered X-rays have a longer wavelength \’ that
depends on the scattering angle 6.

We present Figure 13.1 to explain the Compton effect. The relation between energy and
momentum according to special relativity is

E? = (mc*)? + (pc)*. (13.16)

According to the light-quantum theory, an X-ray is a photon moving at the speed of light, and
its rest mass must equal zero. Each photon carries energy ' = hr; the momentum of a photon
is thus

h
_ 13.17
iy ( )
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Eq
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electron
before after

Figure 13.1: Compton effect.

Scattering occurs when a photon collides with an electron of mass m. From relativistic kine-
matics in Section 12.2, both relativistic energy and momentum are conserved. Let the energy
of the incident X-ray be Ey, energy of the scattered X-ray F and energy of the scattered
electron E; conservation of energy yields

Ey +mc* = E + E,. (13.18)

With an incident photon directed along the x axis, conservation of momentum in the = com-
ponent produces

E E
— = pecosé + — cosf, (13.19)

and for the y component,
FE
Desing = ?sin9; (13.20)

with p, we denote the momentum that an electron acquires after the collision, which is related
to E, through

E? = (mc®)? + p2c. (13.21)

€

Solving equations (13.18), (13.19) and (13.20) simultaneously, which involves extensive cal-
culation, we obtain

h
A= X+ — (1 —cosb). (13.22)
mc
We define the quantity
h
A= — =243 x 1072 m, (13.23)
mc

as the Compton wavelength.

Worksheet 13.2 Before defining equations (13.18), (13.19) and (13.20), we define E., E
and Fjy in terms of p., A and A\g. We have three equations, but four unknowns A, p., 6 and ¢.
Seeking a relation between A and 6, we employ the solve command in the form of Soln1.
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> Ene := sqrt((m*c~2)"2 + (pexc)~2);

Ene := \/m?2c* + pe? 2

> En := h*c/lambda; En0 := h*c/lambda0;

he
En = —
T
hec
Enl := —
Y
> Eql := EnO + m*c”2 = En + Ene;
hc hc
Egl = — 2 _ 7 2 4 2 -2
q )\O—ch )\—i— m=c* + pe<c
> Eq2 := pe*sin(phi) = En/c*sin(theta);
hsin(6
Eq2 := pesin(¢) = Sl:( )
> Eq3 := EnO/c = pexcos(phi) + En/c*cos(theta);
h h cos(0)
FEq3 = — =
q3 o - e cos(¢) + X

> Solnl := solve({Eql, Eq2, Eq3}, {lambda, phi, pel}):
assign(Solni);
collect(lambda, {h, m, c});

A0 4 (—cos(0) + 1) h
cm

13.3 Wave—Particle Duality

Maxwell’s equations provide strong theoretical evidence that light is an electromagnetic wave,
because electric and magnetic fields, in a region free of sources, conform to a wave equation
with the speed of light c. This theory clearly explains phenomena of physical optics such
as interference and diffraction, but classical electromagnetism failed to explain blackbody
radiation, the photoelectric effect and the Compton effect: for this one requires Einstein’s
particle theory of light. To define a particle, we specify its momentum p, which is related to
wavelength of the light by
h

= —. 13.24
P=x (13.24)

In 1923, de Broglie proposed an association of a wave with each moving particle, corre-
sponding to Einstein’s association of particle characteristics of a light wave. A particle with
momentum p has an associated wave, called a matter wave, with wavelength

A= (13.25)
p
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Although one might find various representations of this formula, one should recognize that
this relation is a fundamental postulate that cannot be derived.

This postulate of a matter wave soon elicited experimental support, first by Davisson and
Germer in the diffraction of electrons. They discovered that electrons of energy E scattered
from crystalline nickel exhibited a diffraction pattern similar to that of X-ray scattering. From
that pattern they calculated the wavelength to be

Ao _h (13.26)

The result was verified independently by G. P. Thompson, using electrons transmitted through
metallic films.

Evidence for the wave nature of light had long been abundant, but the discovery of the Comp-
ton effect gives indisputable evidence that light manifests a particle property in certain ex-
periments. While electrons were supposed to be particles, their wave aspects were incon-
trovertible from experiments on diffraction of electrons, and likewise for more massive neu-
trons from neutron diffraction experiments. Although baffling, this wave—particle duality is a
universal property of all particles, which has been consistently verified experimentally. The
wave—particle duality motivates a philosophical interpretation of quantum mechanics, most fa-
mously the complementarity principle of Bohr and his Copenhagen School. We refrain from
exploring this topic, to which is devoted abundant literature, but we must understand the con-
nection between a particle, specified by its energy &2 and momentum p, and a wave, specified
by its frequency v and wavelength ), in accordance with the Einstein—de Broglie relation,

(13.27)

E+«— hv, p+——

Xa
or

FE +«—— hw, p+«— hk. (13.28)

Recall the uncertainty principle for a wave in Section 10.3.3, which is purely a property of the
Fourier integral, to be

1 1
Using the Einstein—de Broglie relation, we directly obtain this result,
h h
Az Ap > > AtAE > 5t (13.30)

known as Heisenberg’s principle of uncertainty. This principle is the foundation of quantum
mechanics; as it is related to an intrinsic property of any wave, the origin of quantum uncer-
tainty is rooted in wave—particle duality.
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13.4 Bohr Model of the Hydrogen Atom

In 1853, Angstrom studied emission spectra of hydrogen in a glass tube excited by electric
sparks, and observed four lines, one in the red, one in the blue-green and two in the violet. In
1885, J. J. Balmer fitted wavelengths of these four lines with a simple formula,

1 11
X:R<§_EQ’ (13.31)

where n takes values 3, 4, 5, 6 for the four lines; the value of this Rydberg constant R is
10967 757.6 m~1.

Long before the discovery of the atomic nucleus, a planetary model for atoms had been pro-
posed: an atom was supposed to be analogous to the solar system. About 1911, Rutherford
conducted experiments using «-particles to bombard thin foils of various substances; his re-
sults indicated that all the positive charge of an atom and essentially all its mass are concen-
trated in a small region in the center called an atomic nucleus. A massive nucleus and a light,
orbiting electron therefore serves as a model for a hydrogen atom. According to this model,
the Coulomb force provides centripetal acceleration v2 /r for circular motion,

1 e? V2

. (13.32)

4deg 172 r

the total energy is the sum of the kinetic energy and the potential energy,

c. (13.33)

This planetary model for the hydrogen atom has a serious flaw. According to classical electro-
magnetic theory, an accelerating electron emits radiation. From equation (10.75), an electric
charge e undergoing oscillation with angular frequency w and amplitude z( along a line radi-
ates energy at a rate

dE poexiw?

T 12rc (13.34)

Because energy radiated must be at the expense of mechanical energy of the electron, the
electron would spiral into the nucleus: the planetary model for an atom is unstable.

In 1913 Bohr achieved an interpretation of the spectrum of atomic hydrogen by proposing
the existence of stationary states, which correspond to orbits in which the electron does not
radiate energy. For such an orbit, the angular momentum satisfies this condition:

nh

%7

L =mur = (13.35)

where the quantum number 7 is an integer.
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With Bohr’s additionally imposed requirement, we solve equations (13.32), (13.33) and
(13.35) simultaneously, to obtain

h2
= n2 meeoz’ (13.36)
1 e?
Vp = E2heo’ (13.37)
1 me*
E,=————. (13.38)
n? 8e2h?

Taking 7; to denote the radius of an orbit for which n = 1, we define this value

h2
ap =11 = 602 = 0.5291772083 x 10710 m, (13.39)
mme

as the Bohr radius, and —F, being the negative of energy for the same state with n = 1,
which is

LB = 5179871902 x 1015 ] (13.40)
e 8ezh? ’ ’

as the Rydberg energy; this energy in terms of electron volt is 13.60569172 eV.

Worksheet 13.3 With Maple we readily solve three equations for three unknowns — r, v
and E.

> Eql := m*vxr = nxh/(2%Pi);
h
Eql :==muvr = i
2m
> Eq2 := e~2/(4*Pixepsilon[0]*r~2) = mxv~2/r;
1 e? mv?
Eq2 .= - =
U 4 wegr? T
> Eq3 := En = 1/2*m*v"2 - e~2/(4*Pixepsilon[0]*r);
2 2
muv 1 e
Eq3 := En = ==
q " 2 4 wegr
> Solnl := solve({Eql, Eq2, Eq3}, {r, v, En});
272 4 2
n<h*eg 1 e*m 1 e
Solnl :=¢r=——En=——-———- 0= ——
o {T Zma 8 co2n2h2’ ' 2nh£0}

For the reader to evaluate the above quantities numerically, the relevant physical constants
are listed in Appendix A. This problem represents a conjunction of Newtonian mechanics,
classical electromagnetism and quantum theory. If one ensures that all input is in SI units, the
results will also have the appropriate SI units.
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The energy F,, of a stationary state is characterized by a quantum number n. According to
Bohr’s model, a spectral line corresponds to a transition between two stationary states, such
that the difference between two distinct energies becomes the energy of a photon,

4
AE =1 <i - %) = hu. (13.41)

~ 8e2n? n o on

Dividing this equation by hc, we obtain

4
AE 1 me (L N %) , (13.42)

he A 8&h3c n on;

which is equivalent to the formula of Balmer. The Rydberg constant is identified as

me4

© = 3373 13.43
8eZh3c ( )

and its numerical value is Ry, = 10973 731.6 m~!. Although this value is near the value
from experiments cited in the beginning of this section, there is a small discrepancy. The
subscript co in the Rydberg constant 12 above, pertains to an atomic nucleus of infinite mass.
Although a nucleus is massive relative to an electron (the mass of a proton is 1836 times that
of an electron), it is not fixed in space. As discussed in Section 4.3, a two-body problem can
be equivalently treated as that of one body fixed in space and another moving with the reduced
mass. The reduced mass y for a system consisting of m and M is

mM
= 13.44
F=m + M ( )
The Rydberg constant therefore should be modified to
R

Ry=LR, =—"°_ (13.45)

m 1+ —

M

We leave it as an exercise for the reader to evaluate the Rydberg constant for the hydrogen
atom. H. C. Urey discovered heavy hydrogen, or deuterium, in 1931: he observed spectral
lines slightly displaced from those of ordinary hydrogen. From the Rydberg constant, he
deduced the existence of a chemical element identical to hydrogen but with atoms in which
the nucleus has twice the mass.

Although Bohr’s theory gives the correct energy levels of the hydrogen atom, one-electron
ions such as He™ and Li™™, and even artificially produced muonic atoms, it provides no sat-
isfactory method for calculating the intensity of the corresponding spectral line. Moreover,
attempts to apply it to the helium atom produced results which deviated greatly from experi-
ment, and from observation of rotational spectra of diatomic molecules, the rotational energy
levels are not proportional to J? (J = 0,1,2,...) as required by Bohr’s postulate about the
quantization of angular momentum. Instead they are proportional to J(J+1). By 1923, it was
recognized that Bohr’s theory needed to be improved and extended. The search for a better
theory was soon successful, with the discovery of quantum mechanics, which is the subject of
the subsequent chapters.
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13.5 Didectricsand Paramagnetism

To apply Maxwell’s equations to a medium, we introduce the polarization P and the mag-
netization M. The magnetization M is defined as the net magnetic dipole moment per unit
volume, and the polarization P is the net electric dipole moment per unit volume. Each of M
and P is a large-scale manifestation of the dipole moments of atoms or molecules of which
the material is composed. Paramagnetism typically refers to the effect that a sample develops
magnetization in the direction of an externally applied field.

Although Bohr’s atomic model is naive, its idea provides us with a picture of an atom as a
magnetic dipole: an electron moving around a nucleus in a circular orbit constitutes a current
loop (see Section 8.2). This same atomic model gives no electric dipole moment, because its
average over time is zero. Some molecules, such as those of water H,O and hydrogen chloride
HCI, have a permanent electric dipole moment relative to axes fixed in the molecule. We
assume that the molecule which we will discuss has a magnetic or electric dipole moment, m
or p respectively. In principle, the molecular magnetic or electric dipole moment is calculable
using quantum electrodynamics, but we simply adopt a value without further questioning its
origin.

We can determine macroscopic quantities from averaging microscopic ones; such a technique
is statistical mechanics, which is the subject of Chapter 17. For n atoms per unit volume each
of which has an average moment (m), then

M = n(m). (13.46)

An identical treatment applies to polarization, with replacements M — P and m — p. In
the absence of an external field, the vector sum of dipole moments is zero because of random
thermal motion. If we apply a magnetic field B, more dipoles tend to align with the field so
there is a net moment along the direction of the field. Quantitatively, the potential energy of a
magnetic dipole in a field is

e=-m-B=—-—mBcosb, (13.47)

where 0 is the angle between a dipole and the field. The probability of having a dipole in this
orientation, according to the Maxwell-Boltzmann distribution, is

B cosd
P.  exp (—%) — exp (%) (13.48)
We define a dimensionless parameter &,
mB
=_—. 13.49
§= (13.49)
the average value of m along the direction of magnetic field, defined as the z direction, is
Jy mcos Bes < sin 6 df 1
(mcosf) = = - =m(cothf —— ). (13.50)
Jo escos?sin6 df £



13.5 Dielectrics and Paramagnetism 391

The content between the parentheses is called the Langevin function, L(). At the limit of
high temperature and weak field, £ < 1, it becomes

1
L&) = g€+, (13.51)
and thus
2
M, =n(mcosf) = g, (13.52)

3kT

Under such conditions the magnetization is linearly proportional to the magnetic field. The
ratio of M. to magnetic field is the magnetic susceptibility,’ which is a dimensionless quantity.
In SI units,

_ oM ponm?

Xm ="p KT

The magnetic susceptibility x,, is hence proportional to 1/7; this dependence of magnetic
susceptibility on reciprocal temperature is called Curie’s law. Langevin’s theory describes
classical paramagnetism; we will make a quantum correction shortly.

Worksheet 13.4 We evaluate this integral with Maple; we observe that sinh® & = —1 +
cosh? ¢ and express the result as the Langevin function. We plot this function in the next
worksheet.

(13.53)

> Eprl := exp(xixcos(theta))*sin(theta);
Epri := e&°03(9) gin(9)
> Epr2 := int(Eprilxcos(theta), theta=0..Pi)/int(Eprl, theta=0..Pi);
1 2 ¢ _ (e6)2
Bprg = SFLE @) E (@)
§(=14(e)?)
> Epr3 := convert(Epr2, trig):

Epr4 := simplify(Epr3);

—1+ cosh(€)? — € cosh(€) sinh(&)

Bprg = = €(—1 + cosh(€)?)

> Eprb := taylor(Epr4, xi);

Eprs := %5 +0(&3)

When an actual polar molecule is placed in an electric field, a dipole moment is induced in
addition to the existing permanent dipole moment pg; we define the atomic polarizability « to
account for the induced dipole moment p,,:

Pa = aElocala Pa = naElocal- (1354)

3The definition of magnetic susceptibility x.» is not universally agreed; here we adopt that in Introduction to
Solid Sate Physics, 7th ed., by C. Kittel, New York: Wiley, 1996, p. 417. See also a discussion in Electricity and
Magnetism, 2nd ed., by E. M. Purcell, New York: McGraw-Hill, 1985, p. 422 and 435.
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Translating the formula for magnetic susceptibility in equation (13.52) to electricity, and in-
cluding the atomic polarizability, the electric susceptibility y., which is dimensionless, be-
comes

P no npd
—_— = . 13.55
GQE €0 + 360 kT ( )
One typically measures the relative permittivity, also known as the dielectric constant, which
is defined in SI units as

e+ P
GQE
In a gaseous state, it is satisfactory to use the macroscopic field £ as the local field Ejoca, as
we did in equation (13.55). In a condensed state, determination of the local field Fjocy is com-

plicated because it is a combination of the external field and fields produced by neighboring
molecules. According to a simplified model, the Debye equation for the dielectric constant is

e—1 n P2
3 = Fo 13.57
et 2 a)(a_k3kT)’ (13.57)

Xe

=1+ Xe. (13.56)

€r

see Appendix B.3 and references, for details.* This equation works reasonably well for some
liquids, but has limited power (for instance, it fails for water) because it is based on a sim-
plified situation. When ¢, is near unity, the Debye equation is approximately equivalent to
equation (13.55). The right-hand side combines a contribution from induced dipole moments
with a contribution from permanent dipole moments that is identical to Langevin’s treatment;
only the latter depends on temperature (1/7"), and it is typically much greater than the former.
Experimentally, one might determine the magnitude of the molecular dipole moment pg from
measurement of the dielectric constant at various temperatures.

Bohr’s model provides a classical analogy for understanding that the magnetic dipole moment
m is proportional to the angular momentum of an atom, expressed as J7:

where g is Landé’s g-factor and 1 p is the Bohr magneton listed in Appendix A. One might find
a “derivation” of equation (13.58) using Bohr’s model, but a consistent theory for it requires
quantum electrodynamics which was developed in 1948. This format allows us to include
both orbital and spin angular momentum of an electron; here we use it merely as a notation.

In 1922 Stern and Gerlach performed an experiment to measure the magnetic dipole moment
of individual silver atoms. They produced a beam of silver atoms and directed it through
an inhomogeneous magnetic field in the z direction. According to equation (8.37), an atom
experiences a force

0 0B
F, = E(m-B) :mcos@a. (13.59)

4See the Clausius—Mossotti relation, which is a special case of the Debye equation when pg = 0, in Kittel, ibid.,
p- 390, and a derivation in L. Pauling, General Chemistry, New York: Dover Publications, 1988, p. 924ff.
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Classically, 0 takes continuous values from 0 to m; one thus expects a smear of silver along
a vertical line in the collector, and the height of the line would be proportional to m. The
experimental result refutes that classical picture: only two distinct spots appeared. This phe-
nomenon vindicates quantization of space, or quantization of angular momentum for which
we will offer a theoretical explanation in Section 16.3. The essence of the Stern—Gerlach ex-

periment is that .J only takes integer (0, 1, 2, .. .), or half integer (3, 3, 2, ...) values, and the

component .J, along the direction of the applied field takes no value except
Jy=—J-J+1,...,J-1,J (13.60)
We write the magnetic dipole moment as
m=gupJ, m,=gupd,. (13.61)

Be aware of our definition of m, for which m # \/m - m for a reason to be explained in
Section 16.3.

Because cos 6 can assume no arbitrary value, to treat paramagnetism quantum mechanically,
we replace cos 6 with 2=,

J.
e=-m-B=—(gup))B7, (13.62)

for which J, takes discrete values, and perform a summation instead of an integration:

J J
— _1 Sz 610 _ .67
m, = - ;Jm7e , 4= J:Z_Je , (13.63)

where Z is the partition function, which will be further discussed in Chapter 17. We can
alternatively evaluate 7, in the above equation, on differentiation:

_ 0 1 1 1 1
m, :ma—gan:m [(1—}— ﬁ) coth{(l—i— ﬁ) f} - ﬁcoth{ﬁf}] .

(13.64)

The expression between the brackets is called the Brillouin function. For high temperature or
a weak field (¢ < 1), the function can be expanded as

1 1 1 1 L 1J+1 .

thus we regain a linear dependence of magnetization M, on the magnetic field B,

M. — nim _n(gJ,uB)QB (J+1> B ngQMQBJ(J+1)B
2T e = 37 )~

3kT ’

13.
T (13.66)

and a dependence of the magnetic susceptibility on 77~! — Curie’s law. This quantum result
differs from that of Langevin by a factor of # Evidently, when J approaches infinity, i.e.,
when cos 0 becomes continuous, we resume the classical result.
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Worksheet 13.5 We evaluate the sum and derivative in equations (13.63) and (13.64); the
result obtained with Maple is equivalent to the Brillouin function, but less compact than that
written above. We plot the Brillouin function for various J, including the limit J = oo (dashed
line), which is the Langevin function.

> Z := sum(exp(Jz*xi/J), Jz=-J..J);
FFE) (-9
7= — Tt
6(7) — 1 6(7) — 1
> Z := simplify(convert(Z, trig));

. cosh (%) + sinh <%> — cosh(&) + sinh(&)

cosh <§> + sinh (%) —1
Eprl := diff(1n(Z), xi):
Epr2 :
simplify(Epr2) ;
J+1, 2J3+4J2+3J+1

3J 90 J3
> B := unapply(Epri, J):
> plot([seq(B(J/2), J=1..3), 1limit(B(J), J=infinity)], xi=0..6,

taylor (Eprl, xi):

£+ 0(&%)

> legend=["1/2","1","3/2", "infinity"]);

0.8 I
0.6

0.4
0.2

If B is large, the Brillouin function approaches 1, and M, approaches the limiting value nm,
which implies saturation of magnetization.
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Exercises

1. Planck’s radiation formula, equation (13.6), reproduces Wien’s formula at high frequen-
cies, and the Rayleigh—Jeans law at low frequencies.

(a) Verify that under the condition hv/kT > 1,

27th
Ry(v)dv = LQI/BG_}W/deI/. (13.67)
c

This is Wien’s radiation formula.
(b) Verify that, under the condition hv/kT < 1,

22

= ——kTdv. (13.68)
c

RT(V)dI/

This is the Rayleigh—Jeans law.

2. (a) Show that the energy density can alternatively be expressed in terms of wavelength
A, instead of frequency v, by this formula:

8mwhce 1

pr(NdA = == o dA (13.69)

(b) Wien’s displacement law in terms of the wavelength is
Amax] = constant. (13.70)

Express that constant in terms of &, ¢, & and a numerical factor.
Answer: 0.2014 he/k.

(c) Calculate the fraction of energy in a cavity contained within wavelengths zero and
Amax, according to this integral:

o™ pr(A) dA
I pr(A)dx

Answer: 0.25.

(13.71)

3. This exercise demonstrates another application of the use of the Lambert W function.
Projectile motion with air resistance is governed by the equations

Az dx
— = —b— 13.72
dt? bdt’ (13.722)

d*y dy
SV _ Yy 13.72b
2 ar ( )
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Here we assume that the air resistance is proportional to the velocity and b is the drag
coefficient.’ With initial launching velocity v, = vg cos § and Vgy = Vg sin 0, solve for
x(t) and y(t), then eliminate ¢ to verify that the trajectory is

_ T g) I (1o b2 13.73
y Vo ('UOy + b + b2 n < Vog 9 ( . )
and the range R, defined as the x coordinate when y = 0, is
Vox W(z)
R=——1|1+ ————|, 13.74
b { 1+ bUOy/g] ( )

where W (z) is the Lambert function and

o= [1 + bl’%} oxp [~ (1 + bugy /9)].

Radio astronomers have observed spectral lines of the hydrogen atom undergoing tran-
sitions between very high excited states. Calculate the wavelength and frequency of a
transition between n = 246 and n = 245.

. In the original paper on the hydrogen atom published in Philosophical Magazinein 1913,
Bohr wrote
D) W3/2
f= iz_, (13.75a)
T e2y/m
o2
2r = — 13.75b
T= ( )

where f is the frequency of revolution and W is the kinetic energy (we change the nota-
tion but retain the Gaussian system of units). Bohr imposed a quantum condition for the
kinetic energy:®

W= ghf. (13.76)

From these three equations, solve for W, f and r. The total energy F is the negative
value of the kinetic energy W, thus we obtain the same energy levels and radii as in
Section 13.4.

Evaluate the Rydberg constant R, and ?j; for both hydrogen and deuterium. In terms
of the unified atomic mass unit (u), the rest masses for an electron, a proton, and a
deuteron are 5.485803 x 10~%*u, 1.00727647 u, and 2.01355321 u, respectively.

Hint: one might employ the ScientificConstants package (Maple 8 or higher) for
these calculations.

5See R. D. H. Warburton and J. Wang, “Analysis of asymptotic projectile motion with air resistance using the
Lambert W function,” American Journal of Physics, 72, 1404—1407 (2004).

SBecause the kinetic energy W is %mv2, and for circular orbits the frequency f is

v
27r’
nh

simple algebraic ar-

rangement shows that Bohr’s assumption is equivalent to equation (13.35), that is mvr = 4*.

27
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7. (a) Calculate numerical values of E;, r; and v; for the hydrogen atom; the subscript 1
denotes the ground state.

(b) Find the ratio of v; to the speed of light ¢; this ratio is called the fine-structure
constant q.

(c) Imagine that quantum theory suddenly fails, and an electron begins to emit radiation
while orbiting a nucleus. Estimate the lifetime of such an atom from

£y

dt

The power of radiation dE/dt appears in equation (13.34); use r for x¢, and vy /7
for w.

8. When the energy of a photon is comparable with the rest energy of an electron, quantum-
mechanical modifications are necessary in photon-electron scattering. In additional to the
Compton effect discussed in Section 13.2, an electron must be treated as a point particle
of spin % described by the Dirac equation.’

(a) Verify that equation (13.22) can be written as

k 1

—_—= 13.78

ko 1+z(1—cosb)’ ( )
where

o= ko _ o (13.79)

me  mc?
is the ratio of the energy of an incident photon to the rest energy of an electron.

(b) The differential cross-section for unpolarized radiation is given by the Klein—Nishina
formula for the Compton scattering:

do 12k* [k ko 9

22 e (24 M Gn20 13.80

e} 2k§<ko+k s ) (13.80)
where

Te = &

7 dmegme?

is the classical radius of the electron. The derivation of this formula is beyond the
scope of this book; we simply quote the final result. Make a plot of this differential
cross-section j—g with respect to angle 6 for z = 0, 0.25 and 1.0, which should

resemble Figure 13.2(a).

7Jackson 1999, p. 697; W. Heitler, The Quantum Theory of Radiation, New York: Dover Publications, 1984,
p. 219.
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sigma

de-1 2 1. 1e2 1e3  .1e4
X

Figure 13.2: (a) Angular dependence of differential cross-section of Compton scattering. (b)

Energy dependence of total cross-section of Compton scattering.

(©

(d)

The total cross-section o is the integration of the differential cross-section over all
angles:

o= Z—ng:/(J%d(b/OFd@j—g sin 6. (13.81)
Verify that
o= UTZ{ 1:3"” [Qﬁ(i‘;;) —In(1+ 2x)}
+ % In(1 + 2z) — %} (13.82)
where
op = %ﬂri (13.83)

is the Thomson cross-section. Make a plot of this total cross-section o with respect
to x, which should resemble Figure 13.2(b).

Lise Meitner in 1930 made an early experimental confirmation of equation (13.82),
using vy-rays of wavelength 4.7 x 10~ m produced by ThC” (?°Tl). Calculate
and the total cross-section o at this energy. The success of the Klein—Nishina formula
proved the necessity of negative energy solutions in the Dirac equation, which was
thought to be a difficulty of the theory, before the discovery of the positron.
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(e) Verify that the low-energy (hvy < mc?) and high-energy (hvg > mc?) limits of the
total cross-section are

26
Uzachﬂx+gﬂg+”), r < 1, (13.84)

and

1
+?y x> 1. (13.85)
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14 Schrodinger Equation in One Dimension (I): Unbound
States

In this chapter we discuss Schrédinger’s formulation of quantum mechanics in one dimension.
Although the matrix formulation of quantum mechanics preceded the wave formulation, the
latter gained tremendous popularity immediately after its invention because of its similarity
to classical waves. In our treatment, we emphasize the analogy between classical waves,
introduced in earlier chapters, and quantum waves. In discussing the Gaussian wave packet
according to quantum mechanics, we recall the Fourier integrals.

14.1 Formulation of Quantum Mechanics

Quantum mechanics is based on a postulate of the fundamental quantum condition; in one
dimension, this fundamental quantum condition is

xp — pxr = ih, (14.1)

where x and p are operators which represent a generalized coordinate and its conjugate mo-
mentum, respectively. In Schrodinger’s wave-mechanical formulation of quantum mechanics,
he proposed differential operators to be associated with a generalized coordinate and its con-
jugate momentum. With each generalized coordinate x and generalized momentum p, we
associate operators according to the following substitutions,

h 0
- ==

i Oz
Historically, Born and Jordan, and independently Dirac, deduced equation (14.1) from Heisen-

berg’s formulation of quantum mechanics; according to matrix mechanics, for each physical
quantity, such as x or p, there is a representative matrix.

(14.2)

xr—x, P

Because, according to wave mechanics, x or p is a differential operator, such an operator
requires an operand on which to operate, which we call a wave function, typically with symbol
W, which is in general a complex quantity. Within this wave-mechanical formulation, such a
wave function completely determines the state of a physical system.

The Schrodinger equation is written as

HY = ———
i ot’
Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang

Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9

(14.3)
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where the Hamiltonian operator H governs the time evolution of the wave function. In classi-
cal mechanics, the Hamiltonian  for a conservative system is the sum of the kinetic energy
and the potential energy,

»?
H=—+V(x).
o T V(2)
The change of dynamical variables x and p to operators allows us to translate from a classical
Hamiltonian to a quantum one, thus the Schrodinger equation becomes

h? 0? h oY (z,t)
—— - V(z,t)| U(x,t) = -~ ——=. 14.4

2m 922 + Vi) U,t) i Ot (14.4)
We emphasize that the latter development is no derivation, but an axiom, of nonrelativistic
quantum mechanics.

The interpretation of a wave function is probabilistic. Suppose a wave function ¥(x,t) to
describe a single particle; according to Born’s interpretation, the probability that this particle
can be found at time ¢ in an interval between x and x + dx is the complex scalar product of
the wave function,

P(x,t)dx = U* (2, t)¥(x,t) doe = |V (z,t)|? da, (14.5)

where U*(x,t) is the complex conjugate of W (z,t). We regard |W(x,t)|? as the probability
density. Knowledge of a wave function ¥(z, ¢) accordingly allows us to calculate the proba-
bility or the average of a measurement.

In many instances of physical interest, the potential energy V' is not a function of time. In such
a case, the Schrodinger equation can be separated into two equations; we write the general
solution as a product of two functions,

U(z,t) =(x)f(t). (14.6)

Substituting equation (14.6) into the Schrédinger equation and dividing through by ¥(z, t),
we obtain

1 h? d? 1 hdf(t)

—— |-tV =——-—". 14.7

(@) { om da? (9”)} V@) = =557 T 4.7
Because the left-hand side of equation (14.7) involves only the spatial variable x and the right-

hand side involves only the temporal variable ¢, the two sides must each be equal to a constant
E. Then

[ h? d?

" 2m da?

+ V(a:)] P(z) = Ey(x) |, (14.8)

and

_E_f(t) = Ef(t). (14.9)
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Equation (14.8) is called the time-independent Schrodinger equation; writing it using the
Hamiltonian operator, we have

Hy(z) = EY(z), (14.10)

which has the form of an eigenvalue equation. Each v (z) satisfying this equation thus corre-
sponds to an eigenfunction of the Hamiltonian, with £ as the eigenvalue. The eigenvalue I
of the Hamiltonian is simply the total energy of a quantum-mechanical system in a particular
state with a definite energy, called a stationary state. The temporal part, equation (14.9), has
a simple solution:

f(t) =exp (—@> : (14.11)

This equation governs the time evolution of the wave function of a stationary state.

The time-independent Schrodinger equation in one dimension is a homogeneous second-
order ordinary differential equation; solving for ¢)(x) and E in such an equation for various
potential-energy functions V' (x), of which a formal term is an eigenvalue problem, is the topic
of this and subsequent two chapters.

The wave function () must be well-behaved: it and its derivative must be finite every-

where. In addition, ¢(x) must be continuous, and in general its derivative dqﬁgﬂz) must also
be continuous except for some special situations (e.g., an infinite potential well discussed in
Section 15.2).

14.2 Zero Potential and Plane Waves

For a zero potential V' = 0, the Schrodinger equation is readily solved. Let the solution take
the form

Y(x) = exp (%) . (14.12)

Substituting this in equation (14.8), we verify that the proposed function is indeed an eigen-
function of [, and obtain the eigenvalue I, which yields an obvious relation
2

E=2 (14.13)

T om’

just as for translational kinetic energy in classical mechanics. The complete wave function is

(o) = o) 0) = exp | T (1414
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Each such function describes a state where the particle has a definite energy £ and momentum
p. This function has exactly the same form as a classical plane wave; comparing this wave
function with a classical plane wave in complex notation,

expli(kx — wt)],

we find the corresponding angular frequency w and wave vector k£ of this quantum wave
function:

E_ p p
=—=—, =—. 14.15
YT 2mh h (1415
The wavelength corresponding to this quantum wave function is i /p, which is the de Broglie
wavelength of a free particle.

This solution can describe an ideal experiment, in which an accelerator situated at * = —oo
produces a mono-energetic beam of electrons emitted in the positive x direction. For each such
electron, its particle concept is completely irrelevant: because P(x,t) = U*(z,t)U(z,t) is a
constant, the probability of finding this electron in an interval is the same everywhere. We can
understand this wave—particle duality according to the uncertainty principle,

AzAp > g (14.16)

Because we know the energy and momentum exactly, that is, Ap = 0, the position must be
completely uncertain; that is, Az = oo.

14.3 Step Potential

For an experimental condition, suppose that a source of plane waves is located at x = —oo,
emitting waves with a specific energy F in the positive x direction. We describe a step poten-
tial with this discontinuous function,

Viz) = (14.17)

‘/07 $>O,
0, z<0,

where the step height 1 > 0. Denoting < 0 as region 1 and = > 0 as region 2, we seek a
wave function ¢ (x) that satisfies the Schrodinger equation in both regions 1 and 2.

14.3.1 Step Potential (E > V)

We first consider a situation in which the total energy E is greater than the potential step height
Vb. In region 1, the solution of the Schrodinger equation is the same as that in the problem
of zero potential discussed earlier, for which the solution is a plane wave with a wave vector
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region 1 region 2

Figure 14.1: Step potential.

k1 = p1/h. Replacing k; with —kq, we obtain another class of solution. We therefore write
the solution in region 1 as

P1(z) = Ae1® 4 Be~thie, (14.18)

In this solution, the first term represents a wave traveling in the positive = direction, whereas
the second term represents a wave traveling in the negative = direction.

In region 2, the solution has the form
o (x) = Cek2®, (14.19)

Because we assume that incident waves emanate from a source at x = —oo, we reject the
solution e~**27: there is only a wave traveling in the positive 2 direction in region 2. This
solution exhibits an oscillatory behavior.

Directly substituting () into the Schrédinger equation, we obtain

V2mE
h )

ki = (14.20)

and

ko = V2m(E — Vo) (14.21)

h

Because p = hk, we again verify an obvious relation £ = p?/2m in free space, and more
generally E — V = p2/2m. In the literature of quantum mechanics, some authors prefer to
use the momentum p and others prefer to use the wave vector k to express a plane wave; they
merely differ by a factor of A.

The wave function ¢ (z) must be continuous. At the boundary of the barrier z = 0, we have
P1(0) =2(0), A+ B=C. (14.22)
The first derivative of ¢)(x) must also be continuous; we have

din| _ dvs

dx r:O_ dx

., ki(A— B) = k. (14.23)
=0
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We have three unknowns A, B and C, but only two equations. We can still solve equa-
tions (14.22) and (14.23) simultaneously, and obtain B and C' in terms of A:

k1 — ko
= , 14.24
k1 + ko ( )
2kq
= . 14.25
k1 + ko ( )
The transmission coefficient 71" is defined as
koC*C
= 14.26
W AA ( )
where the asterisk indicates the complex conjugate. Thus
4k1 ko
T—=——= 14.27
(K1 + ko)? ( )
The reflection coefficient R is defined as
B*B k1 — ko)?
pe BB _ (k1—k) (14.28)

TAA T (ki t k)2

Recall that k; and k5 are expressed in terms of F and Vj; we leave it as an exercise to plot R
and 7T as a function of the ratio E'/Vj.

Worksheet 14.1 To undertake the above calculations with Maple, we apply the arrow oper-
ator -> to define a function. The differential operator D is useful in many worksheets in this
and other chapters: with it we can impose the continuity condition for the first derivative of
the function at the boundaries. There are three unknowns A, B and C, but only two equations;
we find ratios so as to express B and C' in terms of A. The assign command changes = to
:=, so that we can call the results B and C directly from Solnl. The conjugate command is
repeatedly used in quantum-mechanical problems.

assume (k1>0, k2>0);
psil := x-> Axexp(Ixkl*x) + Bkexp(-I*klxx);

wl Z=$—>A€(k1wl)+B€(_1k1m)

> psi2 := x-> Cxexp(I*k2*x);

Y2 =z — Celk2z])
> Eql := psil(0) = psi2(0);

Eql :=A+B=C
> Eq2 := D(psil) (0)= D(psi2)(0);

Eq2 :=AkliI—-Bkl11I=Ck2I
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> Solnl :=solve({Eql, Eq2}, {B, C});

A (k1 — k2) 2 Akl

Solnl := {B = C =

ki+k2 ' kI+k2

\%

assign(Solnl);
> R := conjugate(B)*B/(conjugate(A)*A);

R (k1 — k2)?
T (k1 +k2)2
> T := k2xconjugate(C)*C/(kl*conjugate(A)*A);
T 4 k2 k1
(k1 +k2)2
> simplify(R + T);
1

We verify that the sum of R and T is unity.

14.3.2 Step Potential (E < Vj)

|

407

If the total energy F is less than the step potential height Vj, the wave function in region 1

retains the same form. In region 2, the wave function becomes

Yo (x) = Ce 27,

(14.29)

This solution manifests an exponential decay. Another possible solution e*#2%, signifying
exponential growth, must be rejected, otherwise the solution diverges at x = oo. Direct

substitution of this solution into the Schrédinger equation yields

om(Vo — E)
oo

Ko =
Applying boundary conditions at z = 0 again yields
¥1(0) =42(0), A+B=C.

P1(0) = 95(0), ik1(A— B) = —koC.
Solving equations (14.31) and (14.32) produces

B:Z:k1+/<é2A
Zkl—KJQ
c= 2k 4

ikl — R9

(14.30)

(14.31)

(14.32)

(14.33)

(14.34)
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The reflection coefficient is calculated as

- ~1. 14.
R=" (14.35)

The nonvanishing term C' indicates penetration of the wave function into a classically forbid-
den region: there is a certain probability that the particle will be found inside the barrier.

Worksheet 14.2 Other than a minor alteration, this worksheet is the same as the preceding
one.

assume(k1>0, kappa2>0);

psil := x-> Axexp(Ixkl*x) + Bkexp(-I*kl*x);
1/)1 ::$_>Ae(klzl)+Be(—Ik1m)
> psi2 := x-> Cxexp(-kappa2*x);
Y2 =1 — C e(=r2%)
> Eql := psil1(0) = psi2(0);
Eql . =A+B=C
> Eq2 := D(psil) (0) = D(psi2) (0);

Eq2 :=AklI—-Bk1l=-Ckr2
> Solnl := solve({Eql, Eq2}, {B, C});
—2T Akl A (k1 I+ K2)
1= =———— B=——"—_—~*
Soln {C K11+ K2 —kI T+ k2 }
assign(Solnl);
> R := conjugate(B)*B/(conjugate(A)*A);

Re=1

14.4 Barrier Potential

For the same source of plane waves situated at x = —oo discussed in the preceding sec-
tion, we solve the Schrodinger equation for the barrier potential, which is described by this
discontinuous function,

V(z)= Yo, 0=z <a, (14.36)
0, x<Qorx>a,

where 1V} is the barrier height and «a is the barrier width. We denote regions with x < 0,
0 <z <aandz > aas 1,2 and 3 respectively.
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V(z)

Vo

region 1 |region 2| region 3

a

Figure 14.2: Barrier potential.

14.4.1 Barrier Potential (£ > V)

The general solutions in regions 1, 2 and 3 take these forms:

1 = Ae™*1® 4 Be~tHim 1 <,
hy = Fetk2® L Qe 2 0 <z < a, (14.37)
by = Cethre, x> a.

We can assign A to be unity without loss of generality, so that we only have four unknowns.
We leave it to the reader to verify that k1 and k5 are identical to those in Section 14.3.1. The
coefficients are again determined by the continuity conditions of 1) and ¢’ at points z = 0 and
x = a, namely

¥1(0) = 92(0),  1(0) = 15(0),
Va(a) = ¥3(a), Yy(a) = y(a).

From these four equations, we solve for B, C, F' and G (we set A = 1). The transmission
coefficient " is defined as
kC*C
=2 = |CJ?.
ki1 A*A

(14.38)

We use Maple to solve these equations and to evaluate 7', which is a task which is very tedious
to perform manually.

Worksheet 14.3 This worksheet employs the same commands as the preceding worksheets.

> assume(a>0, k1>0, k2>0); additionally(k1>k2);

> psil := x -> exp(I*klxx) + Bxexp(-I*kl*x);
Pl =z — ek1=]) | Bo(-Thkiz)

x -> Fxexp(Ixk2*x) + Gkexp(-I*k2*x) ;
Y2 :=x — Fek22D) | Gel-Tkex)

> psi2 :
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> psi3 := x -> Ckxexp(Ixk1l*x);

Y3 i=x — Celklzl)
> Solnl :=solve({psil(0)=psi2(0), psi2(a)=psi3(a),

> D(psil) (0)=D(psi2) (0), D(psi2) (a)=D(psi3)(a)}, {B,C,F,G});

k1+k2)k1 2k1 (e®2aD)2 (k1 —k2)

2(
nl .= F =—
Soln { %3 , G %3 )
O Ak2k1elZalbaD —%2 — k1% + %1 + k2?
B %3 T %3

%1 := k1? (e(k2aD))2
%2 := k22 (e(k2aD))2
%3 := —2k1 (%202 k2 4 %2 — 2 k1 k2 — k1% + %1 — k2?2
> assign(Solnl);
C;
4 %2 k1 e(k?al—klal)
—2k1 (ek2aD)2 k2 4 k2% (e(k2aD)2 _ 2 k1 k2 — k1% + k12 (e(k2aD))2 — k22
T := Cxconjugate(C):
evalc(T):
simplify(T);

e
o

TP o=
4 k22 k12
—2 k1% k22 cos(k2 a)? + k2% cos(k2 a)? + k1 cos(k2 a)? — 2k22 k12 — k1* — k2*

After manually combining 1 — cos?(kga) = sin®(kga) in the Maple output, we obtain the
expression for the transmission coefficient 7"

4k3k3
T — 172 . 14.39
(k? — k2)2 sin® aky + 4k2k3 ( )
14.4.2 Barrier Potential (E < V)
For the /' < V} case, the solution in region 0 < z < a is replaced by
Yo = Fe™? + Ge ™", 0<z<a. (14.40)

Again k; and ko are identical to those in Section 14.3.2. Applying exactly the same conti-
nuity conditions at the boundaries, we can solve for the coefficients. The coefficient 7" for
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transmission past the barrier is

T = 4k%§§ . (14.41)
(k3 — k3)2 sinh? arg + 4k?K3

We can use Maple to obtain an identical mathematical result, although in a much less compact
form as shown above. We will treat this problem numerically shortly. The fact that T is
nonvanishing is an example of quantum-mechanical tunneling.

14.5 Summary of Stationary States

In all examples we have seen so far, we have piecewise-constant potentials in one dimension.
Particles are described by plane waves, that is, in a state with specific energy . To find ¢ (),
we first write a general solution: if &£ > V}, the solution is oscillatory, and if £ < Vj, the
solution is exponential. To illustrate explicitly, for the problem of a rectangular barrier in
Section 14.4.2, we have

i = 1M 4 Be= T 4 <0,
Y(x) = { Yy = Fe2® + Ge ™ ™2%, 0 <z <a, (14.42)
Vg = Ce'h®, T > a.

We then evaluate coefficients B, C, F', and G on applying the continuity requirement at each
boundary, and solve for them in terms of k; and x2, which are themselves expressed in terms
of total energy E and potential height Vj,

V2mE 2m(Vo — E
o yamE Ve m B (14.43)
h h
The complete wave function is
V(z,t) = (@) f(t). (14.44)

The function f(¢) produces sinusoidal oscillation of (z) at frequency w = E/h. The proba-
bility density is

P(x,t) = U*(z, t)U(z, t) = ¥*(2)e PV Mp(z)e P = o* (2)(z). (14.45)

For a state with definite energy, the probability density is independent of time, hence justifying
the name stationary state.

Example 14.1 With this numerical example, we illustrate a solution of the Schrodinger
equation. Suppose an accelerator at x = —oo produces a mono-energetic beam of electrons
with energy E = 6 eV = 6 x 1.6 x 10719 J. Let this electron beam be incident on a potential
barrier of height V) = 10eV = 10 x 1.6 x 107? J, and width 1.8 x 1071 m.
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Worksheet 14.4 To evaluate the coefficients, we solve a system of equations; notice that
we use h for A, which is 1.055 x 10734 J s. From the wave function, we produce an anima-
tion, from which one can observe the tunneling effect. Because this state is stationary, the
probability density is independent of time.

> m := 9.1e-31; VO := 10%1.6e-19; h := 1.055e-34; a := 1.8e-10;
m :=0.911073°
V0 :=0.160 1077
h :=0.1055 10733
a:=0.1810""7
> En := .6*%V0; w := En/h; kl:=sqrt(2*m*En)/h;
> kappa2:=sqrt (2*m* (VO-En)) /h;
En :=0.96010"18
w = 0.9099526066 10'°
k1 :=0.1252907044 10"
k2 := 0.1022994318 10!
> psil := x -> exp(I*kl*x) + Bxexp(-I*kl*x);
Wl = — eklzD) 4 Bo(-Tka)
x -> Fxexp(kappa2*x) + Gxexp(-kappa2*x);
Y2 :=x — Felr22) 4 Gel=522)
> psi3 := x -> Ckxexp(Ixk1*x);

Y3 i=x — Celklzl)
> Solnl := solve({psil(0) = psi2(0), psi2(a) = psi3(a), D(psil) (0)

> = D(psi2)(0), D(psi2)(a)= D(psi3)(a)}, {B, C, F, G});

> psi2 :

Soln1 = {G = 1.163524404 — 0.9688460132 I,
B = 0.1815481747 — 0.9352973513 I,
I = 0.01802377044 + 0.03354866193 I,

C' = —0.1436753713 — 0.2676126167 I }
assign(Solnl);
> psil(x);

6(0'1252907044 10 I 2) 4 (01815481747 —0.9352973513 I) e(—0.1252907044 10 I 2)
> Psil(x,t) := psil(x)*exp(-I*w*t);

Ul(z, t):= <6(0.1252907044 10 I z)

+(01815481747 — 0.9352973513 I) e(—0.1252907044 10t Iz))e(—0.9099526066 1016 1)
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> psi2(x);

(0.01802377044 + 0.03354866193 I) ¢(0-102299431810™ 2)

+ (1.163524404 — 0.9688460132 I) e(~0-102209431810"" z)
> Psi2(x,t) := psi2(x)*exp(-I*w*t);

U2(z, t) = ((0.01802377044 + 0.03354866193 I) ¢(0-102200431810%" =)

+ (1.163524404 — 0.9688460132 I) £(—0.1022994318 10" z))e(—0.9099526066 106 1¢)
> psi3(x);
(—0.1436753713 — 0.2676126167 I) e(0:125290704410% I )
> Psi3(x,t) := psi3(x)*exp(-I*wkt);

U3(z, t) :=

(—0.1436753713 — 0.2676126167 I) (0.125290704410"! I w) ,(—0.9099526066 10'® I t)
> br := piecewise(0<x and x<a,V0/En, x<0,0, a<x,0):
> with(plots):

Warning, the name changecoords has been redefined

> ptl := animate(Re(Psil(x,t)), x=-4%a..0, t=0..2*Pi/w):
pt2 := animate(Re(Psi2(x,t)), x=0..a, t=0..2%Pi/w):

pt3 := animate(Re(Psi3(x,t)), x=a..atbxa, t=0..2*%Pi/w):

pbr := plot(br, x=-4*a..5%a, color=blue, thickness=2):

vV V. V V

display([ptl, pt2, pt3, pbrl);

2e—‘10\/éx—‘10 16209

2
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Eprill := evalc(conjugate(Psil(x,t))*Psil(x,t)):
Epri12 := simplify(Epril):

Epr13 := evalc(conjugate(Psi2(x,t))*Psi2(x,t)):
Epri14 := simplify(Epri3):

Epr15 := evalc(conjugate(Psi3(x,t))*Psi3(x,t)):
Epr16 := simplify(Epri5):

pbl := plot(Eprl2, x=-4*a..0):

pb2 := plot(Epril4, x=0..a):

pb3 := plot(Eprl6, x=a..5*a):

display([pbl, pb2, pb3, pbrl);

vV V. V. V V V V V V V

—6e-10 -2e-10  2e-104e—106e—108e—10
X

14.6 Wave Packet

The Schrodinger equation is linear: it satisfies the principle of superposition; that is, if ¥4 (z, t)
is a solution of the Schrédinger equation and Wy (x, t) is another solution, their linear combi-
nation,

U(x,t) =aVy(z,t) + bUs(z,t), (14.46)

is also a solution, which represents a possible quantum state.
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We have learned that in free space, for which V' = 0, the solution of the Schrédinger equation
is a plane wave:

- (14.47)

U(x,t) = exp {M} .
This solution is entirely unlike a particle, discussed in Section 14.2. In a similar way to
a classical wave, we can form a wave packet by the superposition of plane waves. Linear
combination of plane waves, which involve a Fourier integral, has been discussed extensively
in Section 10.3. We here discuss the Gaussian wave packet in quantum mechanics, which is
essentially identical to the treatment in classical waves. We encourage the reader to review

Section 10.4 on the classical Gaussian wave packet.

The wave function of a Gaussian wave packet in coordinate space at time ¢t = 0 is

2

(14.48)

U(z,0) = f = exp {_ (z—20)® | ipox} |

2a2 h

where x is the mean value of the position and pg the mean value of the linear momentum.
We can express this wave function as a superposition of plane waves. We calculate the Fourier
transform «(p) of f as

o= () [ron ()

. (14.49)
— aexp _a_2 (p —1po)® _ i(p — po)zo
2 h? h '
The energy E is related to momentum p through
2
E= (14.50)
2m
so the dispersion relation for the de Broglie wave is
E p?
== = ) 14.51
h  2mh ( )

The time evolution of the Gaussian wave packet is the Fourier integral of plane waves with
the Fourier transform we have just obtained. Because £ depends on p as seen above, the term
containing F in the plane wave must remain inside the integral. Hence,

U(z,t) = (ﬁ) /_Z a(p) exp {M} dp

ia’pga x ipda?t
_ (w_w0)2_2 hpo +_2p(7)710t+ p}?nb (1452)
202 (14702)

exp

1+’itﬁ

ma?
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From the wave function, we find the probability density P(x,t) to be

)]

14+ t2h2

mZ2a?t

W (2, t)|° = (14.53)

This state is not stationary because time explicitly appears in this probability. This result is
readily understandable: the Gaussian wave packet lacks a definite energy, because it consti-
tutes plane waves having a range of energy. From the probability density, the maximum of
this Gaussian function occurs at the position

tpo
T — o= —,
m

which moves at a group velocity v = po/m (which is consistent with v = ‘é—‘g where w is in
equation (14.51)). The wave packet broadens as it moves: the width at time ¢ = 0 is a, and at
a subsequent time ¢ it becomes

1/2

2
m (t_h2) 1 ' (14.54)
ma

Worksheet 14.5 These integrations are readily accomplished with Maple. To ensure that im-
proper integrals converge, one must specify the signs of pertinent variables, using the assume
command. In this worksheet, what appears to be the Planck constant h is actually the reduced
Planck constant 7 in the above formulation.

a(t) =a

> assume(a>0, h>0, m>0, t>0); assume(x, real, p, real, x0, real,

> p0, real):
> f := exp(I*pO*x/h-(x-x0)"2/(2*a"~2));

poxl (asme?)2

fi=eF )
> alpha := 1/sqrt(2+Pi)*int (exp(-I*pxx/h)*f,
=-infinity..infinity):

> alpha := simplify(alpha);

(—1/2I(P—PU)(—Pﬂ2I+p0a21+210h))
h2 a

a=e
> En := p~2/(2*m);

)
En:—p—

2m
> psi := 1/(sqrt(2*Pi)*h)*int (alpha*exp (I*(p*x/h-En/h*t)),

> p=-infinity..infinity):
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> psi := simplify(psi);

(1/21(*1}02 a? t+21p0m0ht+2mp0a2 a:+m102 hI*ZImEOhmi»sz hI)
(&

h (a2 m+thl) ) \/—
a+/m

V= valm+thl
> Eprl := psixconjugate(psi):
> Epr2 := simplify(Eprl);

a? (m xz—m x0—p0 t)2
(a2 m+thI)(—a?2 m+thl) azm

FEpr2 .=
b Vatm? 4 t2 h2

To produce an animation, one substitutes numerical values into this result; the motion is ex-
pected to resemble the classical Gaussian wave packet in Section 10.4.

14.6.1 Reflection of Wave Packet

We consider a Gaussian wave packet moving in the positive 2 direction to be incident upon a
step potential; we assume the average energy of this Gaussian wave packet to exceed the step
potential height:

_n

E
0 2m

> V. (14.55)
We have discussed the problem of a plane wave entering a step potential in Section 14.3.1.
For a Gaussian wave packet, the wave function results from simply summing over a range of
total energy E — to be more precise, performing a Fourier integration.

For one specific energy F, the momentum in region 1 is p; in which p? /2m = E = p?/2m,
and the momentum in region 2 is po where p3/2m = E — V;. From Section 14.3.1, the
complete solution in region 1 is, with A set to unity,

i(—pwh— Et)] ’

i(prx — Et)

5 ]—!—Bexp{

exp {

and in region 2 is

i(paw — Et)} |

C'exp[ 2

where

p_Pizp2 21

p1+p2’ p1+po’
see equations (14.18), (14.19), (14.24), (14.25). For a Gaussian wave packet, we have the
Fourier transform «(p) in equation (14.49). The superposition of plane waves in regions 1

(14.56)
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and 2 then becomes

\Ifl(it,t) =

\/21_7% /: dpa(p){expli(plxh— Et)

T <p7— p2> exp | P EO L 459
P1+ D2 h

Wy (z,t) = ﬁ /_O; dp a(p) { (mzfm) exp [M} } . (14.58)

For a computational purpose, we evaluate B and C' using an approximation — setting a range
of momentum p at an average energy po; thus

pa P VP2 2ho (14.59)
po+ /g —2mVo’ po+ /g —2mVo’

so that they can be moved outside the integrands. Assuming the Gaussian wave packet to be
sharply peaked at pg, we perform a series expansion of py in region 2,

d
p2 = \/p? —2mVy = \/p3 — 2mV, + (Cl—p\/p2 — 2mVO> (p—po); (14.60)

P=Ppo

and

hence the integral in equation (14.58) can be evaluated exactly.

Worksheet 14.6 In this worksheet, h signifies 7 in the above formulation, which is anyhow
set to unity. The integrals are straightforward; we use the taylor command to expand pa,
but retain only the linear term. We produce animations in two regions, and their combination
shows the behavior of a Gaussian wave packet on encountering a barrier.

> assume(x, real, p, real): assume(t>0):
> m:=1; h:=1; a:=1; x0:=-10; p0:=22; V0:=200;

m:=1

h:=1

a:=1
z0 = —10
p0 = 22
V0 := 200

> f := 1/(Pi~(1/4)*sqrt(a))*exp(I*xp0*(x-x0)/h - (x-x0)"~2/(2*a~2));

o221 (z+10)— &H10?)

if &= Gy
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> alpha := 1/sqrt(2+Pi*h)*int (exp(-I*p*x/h)*f,
> x=-infinity..infinity);
— 224101 p+22p—242)

(1/4)

€

Q=
> p2 := sqrt(p~2 - 2*mxV0);

p2 = \/p? — 400

> p2appr := convert(taylor(p2, p=p0, 2), polynom);

1121 (p — 22
anppr:::2xﬁf[+-—————7£?————l

> B := subs(p=p0, (p-p2)/(p+p2)); C := subs(p=p0, 2*p/(p+p2));
> #approximation
22 — /84
B._

T 224+ 4/34

44
Ci=—
22 + /84

> psilF := 1/sqrt(2#Pi*h~2)*int (alpha*exp(-I/h*xp~2/(2*m)*t)
xexp (I*p*x), p=-infinity..infinity);

1/21 (—484t+44 2+4404100 I4+20 1 z4a2 1) )

\/56( 1+t T
/Y V2 +21t

> psilB := 1/sqrt(24Pi*h~2)*int (B*alpha*exp(-I/h*p~2/(2*m) *t)
xexp (-I*p*x), p=-infinity..infinity);

psiLF =

1/21 (—484 t—44 2+440+4100 I—20 I a+22 1)

. V2el T ) (=11 + /21)
siLB = —
b 200 (11 + v21) V2 + 211

> psiR := 1/sqrt(2*¥Pixh~2)*int (C*alpha*exp(-I/h*p~2/(2*m)*t)
xexp (I*p2appr*x), p=-infinity..infinity);

. 99 \/5 e( 1/421 (—10164 t+84 = v/21—-400 I = Eﬁ-guw—moo 1422012 V214+1211a2) )
Sty =
p /9 (11 +V21) V2 + 21 ¢

probL := conjugate(psilF + psiLlB)*(psiLF + psiLB):
probL := evalc(probL):

probL := simplify(probL) :

probR := conjugate(psiR)*psiR:

probR := evalc(probR):

probR := simplify(probR):

with(plots):

vV V. V V V V V

Warning, the name changecoords has been redefined
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pstep := plot(l/2*Heaviside(x), x=-3..2, color=blue):
PR := animate(probR, x=0..2, t=0..0.9):

pL := animate(probL, x=-3..0, t=0..0.9):

display([pL, pR, pstepl);

vV V. V V

| /MM

pstep2 := plot(l/2*Heaviside(x), x=-8..10, color=blue):
pRwave := animate(Re(psiR), x=0..10, t=0..0.9, numpoints=150):

> pLwave := animate(Re(psilF + psilB), x=-8..0, t=0..0.9,

numpoints=150):
display([pLwave, pRwave, pstep2]);

Reflection of a Gaussian wave packet is commonly displayed, but less commonly calculated,
in many textbooks on quantum mechanics,' citing the involvement of a “large amount of
work on a high-speed computer.” We demonstrate that, with the assistance of Maple, we can
perform such a task in a straightforward manner by simply following basic formalism.

'A. P. French and E. F. Taylor, An Introduction to Quantum Physics, New York: Norton, 1978, p. 408ff; R. Eisberg
and R. Resnick, Quantum Physics of Atoms, Molecules, Solids, Nuclei, and Particles, 2nd ed., New York: Wiley, 1985,
p. 192.
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When Schrodinger introduced wave mechanics in 1926, the meaning of a wave function was
not comprehended. Schrodinger pursued the idea of representing an electron by a wave packet,
and constructed a coherent state to support his contention that waves are the only physical re-
ality. One difficulty with his view is that, as demonstrated in the animation, a packet “diffuses”
when it propagates, and it “breaks up” when it encounters a barrier. This phenomenon occurs
for almost all wave packets; the coherent state, which we discuss in Section 15.8, is one of
the few exceptions. In another paper submitted on June 21, 1926, Schrédinger attempted to
interpret e|¥|? as the actual charge density, but the above-mentioned difficulty remained. Four
days later, Born presented a paper on the elastic scattering of electrons by a potential barrier;
his calculations indicate that waves are scattered in all directions. He abandoned the approach
that relates a wave function directly to physical reality, but instead interpreted an absolute
square of a wave function |¥|? as the probability density. Born’s statistical view is consistent
with experiment, and is adopted as the orthodox interpretation of a wave function.

Exercises

1. Verify that Schrodinger’s representation of = and p satisfies the fundamental quantum
condition xp — px = ih, that is, for a function ¢)(z), show that

o2 0 p@) — 20 ()] = it (a).

i Ox i Ox
Using the chain rule and the property of ¢, this calculation is trivial, which one can easily
perform manually or with Maple.

2. For a transmission coefficient 7" and reflection coefficient 12 in the step potential in Sec-
tion 14.3.1, make a plot as a function of the ratio of E to Vj.

3. For a step potential of height V) = 10 eV = 10 x 1.6 x 10719 J, solve the Schrodinger
equation for (a) £ = 0.6 V; (b) ' = 1.5 V). Make graphs of the wave function and
the probability density for both conditions. Observe the penetration of the wave function
into the barrier for the £ < V), case.

4. For an electron incident upon a barrier potential of height 1y = 10eV = 10x 1.6 x10~'?
J and width 1.8 x 10~1° m, make a graph of transmission coefficient 7" versus total energy
from ¥ = 0 to E = 10 Vj, which should resemble Figure 14.3.

5. Develop a worksheet for the reflection of a Gaussian wave packet by a step potential for
Ey < Vp. One needs only to modify the worksheet in Section 14.6.1 by altering the wave
function in region 2 to

— —1Et
Cexp [7]?2305 ! } ,
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Figure 14.3: Transmission coefficient for a particle incident upon a barrier potential.

where ps is \/2m(Vp — E). The coefficients B and C for the case E < 1} are

B— ip1 + p2 C— 2ipy

ip1 —p2’ ip1 —p2

The time-dependent Schrodinger equation is a partial differential equation, and in ad-
vanced courses one will encounter the theory of Green’s functions. We are unable to
treat this topic in detail, but we use the following calculation to remind the reader of the
extreme usefulness of Maple. Green’s function, or the propagator, for a free particle is
(with i = 1)

1 > 2
(xp, tp|Ta, ta) = %/ exp {z [p(xb —Zq) — g_m(tb — ta)] } dp; (14.61)

— 00

use Maple to evaluate this integral to verify that

m 1/2 im(xp — 14)?
ty|ra,ta) = | z7———~ —
(@, to|2a, ta) [2m(tb - ta)] P [ 2ty — ta) }
i(tb — ta)
2m
This propagator can be interpreted as the transition amplitude for a particle to move from

a space—time point (x,, t,) to another space—time point (zp, t).

for > 0. (14.62)

. The standard procedure for a conservative quantum system is to set up the classical

Hamiltonian, then convert it to the Schrodinger equation by replacing dynamical vari-
ables p and ¢ with operators, see Section 14.1. In 1933, Dirac wrote a paper “The
Lagrangian in Quantum Mechanics,” and eight years later Feynman read it and was in-
trigued by a mysterious remark?

b S(ty, tq
exp [z/ %dt} = exp [z%} corresponds to  {(xp, tp|Tq, ta)-
ta

2See the same statement in P. A. M. Dirac, The Principles of Quantum Mechanics, 4th ed. (rev.), Oxford: Claren-

don Press, 1986, § 32, “The Action Principle,” p. 128.
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Dirac correctly recognized the connection between the transition amplitude and the ac-
tion, but his meaning of “corresponds to” was ambiguous. Feynman deciphered the
meaning of “corresponds to” as “proportional to,” and in doing so he invented the space—
time approach to quantum mechanics.* In short, Feynman’s path integral is

S(ty, ta
(@, ty|Ta,ta) = > Aexp [ZM} (14.63)
h

all paths
where A is a factor of proportionality; this path integral is equivalent to the propagator in
Schrodinger’s wave mechanics.

(a) The path integral is difficult to evaluate, but most paths cancel each other out except
the classical trajectory. In Chapter 3, we learned that the action S is the time integral
of the Lagrangian L:

ty
S:/)Lﬁ, (14.64)
t

a

and, according to the principle of least action, the correct path in classical mechanics
is the one that minimizes S. For a free particle in one dimension moving from point
T, at time t, to point x; at time ¢y, verify that

m (wy — xq)?
S = ST (14.65)

This fact should be obvious: as a free particle must move at a constant speed at v =
fgz:f“, the time integral of %mv2 gives the above result; see also equation (3.58).
We see that a prefactor (which is rather difficult to calculate) multiplied by e*5/%
indeed corresponds to the propagator in the preceding problem.

(b) The path integral for a free particle is

tzo, to) = n 7 o [ =20 14.66
<9C, |$0, 0>— m exp m . (14.66)

Show that (x, t|zo, to) satisfies Schrodinger’s time-dependent wave equation:

.0 R\ 02
Zha (x,t|zo, to) = — <%) Eye) (x,t|z0, to)- (14.67)

This result demonstrates the link between Feynman’s Lagrangian approach of quan-
tum mechanics and Schrédinger’s wave mechanics.

3For a brief account, see Feynman 1965, vol. 2, p. 19-9; for an introductory treatment, see J. J. Sakurai, Modern
Quantum Mechanics, Reading, MA: Addison-Wesley, 1994, p. 109ff.
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15 Schrodinger Equation in One Dimension (II): Bound
States

Continuing our discussion of the Schrodinger equation in one dimension, in this chapter we
treat bound states, for which a particle is confined to space in a particular region. For a
piecewise-constant potential, the technique of solving the Schrédinger equation is the same
as that in the preceding chapter, namely matching coefficients by imposing required conti-
nuity conditions at the boundaries. We then discuss several notable problems, including the
quantum-mechanical harmonic oscillator and the Morse oscillator. These problems involve
second-order ordinary differential equations; their solutions are well established special func-
tions, and essentially all of them are defined in Maple.! We also discuss the time evolution of
the wave functions for nonstationary states.

15.1 Discrete Spectrum

We briefly review what we have learned in the previous chapter: a quantum state that has
definite energy is a stationary state, and the spatial part of the corresponding wave function
satisfies the time-independent Schrédinger equation,

B d?
© 2m da?

+V(2)| ¢(z) = E¢(z) | (15.1)

the complete wave function is the product of the spatial and temporal parts,
U(x,t) = p(x)e FH, (15.2)

For a bound state, for which the particle is confined to space in a particular region, the total
energy is less than the maximum of the potential energy,

E< lim V(z). (15.3)

|z|—o00

In addition to the general requirements that the wave function ¢ (z) and its derivative dﬁf

must be continuous, for a bound state we must ensure that the wave function vanishes at

N

'With a proper interpretation of the Maple (version 8 or higher) output, we may directly solve a Schrodinger
equation and determine the discrete energy levels; see Appendix B.2.

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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x = Foo by imposing a condition that
P(z) — 0as |z] — oo, (15.4)

so that the wave function ¢ (x) remains finite everywhere. The most remarkable consequence
of the Schrodinger equation is that these requirements yield discrete energies £. Quantization
of energy is an inevitable result arising purely from the property of the differential equation.
We will examine several examples in this chapter which manifest this astonishing property.

15.2 Infinite Potential Well

A particle is confined to a line segment between infinite barriers; the corresponding potential
energy for this infinitely deep well, sometimes called a rigid potential well, is defined by a
discontinuous function,

V() oo, x<0orz > a, (15.5)
x) = .
0, O<z<a.
o0 o0
Vi(z)

region 1 | region2 | region3

0 a

Figure 15.1: Infinite potential well.

We denote regions with x < 0, 0 < = < a and x > a as 1, 2 and 3 respectively; see
Figure 15.1. Because V' = oo in regions 1 and 3, the wave function must be zero there,

P1(x) =0, =<0,

Y3(z) =0, x> a. (15.6)
In region 2, the Schrodinger equation is
h2 d%/](:t)
2m = By(@). 15.7
om  dx2 V() ( )

This problem is the same as the zero-potential problem in Section 14.2. However, instead of
writing the general solution as e****, we invoke Euler’s formula and express the solution in
the form

Yo(x) = Acos(kx) + Bsin(kx). (15.8)
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When we treat unbound states, it is convenient to write a wave function as eT*%_ which
signifies a traveling wave; in contrast, for a bound state we prefer to write a wave function as
sin(kz) and cos(kx), which signify standing waves.

Substituting ¥» (x) directly into the Schrodinger equation, we obtain

h%k?
E=——. (15.9)
2m
Applying the continuity requirement at x = 0, we reject the cosine solution,
¥1(0) = 42(0), A=0. (15.10)
Atz =a,
Bsin(ka) =0, ka=nwforn=1,2,3,.... (15.11)

Because k can only take particular values, namely nw/a, to satisfy the requirement of the
wave function, the energy E becomes quantized:

242
5 TR

E, = .
" 2ma?

(15.12)

Although v (z) must be continuous, because for this problem there is an abrupt increase of
potential from 0 to infinity at 2 = 0 and & = a, the continuity requirement of ¢’(z) is
inapplicable. Unlike problems that we discussed in the previous chapter in which a wave
function exponentially decays in a region £ < Vj, because in this problem Vjj = oo, the wave
function must directly vanish at the boundaries.

Worksheet 15.1 In this worksheet we use h for 4. Maple directly solves the Schrodinger
equation without invoking the wave number k. Imposing the continuity conditions at
the boundaries, we obtain discrete energies. By setting Maple’s environmental variable
_EnvAllSolutionsto be true, we force the solve command to return solutions of the sine
function in complete sets; see help under solve for further information. The symbol 71 in
the output of Soln2 represents an integer.

> Eql := -h/(2*%m)*diff (psi(x), x$2) = Enxpsi(x);
a2
Eql := _% M = En(z)

> Solnl := dsolve(Eql, psi(x));

Solnl :=1(x) = _C1 sin (%) +_C2 cos (ﬁ— W)
> assign(Solnl);
> Eq3 := eval(psi(x), x=0) = 0;

Eq3:=_C2=0
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> Eqg4 := eval(psi(x), {x=a,Eq3}) = 0;

2V FE

Bed = _Ctsin | Y2YERVma) _
Vh

> _EnvAllSolutions := true:

> Soln2 := solve({Eg4}, En);

2 2
Soln2 :=< En = LZIh
2m a?

15.3 Finite Potential Well

Before solving another quantum-mechanical problem, we comment on the symmetry proper-
ties that enable us to abbreviate calculations. If the potential-energy function is even, such
that V(z) = V(—x), the Schrédinger equation is unaltered when the sign of the coordi-
nate is reversed. Hence if ¢ (x) is a solution, ¢ (—z) is also a solution. We relate these two
wave functions through a constant )(—x) = ci(z). Reversing the sign of 2 again we obtain
P(x) = c*ip(x); therefore ¢ = +1. We conclude that for a symmetric potential the wave
functions must be either even, for which ¢(—z) = ¢ (), or odd, for which ¢(—x) = —(z).
We present the following example to illustrate the usefulness of symmetry properties.

For a well of finite depth 1} as a model for the potential energy, the suitable defining function
is

V(z) = (15.13)

Vo, < —a/2orz>a/2,

0, —a/2<z<a/2.
This function resembles that of an infinitely deep potential well in the preceding section except
that 1} is finite. In order to take advantage of the symmetry property, we choose our coordinate
so that V(z) = V(—=z). Again we divide the one-dimensional space into regions 1, 2 and 3,
corresponding to x < —a/2, —a/2 < x < a/2 and x > a/2, respectively. The wave
functions take the form

Y1(x) = Aet2® x < —a/2,
Ya(x) = Bysin(kyz) + Bacos(kiz), —§5 <z<§, (15.14)
P3(x) = Ce™"27, x> a2,

where again

)
3
&=

2m(Vo — E
fey = v2mVo— B).

Ko = (15.15)
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see Section 14.3.2. Applying continuity conditions at the boundaries, we have

V1(—a/2) = Po(—a/2), Ae %2 = _Bysin(kia/2) + By cos(kia/2), (15.16a)
Vo(a)2) = s(a/2), By sin(kya/2) + By cos(kia/2) = Ce™"2%/2, (15.16b)
Vi (—a/2) = ¥h(—a/2), Arge "2%/? = Bk, cos(kia/2) + Boky sin(k1a/2), (15.16¢)
Yh(a)2) = 4(a/2),  Bikycos(kia/2) — Boky sin(kia/2) = —Crge "2%2. (15.16d)

As the potential is symmetric, namely V' (x) = V(—x), ¢ () must be either even or odd. We
thus classify the solutions as symmetric or antisymmetric, and discuss them separately.

1. Symmetric function
For a symmetric solution, A must equal C, and By must be zero: we reject the sin(k; x)
term. The four equations in (15.16) reduce to two independent ones,

Ae™"2%% = B, cos(k1a/2), (15.17a)
and
Akge™ 292 = Byky sin(kia/2). (15.17b)

Dividing equation (15.17b) by (15.17a), we have

tan(kia/2) = “2. (15.18)
k1
Equation (15.18) is a transcendental equation, the roots of which determine the accessible
energies I/. Only particular discrete values of I satisfy this equation, which is evidence
of the quantization of energy for a bound state. These values can be found graphically
and numerically, which Maple is able to perform.

After we have found a particular energy F, we can calculate k; and k5, and substitute
them back into either equation (15.17a) or (15.17b) to relate A and Bs. Because C' = A
and B; = 0, we obtain the wave function for this energy state. In the customary manner,
we evaluate A, which is so far arbitrary, by imposing a normalization condition,

/ T @) do = 1. (15.19)

2. Antisymmetric function
For an antisymmetric solution, A must equal —C, and B, must be zero: we reject the
cos(kiz) term. The four equations in (15.16) reduce to two independent ones,

Ae™"2%2 = _ B sin(k1a/2), (15.20a)
and

Arge™ 292 = Bk cos(kia/2). (15.20b)
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Dividing equation (15.20b) by (15.20a), we obtain
K2

e

We again find a transcendental equation (15.21), for which we must employ graphical and
numerical methods to evaluate values of the discrete energies for this class of solution.
Once an energy is determined, either equation (15.20a) or (15.20b) provides a relation

between A and B;. In this case, C = —A and By = 0, and we obtain the wave function
for this state.

cot(kra/2) = — (15.21)

Example 15.1 This numerical example serves to illustrate the graphical and numerical
methods. Suppose that we have an electron subject to potential energy of a finite well, for
whicha = 1.8 x 1071 mand Vj = 64 eV = 64 x 1.6 x 10717 J. Find possible energies for
E < Vj, and sketch the corresponding wave functions.

Solution We have

V2mE 2m(Vo — E)
Ky = ————=.
oo h
For a symmetric wave function, the energies are evaluated from

k1=

tan(k1a/2) = @;
k1
for antisymmetric ones,
cot(kia/2) = ——.

We plot tan(kya/2) or cot(kia/2), and ko /k1 or —ka/ki, respectively, as a function of E;
intersections of these two curves represent allowed energies. From these plots we find two
roots for symmetric wave functions,

Fy=105x10""%J], FE3=858x10"117,
and one root for the antisymmetric wave function,
Ey =4.09 x 10718 J.

After obtaining the energy, we can evaluate the coefficients of the corresponding wave func-
tion.

Worksheet 15.2 We define the wave function in three regions, and impose continuity condi-
tions in Eq1 through Eq4. For a symmetric function, we set B1 := 0 and C := A; we obtain
a transcendental equation Eq13, which determines the discrete energies. For an antisymmetric
function, B2 := 0 and C := -A, and the rest is analogous to the symmetric case. We plot
each side of the transcendental equation to locate the intersections of the curves, and invoke
the fsolve command to find the root. Once a specific energy has been found, we evaluate
the coefficients for the corresponding state. Apostrophes serve to “unassign” the variables, so
that we can evaluate coefficients for another state using the original Eql. When we plot the
wave functions, instead of normalizing to determine A, we choose an arbitrary value of this
parameter which is convenient for visual presentation. Again h is A.
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> psil := x -> Axexp(kappa2*x);
Pl =z — AelF22)

> psi2 := x -> Bl*sin(kl*x) + B2*cos(klxx);
Y2 :=x — Bl sin(kl x) + B2 cos(kl x)
> psi3 := x -> Cxexp(-kappa2*x);

Y3 =z — C e(=%2%)
> Eql := psil(-a/2) = psi2(-a/2);

Eq1 = Ae(="%*) = _Bsin <k1_2a) + B2 cos <MTG)

> Eq2 := psi2(a/2) = psi3(a/2);

1 1 -
Eq2 := B sin (%) + B2 cos (%) = Ce(-3%)

> Eq3 := D(psil)(-a/2) = D(psi2)(-a/2);

K2 a 1 1
Eq8 := Ax2e(="3*) = BI cos (—k2“> k1 + B2sin (—k2“) k1

> Eq4 := D(psi2)(a/2) = D(psi3)(a/2);

k1 k1 e
Eqj := B1 cos (Ta) k1 — B2 sin <Ta) kil = —C k2e(="%%)

> Bl :=0; C := A;
B1:=0
C:=A
> Eql; Eq2; Eq3; Eq4;

o 1
Ae—*3%*) = B2 cos (%)

B2 cos (%) = Ae(—%3%)

Ar2e(—"3*) = B2sin (%) k1

— B2 sin (%) k1 = —Ak2e(—"3)

> Eqll := isolate(Eql, cos(1/2*kl*a));
kla Ae="%*)
FEqll := =
q cos( 5 ) B2
> Eql2 := isolate(Eq3, sin(1/2xklx*a));

kla Ak2e(—"5"
Eql12 := si —
el Sm( 2 ) B2 ki
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> Eql3 := 1hs(Eql12)/1hs(Eqll) = rhs(Eql2)/rhs(Eqll);

sin (—kl a)
2
Eq13 = 2 "

kla :H
cos | —
2
> A := ’A’: B1 := ’B1’: B2 := ’B2’: C := ’C’:
> B2 :=0; C := -A;

B2 =0
C.=-A

> Eql; Eq2; Eq3; Eq4;

poa 1
Ae—"3%) = _Bisin (%)

kl K a
B1 sin (Ta) = —Ae(—"3)

K2 a k_Z
Ar2e(="3*) = B1 cos <Ta> k1

B1 cos (%) k1 = Ak2e(—"5%)

> Eq21 := isolate(Eql, sin(1/2%klx*a));
kla Ae="5%)
Eq21 :=si =—
g sm( ! ) -
> Eq22 := isolate(Eq3, cos(1/2*klx*a));
kla Ar2el~"5
Eq22 = =
e Cos( 2 ) B1 ki
> Eq23 := 1lhs(Eq21)/1hs(Eq22) = rhs(Eq21)/rhs(Eq22);

cos kla\  r2
2
> a := 1.8e-10; VO := 64%1.6e-19; h := 1.055e-34: m := 9.1e-31:
a:=0.18107"°
V0 :=0.102410716
> k1 := sqrt(2*m*En)/h; kappa2 := sqrt(2*m* (VO - En))/h;
k1 :=0.127874289710%° V En
k2 := 0.9478672986 1034 1/0.186368 1046 — 0.182 1029 En

sin (—kl a)
k1
Eq23 = _ N2/
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> plot([lhs(Eq13), rhs(Eq13)], En=0..V0, -5..5, discont=true);

1\ |
4- J
2
] I
0, 2e-18 4e-18 6e-18 8e-18 1le-17
] En
-2
41 /
] [

|

4- J

2

] P
0, 2e-18 4e-18 6e-18 8e-18 1le-17
] En

_2i

—4- /

] [

> Enl := fsolve(Eql3, En=0..2e-18);
Eni :=0.1142627411 10717
> En2 := fsolve(Eq23, En=2e-18..6e-18);
En2 := 0.4433992489 1017
> En3 := fsolve(Eql3, En=8e-18..1e-17);
En3 := 0.9128959534 1017
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> A :=’A%: Bl := ’B1’: B2 := ’B2’: C := ’C’: En := Enl;
En := 0.1142627411 10~ 7
10xEn; Bl := 0; C := A;
A :=0.1142627411 10716
B1:=0
C :=0.1142627411 1016

v
=
i

> Eq4l := Eqil;
Eq41 :=0.3551136851 1078 = 0.3340429735 B2

> Eq42 := isolate(Eq41l, B2);
Eq/2 := B2 = 0.1063077847 1077

> assign(Eq42);
> plsl := plot(psil(x) + En, x=-a..-a/2):
> pls2 := plot(psi2(x) + En, x=-a/2..a/2):
> pls3 := plot(psi3(x) + En, x=a/2..a):
> A := ’A’: Bl := ’B1’: B2 := ’B2?: C := ’C’: En := En2;

En :=0.4433992489 10~ 17
> A := b*%En; B2 := 0; C := -A;

A :=0.2216996244 1016

B2 :=0

C := —0.2216996244 10~ 16
> Eqgbl := Eqil;
Eqg51 :=0.1384923154 10~ 17 = —0.6580327348 B1

> Eqgb2 := isolate(Eq51, Bl);
Eq52 := Bl = —0.2104641731 107
> assign(Eqb52);
> p2al := plot(psil(x) + En, x=-a..-a/2):
> p2a2 := plot(psi2(x) + En, x=-a/2..a/2):
> p2a3 := plot(psi3(x) + En, x=a/2..a):
> A := ’A’: Bl := ’B1’: B2 := ’B2’: C := ’C’: En := En3;

En = 0.9128959534 1017
En/2; Bl := 0; C := A;
A = 0.4564479767 10717
B1:=0
C := 0.4564479767 1017

V
=
i

> Eq6l := Eqil;
Eq61 := 0.1356924962 10717 = —0.9441927538 B2
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> Eg62 := isolate(Eq61, B2);
Eq62 := B2 = —0.1437127066 10~ 17

assign(Eq62) ;

p3sl := plot(psil(x) + En, x=-a..-a/2):
p3s2 := plot(psi2(x) + En, x=-a/2..a/2):
p3s3 := plot(psi3(x) + En, x=a/2..a):

Vx := piecewise(x>-a/2 and x<a/2, 0, x>a/2, VO, x<-a/2, V0):
ppot := plot(Vx, x=-a..a, color=blue):

pEn := plot([Enl, En2, En3], x=-a..a):

with(plots):

vV V. V V V V V V

Warning, the name changecoords has been redefined

> display([ppot, pEn, pilsl, pls2, pls3, p2al, p2a2, p2a3, p3si,
> p3s2, p3s3]);

1.6e-17 -
1.4e-17 -
1.2e-17 -

] “e-171
8e>18<f

6618 -

4618~ P

| 2e=187 ——— |

//

—15e-10  -5e-119  5e 111e-101.5e-10
X

In the plot we observe penetration of the wave function into classically forbidden regions for
which E < V4.



436 15  Schrodinger Equation in One Dimension (1)

15.4 Series Solution and Hermite Equation

The quantum-mechanical treatment of the harmonic oscillator involves the Hermite equation,

2
% _ 2x3— 12y (15.22)

Before discussing the physics, we digress to solve this equation.

We apply the method of series solution, which is further discussed in Appendix B.1. Let the
solution take the form of an infinite series,

y=>_ aph; (15.23)
k=0

we find the first and second derivatives,

oo

dy k—1 —2
= E karx E 1) . 15.24
v ar ) aka: ( )

k=2

Substituting equations (15.23) and (15.24) into equation (15.22), we produce

NE

k(k — 1)agz®™ Z 2kapa® + Z 2Xayat (15.25)

>
U
N

We shift the index of summation in the first term by changing &k — k + 2,

(k+2)(k + Dag22® = 2kara® + Y 2Xaa® = 0. (15.26)
k=1 k=0

WK

E
Il
=]

Collecting coefficients of the same degree, we obtain a recurrence relation for & > 1,

—2X 42k

(k+2)(k+1)" (1327

Ap42 =

Worksheet 15.3 In performing the above manipulations with Maple, it is sufficient to work
with five consecutive terms. To collect coefficients of the same degree, we employ the coeff
command.

> y := sum(alil*x~i, i=k-2..k+2);

1+k) k+2)

Y= ap—2 z(k=2) +a_14k z(=1+k) + ag xzF + a14k ! + ag42 2
> EqH := diff(y,x$2) - 2xx*diff(y,x) + 2xlambda*y = 0:
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> Eql := simplify(EqH);

Eql := —2a145 200 4 dap_o2®2 £ 2q_1 5 x(C1HR) 4 gy o x(KH2)
—apz* Dk apz* D k2 —5a5 52" k42X aq g (1R
tap_ox* PR +a 123 E2 3014 23R k4 ay g 2(01HR) g2
tair 2Tkt ap o2k k2 + 3arsa 2 k + 2N ap_o k2
+2Xa_ 146 2CR) L2 xap 25 + 2 X apgo 25D £ 6ap_g 2(F—Y
+2a 145 203R) 4 204,00 — 22D g ok — 221K gy Lk
— 220 gk — 220D g ok —22Far k=0
> Eq2 := map(coeff,Eql,x"k);
Eq2 ‘= apiok? +3apiok +2Xay —2apk +2ar0 =0

> Eq3 := isolate(Eq2,al[k+2]);
—2Xar+2ark
Eg3 i= apps = —p b Z0KT
1o =042 = T T3k + 2
> Eqg4 := factor(Eq3);
2a (A + k)

Eq} = apy2 = m

Because we have a recurrence relation between ay42 and ai, we have an even series with
coefficients ag, ag, a4, . . ., and an odd series with coefficients a1, as, as, . ... Explicitly, if we
set ap = 1, we obtain the even solution,

2\ 5, 220 -2) 4, AN\ -4) 4

ylzl—ix + 1 T ol 0+ .. (15.28)

analogously if we set a; = 1, we obtain the odd solution,

_ 20\ — _ 3(\ — _ _
yzzx—z()\?)' 1)1334—2 (A ;?(A 3)x5—2 (A 1)()\7' A 5)x7+.... (15.29)

From the recurrence relation, or from the above two equations, we notice that only when
A=0,1,2,3,4,5,...does the series terminate at the 2* term. For example, if A = 5,
4 4 5.

yzx—ga:?’—kﬁx,

if A =6,
8
=1—6x?+ 42t — —2a°,
Y x” +4x 15x

Hence when A is zero or a positive integer, y — 0 as x — oo. These solutions that corre-
spond to the Hermite equation where A is zero or a positive integer are called the Hermite
polynomials.
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15.5 Linear Harmonic Oscillator

We discuss the harmonic oscillator that appears in many applications of quantum mechanics as
a basic model. For instance, it serves as the potential-energy function of a diatomic molecule
of which two nuclei are near their equilibrium separation. In terms of the variable  which
measures the displacement from the equilibrium position, the potential energy for this problem
is

1 1
V(z) = gkxz = §mw2x2. (15.30)
The Schrodinger equation for such an oscillator is then
R 1,
-+ = = E. 15.31
2m dx? + M v v ( )

To solve this problem, we first eliminate all excess constants such as m, h, by introducing a
dimensionless variable &,

mw
E= 15w (15.32)

Maple can assist us to determine such a dimensionless variable; see both Appendix B.2 and
an example in Section 15.6. With this parameter, we obtain a dimensionless equation,

d*y 2F 9
— — | - =0 15.33
#[(2) e oo 1539
which simplifies algebraic manipulation. We further simplify this equation: examining equa-
tion (15.33), for large & we can neglect 2F / w in comparison with £2. The equation ¢ = £21)
has an asymptotic solution 1) = €2, Defining

Y =e"/2x(9), (15.34)
and substituting it into equation (15.33), we have

d*x dx 2F

— 26— — -1 =0 15.35

e 3 i U x =0, ( )
which is the Hermite equation, discussed in the preceding section. With the definition

2F

— —1=2A 15.36

— : (15.36)

for the wave function 1 (x) to be square integrable for all x, A must be zero or a positive
integer. This property yields a quantization of energy,

1
En:(n+§)m, n=0,1,23,.... (15.37)

Even for n = 0, denoting the state of least energy accessible to this oscillator, the energy is
not zero but %hw, and is called the residual or zero-point energy.
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15.5 Linear Harmonic Oscillator

The problem of the quantum-mechanical harmonic oscillator is thus solved. The discrete
energies are specified in equation (15.37); the normalized wave functions are

Y = (%)1/4 \/%e_m“z/%Hn (:E\/mw/h) . (15.38)

Avoid confusion of the symbols that we employ. In preceding examples with a piecewise-
constant potential, the subscript n in v, (x) serves to indicate separate regions of space, but
here n is a quantum number of a state of discrete energy. Although we offer no derivation of
the normalization factor one can, in a practical manner, use Maple to find it by integrating the
square of any unnormalized wave function.

Worksheet 15.4 Hermite polynomials are defined as HermiteH in Maple. In this worksheet
we plot the energies and normalized wave functions.

> psi := (n,xi) ->
> (2"nxfactorial(n))~(-1/2)*exp(-xi~2/2)*HermiteH(n,xi) ;
e(-1/28") HermiteH(n, &)

V2" !

Y= (n, §) —
> expand(psi(0, xi));

—%)
> expand(psi(l, xi));
VZel—5)¢

> expand(psi(2, xi));
gel= % \/ée )52

> expand(psi(3, xi));
é ~5) g3 \/—8 (-5 ¢

> expand(psi(4, xi));

21
3846(_%)4——4\/3846 )54——\/3846( ) g2

32
> expand(psi(5, xi));
1
30 3840 e~ %) 55——\/384 (-5 §3+3—2\/384Oe( =1

> expand(psi(6, xi));

2 1 5
46080 e(—7) + =7 /46080 e~ )56 — /46080 e(—%) ¢

1
o V26080 e(~ ) ¢2
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> plot([psi(0,xi)+ 1/2, 1/2, psi(1l,xi) + 3/2, 3/2, psi(2,xi)+ 5/2,
> 5/2, psi(3,xi) + 7/2, 7/2, psi(4,xi) + 9/2, 9/2, psi(5,x1i)

> + 11/2, 11/2, psi(6,xi) + 13/2, 13/2, psi(7,xi) + 15/2, 15/2,
> psi(18,xi) + 37/2, 37/2, xi~2/2], xi=-6..6, 0..9);

..

A ! /-
N A
7

Xi

We list the first six wave functions for the harmonic oscillator in Table 15.1. Solutions appear
in two classes — symmetric and antisymmetric wave functions; this feature is consistent with
the symmetric nature of the potential energy, because V' (z) = V(—z).

Table 15.1: The first six wave functions for harmonic oscillator with variable £ = /(mw/h) z.

wn/(mw/Wh)IM

—€2/2

V2e €122

J5e 2262 - 1)

5o /(26 - 3¢)
e € 2(agt — 128 4 3)

\/%6_52/2(455 — 2083 + 15¢)

U T R RS
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15.6 Homogeneous Field

We consider this function for the potential energy,
V(z) = Flx|, (15.39)

which might represent the case of a particle subject to a constant force F'. This potential serves
as an excellent model for a quark and an antiquark in a bound system.> The Schrodinger
equation for this problem is

h? d*y
————+F = E. 15.40

o oz Tl = By (15.40)
Because V(z) = V(—x), we take advantage of the symmetry property discussed in Sec-
tion 15.3. We only need to consider the space x < 0, and then construct the other half-space
based on the symmetry property. Using Maple to solve this Schrédinger equation directly, we
obtain the solution as an Airy function.

Worksheet 15.5 Airy functions are defined as AiryAi in Maple. Another class of solution
in AiryBi(x) that fails to converge at large x is inappropriate for our purpose. We use the
symbol h_ for A.

> Eql := -h_"2/(2*m)*diff (psi(x), x$2) - F*x*psi(x) = Enxpsi(x);
2 (d?
Eql = 1 h (g v(@)
2 m
> Solnl := dsolve(Eql, psi(x));

— Pay() = Bn(x)

9(1/3) (F_m)(l/B) (z F + En)
2
Solnd = 9(z) = _C1 AiryAi | — h

F

5(1/3) (_”;> Y (¢ F + En)
+ _C2 AiryBi | — =

F

> plot(AiryAi(x), x=-11..5);

2See also J. J. Sakurai, Modern Quantum Mechanics, Reading, MA: Addison-Wesley, 1994, p. 107ff, in which the
quantization condition can be approximately obtained using the old quantum theory due to Sommerfeld and Wilson.
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T

With the definition of a dimensionless variable

E\ (2mF\"?
¢ = <x + F) (7> , (15.41)
identified from the Maple output, one can verify that equation (15.40) (for z < 0) becomes
Y =0 (15.42)
d¢ ’

which is the differential equation satisfied by an Airy function. We thus write the solution of
the Schrodinger equation as

P(€) = ©(=§), (15.43)

where @ () denotes the Airy function.

From the definition of the dimensionless variable
e (ol B (2mF 13
N F h2 ’

the solution for x < 0 involves shifting the origin to the right by E/F, then inverting the

Airy function with respect to the y axis. The symmetric nature of the potential energy requires

¥ (x) to be either even, for which ¢(—z) = ¥ (z), or odd, for which ¥(—x) = —(x). We

discuss symmetric and antisymmetric solutions respectively. First, let
E

( h2F2 ) 1/3°

2m

and

[ (15.44)
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1. Symmetric function
For a symmetric solution, because the wave function has an extremum at x = 0, the first
derivative of the wave function must be zero at that point,

Y'(x =0)=0. (15.45)
We must have
¢ (z=0) = (—E) =0. (15.46)

Discrete energies therefore correspond to the roots of the first derivative of the Airy
function.

2. Antisymmetric function
For an antisymmetric solution, because the wave function must pass the origin, we have

Y(z =0)=0, (15.47)
SO
Y(z =0)=®(—E) =0. (15.48)

Discrete energies correspond here to the roots of the Airy function.

Worksheet 15.6 In Maple, the Airy function is defined as AiryAi(0,x) and its derivative
is defined as AiryAi(1,x) (the second argument indicates the Oth and 1st derivatives). We
employ the fsolve command to find the roots numerically. The wave functions in the plot
are not normalized.

> EnO := -fsolve(AiryAi(1,x)=0, x=-2..0);
En0 :=1.018792972

> Enl := -fsolve(AiryAi(x)=0, x=-3..-2);
Enl :=2.338107410

> En2 := -fsolve(AiryAi(1,x)=0, x=-4..-2);
En2 := 3.248197582

> En3 := -fsolve(AiryAi(x)=0, x=-5..-4);
End = 4.087949444

> En4d := -fsolve(AiryAi(1,x)=0, x=-6..-4);

Eng = 4.820099211
> pl:=plot([AiryAi(x-En0) + EnO, EnO, AiryAi(x-Enl) + Enl, Eni,

> AiryAi(x-En2) + En2, En2, AiryAi(x-En3) + En3, En3,

> AiryAi(x-En4) + En4, En4, x], x=0..6):
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> p2:=plot([AiryAi(-x-En0O) + EnO, EnO, -AiryAi(-x-Enl) + Enl, Eni,
> AiryAi(-x-En2) + En2, En2, -AiryAi(-x-En3) + En3, En3,

AiryAi(-x-En4) + En4, En4, -x], x=-6..0):
with(plots):

Warning, the name changecoords has been redefined

> display([pl, p21);

[

Matching the Airy function to satisfy symmetry requirements, we obtain the wave functions
and corresponding energies. We list the first five roots in Table 15.2, which are the values of
discrete energies for this problem.

Table 15.2: Quantized energies in a homogeneous field.

n  E/(F?h%/2m)'/?
0 1.019
1 2.338
2 3.248
3 4.088
4 4.820
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15.7 Morse Potential

The harmonic oscillator serves as a limiting model to approximate the potential energy of a
stable diatomic molecule, but it is inadequate when two nuclei are far from their equilibrium
separation. In 1929, P. M. Morse devised a potential-energy function that has a more realistic
form,

V(z) = Vo(1 — e 2%)2, (15.49)

where x measures the displacement from equilibrium. The Schrédinger equation for this
potential reads

_Bdy
2m dx?
as before, for bound states £/ < V{y. This problem is directly solvable with Maple. In this sec-

tion, our intent is not to treat this problem in detail but to outline how a solution is obtained;?
an additional discussion can be found in Appendix B.2.2.

+ (Vo + Voe 2% — 2Vpe ™ *Wp = Ep; (15.50)

In a similar way to the treatment of the harmonic oscillator, we introduce parameters to obtain
a dimensionless equation that simplifies algebraic manipulation. From use of Maple to solve
this Schrodinger equation directly, the result of which is listed in Appendix B.2.2, we define a
dimensionless variable

2 vV 2mV0 —ar
-5 € )
ah
we introduce two additional quantities,

v2m(Vo — E) n:—szO—( 1), (15.52)

5= oh ’ ah S+§

= (15.51)

so as to simplify the Schrodinger equation, which becomes

d? 1d 1 i 2
¥ ¢+< n+s+ 3 S)q/J:O.

ettt & (15.53)

_|_
4 € &
To solve this equation, we can again employ the method of series solution. We refrain from

elaborating tedious mathematics, but simply state the result: the solution of equation (15.53)
is

Vn = €825 F(—n, 25 + 1;€), (15.54)
where F' is the confluent hypergeometric function, defined as

az  ala+1)2?
Fla,viz) =14 —= 4 —— 22
(o,7:2) AT (v + 1) 2!

3For more information, see L. Pauling and E. B. Wilson, Introduction to Quantum Mechanics, New York: Dover
Publications, 1985, p. 271ff, or Landau and Lifshitz (QM) 1977, p. 72.

(15.55)
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Having previously solved the Hermite equation directly, one should naturally appreciate that
the solution of equation (15.53) can be expressed as a power series, which can be shown to be
a confluent hypergeometric function.

Directly from the definition of the hypergeometric function, we deduce that only when « is
zero or a negative integer can the series terminate at one particular term; hence F'(a,7y; z)
reduces to a polynomial of degree |a| in z. So for the wave function to remain finite, n must
be a non-negative integer, and we again conclude that the energy must be quantized:

2Vpa2 1 2p2 1\?
By = by 202 (n+—>—a f <n+—) , (15.56)
m 2 2m 2

for £ < Vj.

In summary, the problem of the Morse potential has exact solutions; the discrete energies
conform to equation (15.56), in which appears a residual energy for n = 0 as for the linear
harmonic oscillator; the corresponding wave functions appear in equation (15.54).

We customarily normalize a wave function, so that the integral over all space of its associated
probability density, which is the square of the wave function, is unity. The wave functions in
equation (15.54) are not normalized, but we readily remedy this deficiency on evaluating

/ o (2)|? d

then dividing 1, (z) by the square root of this integral.

Worksheet 15.7 The confluent hypergeometric function is defined as hypergeom in Maple.
The normalized wave function is produced on dividing the unnormalized function by the
square root of the integral of probability density over the entire region; such an integral is
directly evaluated with Maple. The symbol h signifies 7, which is set to unity for graphic
purpose.

> VO := 20; alpha := 1; m := 1: h := 1:

Vo =20
a:=1
> PE := VO*(1 - exp(-alphaxx))~2;
PE :=20 (1 — e(=2))?
> xi := 2xsqrt(2+V0*alpha)/(alphaxh)*exp(-alpha*x) ;

£:=4v10e
> En := hxsqrt(2xVO*alpha~2/m)*(n + 1/2) - alpha~2+h~2/(2*m)*(n +

> 1/2)72; s := sqrt(2*(V0-En))/alpha;

FRAT
1 "y
Bn:=2VI0 (n+ ) - ~—"—
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= yfi0-4v0 (n+2) + (n+ )’

> f := exp(-xi/2)*xi~(s)*hypergeom([-n], [2*s+1], xi);

£ = e(=2V10e77) (4 G o(~2)) (V/A0-4 VIO (n+1/2)+(nF1/2)?)

1 1
hypergeom ([—n], lZ \/40 —4+/10(n + 5) + (n+ 5)2 SR 4@6(—@)
> EnO := eval(En, n=0); f0 := eval(f, n=0);
1
En0 = \/1—0— g
10 = e(—2V10e(®)) (4@6(—1))(\/161/4—2 V/10)
> Enl := eval(En, n=1); f1 := eval(f, n=1);
Eni :=3+/10 - %
fl = e(—2 Vi0e(=2)) (4\/me(—m))(\/169/4—6 V10)
169 _
hypergeom | [-1], [24/— — 610+ 1|, 4v/10e(-®)
> En2 := eval(En, n=2); f2 := eval(f, n=2);
25
En2 =510 — 3
12 .= e(—2 VI0el(=%)) (4 \/1—06(—@)(\/185/4—10 V/10)
185 _
hypergeom | [—2], |2 T—l()\/m—kl , 44/10e(-2)
> En3 := eval(En, n=3); f3 := eval(f, n=3);
49
En8 =710 — =
13 = (2 V10e(=®)) (4 \/1—06(—@)( 209/4—14 +/10)
209 _
hypergeom | [=3], |24/ == — 1410+ 1|, 4v/10e(-%)
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> En4 := eval(En, n=4); f4 := eval(f, n=4);
1
Eng :=9v1 —%

= o(—2VI0e) (4me(_m))( 241/4—18 1/10)

241 , 4\/1—Oe<—w>>

hypergeom ([—4], [2 — 1810+ 1

> FO := f0/sqrt(evalf (int(£0°2, x=-infinity..infinity))):

> F1 := f1/sqrt(evalf(int(£f1°2, x=-infinity..infinity))):

> F2 := f2/sqrt(evalf(int(£2°2, x=-infinity..infinity))):

> F3 := £3/sqrt(evalf (int(£3°2, x=-infinity..infinity))):

> F4 := f4/sqrt(evalf(int(f4°2, x=-infinity..infinity))):

> plot([EnO, En0O+FO, Enl, Enl+F1, En2, En2+F2, En3, En3+F3, En4,
> En4+F4, PE], x=-1..6, 0..V0, thickness=2);

20+
18

144

L ]
141
121
10

The plot shows that the difference between two adjacent discrete energies is not constant, as
for the harmonic oscillator, but decreases as n increases. Morse’s analytic solution thus re-
produces two properties of the vibrational spectra: (1) there are a finite number of discrete
vibrational levels below V{, and (2) the energy levels are more closely spaced with increas-
ing n.
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15.8 Bound Nonstationary States

So far, we have studied stationary states for bound states, each of which is a state with a
definite energy. According to the principle of superposition, a linear combination of two wave
functions also represents a possible quantum state. We use the wave functions for the harmonic
oscillator to construct a nonstationary state as an example.

The complete wave function for a harmonic oscillator in its ground state is
Wo(z,t) = tho(a)e Fot/M = eE2miwt/2 (15.57)
and for the first excited state is
Uy (x,t) = i (2)e Bt/ = /268 2ge 30t/ (15.58)
By adding the above two wave functions, we construct a state
1
V2

which has an associated probability density

\Ij(xvt) = [\Ifo(x,t) +\Ijl(xvt)]v (15.59)

P(z,t) = U*(z,t)U(z,t) = e & /2 % + V/2€ cos(wt) + €2 . (15.60)

The mixed wave function W(x,¢) is not a stationary state, because the probability density
depends on time. This combined state oscillates at frequency w. We leave it to an exercise
to show that W (z,t) is not an eigenfunction of the Hamiltonian operator, hence that W(z, )
lacks a definite energy.

Worksheet 15.8 We produce an animation to demonstrate how the probability density from
equation (15.60) depends on time.

> psi := (n,xi) ->

Vv

(2"n*factorial(n))~(-1/2)*exp(-xi~2/2) *HermiteH(n,xi) ;
e(=1/28") HermiteH(n, ¢)
V27 nl

Y= (n,§) —
> PsiOt := psi(0,xi)*exp(-I*t/2);
2
Psi0t := e(=) HermiteH(0, ¢) e(~1/219
Psilt := expand(psi(1l,xi)*exp(-I*3%t/2));

Psilt = ﬁe(—g) e(=3/21t) ¢
> Psimixed := 1/sqrt(2)*(PsiOt + Psilt);

\%

1 2 2
Psimized := > V2 (e HermiteH(0, &) e(~1/218) 4 /2 (=) e(=3/211) ¢)
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> Eprl := conjugate(Psimixed)*Psimixed:
> Epr2 := evalc(Eprl):
> Epr3 := combine(Epr2);

1
Epr3 = 5 ¢(=€") HermiteH (0, £)2 + ¢(=¢") HermiteH(0, &) v/2 £ cos(t) + e(=€7) ¢2
> with(plots):

Warning, the name changecoords has been redefined

> animate(Epr3, xi=-6..6, t=0..2%Pi);

An energy eigenstate ¥, (x, t) of a quantum-mechanical harmonic oscillator does not describe
the familiar behavior of a classical oscillator: in the former case, the expectation value of x
is stationary, instead of oscillating. From the above example, we see that a superposition of
energy eigenstates might mimic oscillating behavior. By seeking a wave packet to bounce
back and forth without spreading in shape, Schrodinger constructed a coherent state in 1926,
which was a superposition of energy eigenstates,

Vo (a,t) =D f(n)n(a,t), (15.61)
n=0

where |f(n)|? is the Poisson distribution about the mean value i,
nl

f(n)|? = (”n> e (15.62)

We leave it as an exercise for the reader to construct a coherent state.

15.9 Two-state System

A two-state system of distinct energies is both the most fundamental and the most profound
problem in quantum mechanics; it serves not only pedagogic but also practical purposes, such
as to pertain to a maser or laser, magnetic resonance, neutrino oscillation, etc., to name just
a few applications. In this section, we solve the problem of a symmetric potential with two
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wells partitioned by a barrier, described by this function:

0, x < —a—"0b/2,

0, —a—b/2 <x < —b/2,
Viz)={ Vo, —b/2<a<b/2, (15.63)
0, b/2 < a-+b/2,

00, a+b/2 <.

We take the states corresponding to the two least energies as an example of a two-state sys-
tem.*

00 V(x) 00

region 1 regipn2 region 3

Vi
[T 1

—a—b/2 —b/2 b2 a+b/2

Figure 15.2: Double-well potential.

Similar to what we have routinely employed for a piecewise-constant potential, we denote
regions with —a — b/2 < © < b/2, =b/2 <z < b/2and b/2 < x < a+b/2as 1,2 and 3,
respectively. The wave functions are

1 (z) = Asin(ki[z + a + b/2]), —a—0b/2<x < —b/2,
Yo(x) = By sinh(kax) + Ba cosh(—kaz), —b/2<x <b/2, (15.64)
Y3(x) = Csin(kila + b/2 — x]), b/2 <z <a-+b/2.

Writing wave function %1 (z) in this form, we have already taken into account a requirement
that 1 (—a — b/2) must be zero, with the same argument for ¥3(x). Instead of writing
eT"2% we express 1/7(x) in terms of sinh(k22) and cosh(kzx), for subsequent convenience
in relation to the symmetry property. As for many differential equations that we have already
encountered, experience enables one to write general solutions in a form which will minimize
rearrangement at a subsequent stage.

We have already employed boundary conditions at z = —a—b/2 and x = a+b/2; we impose
four further continuity conditions:
P1(=b/2) = 12(-b/2), (15.65a)
U1(=b/2) = ¥5(=b/2), (15.65b)
P2(b/2) = 1hs(b/2), (15.65¢)
V5 (b/2) = 15(b/2). (15.65d)

4See also a discussion of the symmetrical double-well potential in J. J. Sakurai, Modern Quantum Mechanics,
Reading, MA: Addison-Wesley, 1994, p. 256ff.
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As this algebraic rearrangement resembles that in Section 15.3, we do not list the intermediate
steps. For this symmetric potential, we again find two classes of solutions.

1. Symmetric function
For a symmetric wave function, as we must have B; = 0, we reject the sinh(kox) term,
and we have C' = A. We obtain thereby the constraint for the energy,

cot(kia) = —% tanh(k2b/2). (15.66)
1

2. Antisymmetric function
For an antisymmetric wave function, we must have B, = 0; we hence reject the
cosh(kox) term, and we have C' = A. We obtain another constraint for energy,

tan(kia) = —f;—l tanh(kab/2). (15.67)
2

We present a numerical example to further advance our discussion.

Example 15.2 A proton is subject to this symmetric double-well potential, for which a =
b=0.5x10"m,and V5 = 1.6 x 1071 J. Find the energies of the two lowest states and
the corresponding wave functions.

Solution The energy levels can be found from the transcendental equations above. Applying
the graphical and numerical method, we find the lowest values of the energy to be

E 1 = 1.102518 x 1072° J,  (symmetric),
E,; =1.102536 x 10720 ], (antisymmetric).

Once the energy is determined, we can solve for undetermined coefficients.

Worksheet 15.9 This worksheet is similar to that in Section 15.3. We produce an animation
for each region 1, 2 and 3, and combine them in one plot using the display command. The
symbol h stands for .

> psil := x -> Axsin(klx(x + a + b/2));
b
Pl :=x — Asin <k1 (x +a+ 5))
> psi2 := x -> Bl*sinh(kappa2+*x) + B2xcosh(-kappa2+*x) ;
Y2 := x — Bl sinh(k2z) + B2 cosh(—r2z)
> psi3 := x -> C*sin(kl*(a + b/2 - x));

1/)3:2:1:—>Csin<k1 <a—|—g—:z:>>
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> Eql := psil(-b/2) = psi2(-b/2);
Eql := Asin(kl a) = —B1 sinh (%b) + B2 cosh <%b)
> Eq2 := D(psil) (-b/2) = D(psi2) (-b/2);
K2b . Kk2b
Eq2 := Acos(kl a) kI = B1 cosh 5 k2 — B2 sinh 5 K2
> Eq3 := psi2(b/2) = psi3(b/2);
Eq3 := B1 sinh <%b) + B2 cosh (%b> = C'sin(kl a)
> Eq4 := D(psi2)(b/2) = D(psi3) (b/2);
K2b . K2b
FEq4 := B1 cosh — k2 + B2 sinh — k2 = —Ccos(kl a) k1

> Bl :=0; C := A;

> Eql; Eq2; Eq3; Eq4;

Asin(k! a) = B2 cosh (%b>

2
Acos(kl a) kI = —B2sinh (%) )
2
B2 cosh (%) = Asin(k! a)

B2 sinh <%b) k2 = —Acos(kl a) k1

> Eqll := isolate(Eql, sin(kl*a));
2
B2 cosh <%b)
Eqll :=sin(kl a) = ————=
q sin(k1 a) I

> Eql2 := isolate(Eq2, cos(kl*a));

B2 sinh <%b> K2

Eq12 := cos(kl a) = — v

> Eq13 := lhs(Eq12)/1lhs(Eqll) = rhs(Eql2)/rhs(Eqil);

K2b
inh (| — | K2
cos(k! a) S ( 2 ) "
Eql13 = = 55
k1 cosh(—2 )

sin(k! a)
> A := ’A’:; B1 := ’B1’: B2 := ’B2’: C := ’C’:
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B2 :=0
C:=-A
> Eql; Eq2; Eq3; Eq4;

Asin(k! a) = —B1 sinh (%)
Acos(kl a) k1 = B1 cosh <%b) K2
B1 sinh (%b> = —Asin(k! a)

B1 cosh <%b) k2 = Acos(kl a) k1

> Eq21 := isolate(Eql, sin(klx*a));
2
BI sinh ("Tb>
Eq21 :=sin(kl a) = ———F—%
q sin(k1 a) 1
> Eq22 := isolate(Eq2, cos(kl*a));

2
B1 cosh (%b> K2
Eq22 .= cos(kl a) = ey

> Eq23 := lhs(Eq21)/1hs(Eq22) = rhs(Eq21)/rhs(Eq22);

Kk2b
. sinh (—) k1
1
Eq23 = sin(k! a) _ 2

cos(k? a) cosh (ib> K2
2

> with(plots):

Warning, the name changecoords has been redefined

> m := 1.67e-27; h :

1.055e-34;
m :=0.167 10726
h :=0.105510733

> VO := 1.6e-19; a := 0.5e-10; b := 0.5e-10;
V0 :=0.161071'8
a:=0.510"1°
b:=0.510"1°
> br := piecewise(x>-b/2 and x<b/2, 1, x>-a, 0, x<a, 0):

> plbr := plot(br, x=-a-b/2..a+b/2, color=blue):
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> k1 := sqrt(2*m*En)/h; kappa2 := sqrt(2*m*(V0-En))/h;
k1 := 0.547798418110%' VEn
k2 1= 0.9478672986 1034 /0.5344 10—45 — 0.334 1026 En
> plot([lhs(Eq13), rhs(Eq13)], En=0..1le-19, -4..4, discont=true);

0 2e-20 4e-20 6e-20 8e-20 - 1e-19
-1 =

_zé \
31 |

E R

> plot([1hs(Eq23), rhs(Eq23)], En=0..1e-19, -2..2, discont=true);

27| //
] /
I f
1
1l
0/ 2e-20 4e-20 / 6e-20 8e-20 1le-19
] / En
4]
I
1 / |
2 | /

> Esl := fsolve(Eql3, En=1.5e-21..2e-20);
Es1 :=0.1102518089 10— 1°
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> Eal := fsolve(Eq23, En=1.5e-21..2e-20);
Fal :=0.1102536279 1017

> A =A%

Bl := ’B1’: B2 := ’B2

g © g= 0?3 lom

En :=0.1102518089 10— 19

=0; C := A;
A:=1
B1:=0
C =1

> Eq4l := Eqil;

> Eq42 :

Psilsl :=
Psi2sl :=
Psi3sl :=

vV V. V V V V V V

Eq41 := 0.2625146824 = 98.76639633 B2

isolate(Eq41l, B2);

Eq42 = B2 = 0.002657935210

assign(Eq42);
plsl := plot(psil(x), x=-a-b/2..-b/2, -1..1):
p2sl := plot(psi2(x), x=-b/2..b/2):
p3sl := plot(psi3(x), x=b/2..at+b/2):

psil(x)*exp(-I*En/hx*t)
psi2(x)*exp(-I*En/h*t)
psi3(x)*exp(-I*En/hx*t)

display([pilsl, p2sl, p3sl, plbr], title="psil_s");

:= Esl;

psil_s
J‘:
0.8-
0.6
0.4-
0.2

“6e-11  —2e-110"
—0.2 ]

0.4 -
0.6 -
-0.8-

E

2e-11 4<§(L11 6e—11

> A = A

B1 := ’B1’: B2 := ’B2

vz © 3= 0?3 Em

En :=0.1102536279 1019

:= Eal;
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VvV V. V V V V V V

vV V. V V V V V

A :=1; B2 :=0; C := -A;
A=
B2 =0
C:=-1
Eqb51 := Eqil;

Egb2 :

FEq51 := 0.2624917884 = —98.76101474 B1
isolate(Eq51, B1);
Eqg52 := B1 = —0.002657848232

assign(Eq52);

plal :
p2al :
p3al :
Psilal
Psi2al

plot(psil(x), x=-a-b/2..-b/2, -1..1):
plot(psi2(x), x=-b/2..b/2):
plot(psi3(x), x=b/2..atb/2):

:= psil(x)*exp(-I*En/h*t):
:= psi2(x)*exp(-I*En/h*t):
Psi3al :

psi3(x)*exp(-I*En/h*t):

display([plal, p2al, p3al, plbr], title="psil_a");

psil_a
J‘:
0.8-
0.6
0.4-
0.2

6e-11  —2e-110"
-0.2 ]

0.4 -
—0.6 -
-0.8-

E

1 4<§(L11 6e—11

Psillil
Psi2l1
Psi3l1
Psilril
Psi2ril
Psi3ril
panill

:= Psilsl + Psilal:
:= Psi2sl + Psi2al:
:= Psi3sl + Psi3al:
:= Psilsl - Psilal:
:= Psi2sl - Psi2al:
:= Psi3sl - Psi3al:
:= plot(Re(eval(Psilll, t=0)), x=-a-b/2..-b/2):
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> panil2 := plot(Re(eval(Psi2ll, t=0)), x=-b/2..b/2):

> panil3 := plot(Re(eval(Psi3l1l, t=0)), x=b/2..atb/2):

> display([panill, panil2, panil3, plbr], title="psi_L");

[0y

0.5-

—6e—11 20110 2el11 4eXL11 6e—11

> panirl := plot(Re(eval(Psilrl, t=0)), x=-a-b/2..-b/2):
> panir2 := plot(Re(eval(Psi2rl, t=0)), x=-b/2..b/2):

> panir3 := plot(Re(eval(Psi3rl, t=0)), x=b/2..atb/2):

> display([panirl, panir2, panir3, plbr], title="psi_R");

psi_R
o
15-
. | |
0.5- j \
T6e11 | —2e-11  2e-11 4eXL11 6e—11
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> T := 2xPi/((Eal - Es1)/h);

T :=0.1159978010 10 %
> panil := animate(Psilll*conjugate(Psilll), x=-a-b/2..-b/2,
t=0..T):

> pani2 := animate(Psi2ll*conjugate(Psi2l1), x=-b/2..b/2, t=0..T):

> pani3 := animate(Psi3ll*conjugate(Psi31l1l), x=b/2..atb/2, t=0..T):
> display([panil, pani2, pani3, plbr]);

‘7 ,T N ] /\l—

We denote the symmetric state of the least energy 1,1 (), with energy Fy;, and the antisym-
metric state of the least energy 1,1 (), with energy E,1. Our calculations show that

Eq1 > Eq, (15.68)

which can be understood because the wave function of the antisymmetric state has a greater
curvature. However, the energy difference is minute.

We form
Wn(ot) = = (b (w)e B0 4 gy (w)e BT, (15.69)
and
1 —iBat/h —iBait/h
@L(x,t):ﬁ (wsl(x)e at/h g (a)e "B ) (15.70)

The functions ¥z (z,0) and ¥, (x, 0) are plotted above: the former concentrates on the right
side of the double well, and the latter concentrates on the left. They are non-stationary states;
the probability density Py, (x,t) is

U7 (2, ) (2, t)

1 E, —Eqg)t
— 5 {120 - 2a@pa @ eos | E2 B 2@ L as
Such a state oscillates at an angular frequency
Eu — Es
w= % (15.72)

so with period T' = 27 /w. At t = 0, the probability density is
[ths1(2) + Va1 (2)]* = [V (2, 0)]%;
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att = T'/2, the probability becomes
[wsl(x) - 7/’a1($)]2 = [\IJR(Q?, 0)]27

which becomes concentrated on the right side. The animation shows how the system oscil-
lates: it starts on the left side; after half a period it is found on the right side, then it returns to
the left, and so forth.

This oscillation can be understood as a tunneling effect in quantum mechanics. A particle
initially confined to the left side penetrates a finite barrier into the right side, then returns to
the left side, and so on. As an application of this result, the ammonia molecule NH3 can
be crudely modeled with this potential, for which the vibrational barrier to inversion can be
considered to be centered in a plane defined by three protons, with the N nucleus to the left
or right. The frequency of oscillation for the ammonia molecule is about 24 GHz. With
advanced quantum mechanics one can prove that application of an alternating electric field
to this molecule can induce a resonance — a phenomenon similar to classical resonance; this
property was utilized in constructing a maser and an atomic clock.

Exercises

1. Consider the potential energy for a finite well of the same form as in Section 15.3, except
thata = 1.8 x 10719 mand V, = 120 eV.

(a) Find all possible energies for bound states.

(b) Find the normalized wave function for energy states third and fourth from the mini-
mum. For a symmetric solution for instance, express Bs in terms of A, and C' = A;
in this way find A to normalize the wave function on solving the equation

—a/2 a/2 S
/ V] (z)r (z) do+ V3 (z)a(z) dz+ / / V3 (z)s(z) de = 1. (15.73)
a/2

—00 —a/2

2. Consider solutions for the harmonic oscillator listed in Table 15.1.

(a) Verify that 1o and ¢; are eigenfunctions of the Hamiltonian operator for a harmonic
oscillator, and find the eigenvalues.

(b) Verify that

b
V2

is not an eigenfunction of the Hamiltonian operator, therefore that this state lacks a
definite energy.

() [Yo(x) + 1 (2)]



Exercises 461

(c) The average energy for a nonstationary state is

Joo ¥ (@) H (@) do
o v (@)(@) de

Evaluate this integral for the above combination of ¥y and ;.

E:

3. For solutions pertaining to a harmonic oscillator, evaluate the following integrals:

/ 1o da, / Py de, / 1y da.

Vary values of n relative to chosen fixed m and verify that

/ VXt dr 0  onlyif m =n+1. (15.74)

This integral represents the matrix element of an electric dipole moment for a transition
between initial state 7 and final state n. Application of this result to vibrational spectra of
a diatomic molecule provides the explanation that most intense transitions occur between
one state, labeled n, and an adjacent state, for which a selection rule is accordingly
An = +1.

4. For a particle of mass m subject to gravity, the one-dimensional potential is

V(z) = (15.75)

mgx, x> 0;

00, z < 0.
The infinity can be considered as a hard surface.
(a) Evaluate the energy levels.

(b) Evaluate the expectation value 22 for the ground state.

Hint: the boundary condition requires that ¢)(z = 0) = 0; consider existing solutions in
Section 15.6.

5. The quantization rule of Bohr and Sommerfeld in the old quantum theory is

1 1
o ]{pdz —n+ts (15.76)
For the potential in equation (15.39), namely
V(z) = Fla],

the quantization condition becomes

9 E/F

1
— 2m(E — F = — 15.77
57 vV 2m( |z]) de =n+ 5 (15.77)

-E/F
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because p = /2m(F — V) and the classical turning points are x = +F/F. This
integral is equivalent to
4 E/F

V2m(E — Fx) de = . '
57 ), 2m(E — Fz)der =n+ 5" (15.77")

Verify that

32/3 1\2/3 / p2p2 1/3
En:T(27r)2/3 <n+§) <2m> ; (15.78)

compare the results from this approximate method with the exact results in Table 15.2.

Construct a coherent state with (a) u = 1, (b) u = 7, according to equation (15.61). For
u = 1, perform the summation from n = 0 to 5, and for p = 7, from n = 0 to 15.
Animate the probability density, and observe the bouncing wave packet.

. Unlike the potential energy for the harmonic oscillator, the Morse potential supports a

finite number of discrete energy states; this fact is verifiable from equation (15.56). The
number of bound states is one unit more than the value of n when FE,, reaches a maximum
for a bound state (because numbering with n begins at n = 0).

(a) For the molecule 'H3°Cl, after the substitution of numerical values F,, (measured in
joules) becomes

2
E, =593 x10"% (n+ %) —1.04x 1072 <n+ %) .

Estimate the number of bound states for this system.

(b) Derive a general formula for the quantum number for the most highly bound state in
terms of Vj, a and m.

Hint: for a maximum, the first derivative of E,, with respect to n is zero.

. Find the next two energy levels for the double-well potential in Section 15.9. Are they

close to each other? How can such a minute difference in energy be explained?

In an exercise in the preceding chapter, we briefly introduce the path integral formulation
of quantum mechanics. This approach is inconvenient for practical problems in a nonrel-
ativistic context: the calculation is difficult even for the simple harmonic oscillator, for
which we only list the result:

<$,t|£0,t0> = (1579)

\/ omihsinw(t —to)] ¥ | 2hsinjw(t — to)] {(

2 + xf) coslw(t — to)] — 2zx0 } | -
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10.

The reader should notice that the exponential part is e>/", where S is the classical action
in equation (3.62). From this given result, show that (x, t|xo, to) satisfies Schrodinger’s

time-dependent wave equation:

0 K2 9?2 mw?z?
zhg (w, t|xo, to) = — <%) Eye) (x,t|z0,t0) + 5 (x,t|zo,t0), (15.80)

which serves as another example that the path integral is equivalent to wave mechanics.

The Lagrangian for a particle of mass m under the influence of gravity is
1
L= §mx — mgz; (15.81)

the path integral for this system is

<x,t|x0,t0> = (1582)

im [(x —x0)%2  (t—to)

1, .
s o | S~ 5 et ) - g0}

the exponential of which one should compare with equation (3.60). Show that
(x, t|xo, to) satisfies Schrodinger’s time-dependent wave equation:

'ha< tlzo, to) = i 62< tlwo, to) + (z,t|zo, o),  (15.83)
ZBt T, t|To,%0) = om ) 92 L, t[To, to) T+ MGL (T, 1|0, 10/, .

which again demonstrates the link between path integral and wave mechanics.
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16 Schrodinger Equation in Three Dimensions

As a starting point, most textbooks on quantum mechanics rely on the Schrédinger equation.
We have considered several fundamental and important topics concerning wave equations,
such as problems on transmission and reflection involving a piecewise-constant potential in
one dimension, time evolution of the Gaussian wave packet, a particle confined to a rigid well,
a particle constrained to a rectangular well, the harmonic oscillator, the Morse oscillator, and
so on. In this chapter, we discuss the Schrodinger equation in three dimensions in spherical
coordinates. We solve equations for the Coulomb potential and for the infinite spherical well,
which have practical applications in atomic and nuclear physics.

16.1 Central-force Problem

The generalization of differential operator 9?/0x? appearing in the one-dimensional
Schrédinger equation to three dimensions is V2, the Laplacian operator. The time-
independent Schrodinger equation becomes

() + V() = Bu(r). (16.1)

For a spherically symmetric potential V' (r), the use of spherical coordinates is convenient. In
Section 7.5, we discovered how to express the Laplacian in spherical coordinates. The basic
Schrodinger equation is thus explicitly written as

2110 [ ,00(r6,0) 19 (. 0Y(r6,9)
__[__ <T or )+r25in6‘%<5m0 00 )

1 9%P(r,0,9)
r2sin®6 0>

+V(r)¢(r,0,¢) = EY(r,0,¢). (16.2)

We use p to denote the reduced mass in order to avoid confusion with m, which is the symbol
for the magnetic quantum number later on.

As for many partial differential equations that we have already solved, we employ a product
of functions to separate the variables,

Y(r,0,9) = R(r)Yim (6, $), (16.3)

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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and thus obtain an angular equation,
1 0 0 1 02
_ — [ sing= ———— | Vi = 11+ 1) Y}, 16.4
Lineae (“n ae) +sin298¢2} m = U+ 1Y (16.4)
and a radial equation,

P d TzdR(T) N I(1+1)R?
2ur? dr dr 2ur?

+ V(r)] R(r) = ER(r), (16.5)

where /(I 4 1) is a constant of separation. Discussion of these two equations follows.

16.2 Spherical Harmonics

In Chapter 7, we stated that any function satisfying the Laplace equation is a harmonic func-
tion. In spherical coordinates, the angular part of the Schrodinger equation is none other than
the angular part of the Laplace equation, and the solution is called spherical harmonics, with
a symbol Yy, (0, ¢). In Chapter 7 we restricted ourselves to the situation in which there is az-
imuthal symmetry, namely m = 0; here we remove such a restriction. Our discussion below
is useful in both quantum mechanics and boundary-value problems in electrostatics.

We let V7,, = ®(¢)O(0), and substitute it into the angular equation,

—sin0 d [, .dO . 1d%
o) @ <Sln9w) — l(l"’ 1) sin“ 0 = 6W7 (166)

so that dependences on 6 and ¢ can be further separated; expressions on both sides of the

equation must equal the same constant, taken to be —m?:

pers ,
=, (16.7)
and
1 d (. dO m?

The azimuthal equation is easy to solve:
() = eFimo, (16.9)

For ®(¢) to be single-valued, m must be an integer, accordingly known as the azimuthal or
magnetic quantum number.

We make a change of variable by letting cos @ = x so that ©(0) = P(z); the equation for ¢
becomes

d*>P(z) dP(x) m?
— 2 — _
(1-2%) dx? 2 dx i+ 1—a?

P(x) =0. (16.10)
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This equation is called the generalized Legendre equation; its solutions are the associated
Legendre functions. The approach used to solve this differential equation is similar to what
we have done before: we can use a series expansion as illustrated in Section 15.4 (Hermite
equation) and Appendix B.1. The essential idea is that, for this infinite series to terminate
at a particular term, [ must be 0 or a positive integer. Without proof we state that, for the
generalized Legendre equation, the allowed range of m is from —[ to +I; one can verify this
statement by obtaining the recurrence relation for this equation. The associated Legendre
functions P, (x) are well studied, and are defined in Maple. When using special functions,
one must devote attention to their definitions because they are not universally agreed in the
literature. Instead of calling LegendreP in Maple, we can directly generate the associated
Legendre polynomials using Rodrigues’ formula:

L(l — xQ)m/2 dm

5771 T (22 = 1) form > 0. (16.11)

le(x) =

The product of P and & is the solution of the angular part of the wave function. According to
the above definition, we write the spherical harmonics

Y—lm(97¢)7 l:071727"'7 m:_l7_l+1""’+l’ (1612)
as
_ (_1\ym_ /2141 (I=m)! ime
Vi (0,0) = (—1) mﬂm(ws@ form 2 0, (16.13)
Yin(0,6) = (<1)"1¥;;,,(6,9) form <0.

Hence the angular part of the solution of the Schrédinger equation is the spherical harmonics
Yim (0, ¢). Spherical harmonics are normalized orthogonal functions:

27 +1
/ o [ dlcosO)Yyr, (0, 6)Yim (0, 6) = Surrum- (16.14)
0

—1

Worksheet 16.1 Instead of using LegendreP defined in Maple, we use Rodrigues’ formula
in equation (16.11), which involves multiple differentiations, to generate the associated Le-
gendre polynomials. Spherical harmonics follow directly from equation (16.13).

> P := (1, m, x) ->

> 1/(2°1*1')*(1-x"2) " (m/2) *diff ((x~2-1)"1,x$(1+m)) ;

(1 — 22)(1/2m) (S22 (2 18y
2L

P:=(,m,z)—
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> Y := (1, m, theta, phi) ->

>  (-1)~(m)*sqrt ((2*1+1)/(4*Pi)*(1-m) !/ (1+m) !) *subs (x=cos (theta),
> P(1,m,x))x*exp(I*m*phi) ;
— L (—1\m lw _ (m 1)
Y :=(,m,0, ¢)— (-1) \/4 oy subs(z = cos(0), P(l, m, x)) e
> Y(1, 0, theta, phi);
1 V3 cos(6)
2 Jm
> Y(1, 1, theta, phi);
1 V61/1 — cos(h)2 e(®D)
4 VT
> Y(2, 0, theta, phi);
3 n
1\/5(5005(9) —5)
2 VT

> Y(2, 1, theta, phi);

1 V30 /1 — cos(0)2 cos(0) e )
— —

> Y(2, 2, theta, phi);
1 v/30(3 —3cos()?) L9
24 VT
> Y(3, 0, theta, phi);
1 V7 (cos(0)? + g (cos(0)? — 1) cos())
2 VT
> Y(3, 1, theta, phi);
1 v/21+/1 — cos()2 (360 cos()? — 72) e(® 1)
576 Nz

> Y(3, 2, theta, phi);
1 v/210 (1 — cos(6)?) cos(6) e(21¢)
8 VT
> Y(3, 3, theta, phi);
1 V35 (1 — cos(9)?)(3/2) ¢B14)
8 N3
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We list spherical harmonics Y;,,, (6, ¢) for small values of [ in Table 16.1; these functions are
useful as a basis for expansion in spherical coordinates. An arbitrary function ¢(6, ¢) can be
expanded in spherical harmonics,

oo l
:Z Z Alm}/lm(oa(b)v

=0 m=—1

where the coefficients are

27 —+1
A = / do | d(cos0)Yi (6, 6)g(0, ).
0 1

Table 16.1: Spherical harmonics Y7, (0, ¢).

! m

0 +1

1
0 Vix 0
1 \/ 2 cosf q:,/isingeiidv
2 \/ 1= (3cos? 0 — 1) F1/22(sinf cos §)er®
304/ 1gﬂ (5cos®§ —3cosl) F 61477(5 cos?  — 1) sin fe**®
! m

+2 +3
0 0 0
1 0 0
2| R0 0
3| /2L cosOsin® het2? T/ 22 sin® fetdio

(16.15a)

(16.15b)

With these spherical harmonics, we are in a position to complete the treatment of electrostatics
in spherical coordinates, first introduced in Section 6.4.2 and Section 7.5. In equation (7.47),

we express a potential with azimuthal symmetry in terms of Legendre polynomials,

oo

V(r0)=>" (Alr + i) Py(cos®).

The solution of a boundary-value problem without azimuthal symmetry is naturally

=0

o0 l

Vo) =3 3 (Almr " m)mw 9).

=0 m=—1

(16.16)

(16.17)
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Recall equation (6.47): for two position vectors r; and rp with spherical coordinates
(11,01, ¢1) and (72, 02, ¢2), respectively (referring to Figure 6.5), we can expand |r; — ra| !
as
! i re Py(cos ) (16.18)
= cos .
|I'1 _ I'2| — Tl>+1 1 v)s

where 7~ (r) is the smaller (larger) of |r;| and |r3|, and - is the angle between r; and rs,
which can be expressed as

cosy = cos 3 cos b + sin 61 sin O cos(Pp1 — ¢2). (16.19)

The addition theorem of spherical harmonics is

Py(cosy) = Z Yk, (02, 62)Yim (01, 61). (16.20)

2l—|—1

This result is simply an application of equation (16.15), which we omit in the proof of this
theorem.! In sum, the most general expansion of |r; — ro|~! in spherical coordinates is

[e's) l
Jr1 — 10| —r2| Zo Z l+1 l+1 Y5 (02, $2)Yim (01, ¢1). (16.21)

This expansion is useful in many calculations; see Section 16.5.1.

16.3 Angular Momentum

The operator which represents the square of the total angular momentum in quantum mechan-
ics is
1 0 7] 1 02
L? = -n? — 0 ——— 16.22
Lino 26 (Sm 39) py a¢2} ! (16.22)

which can be derived from the definition of the angular momentum; classically, L = r x p. If
we make the conventional Schrodinger substitution, we find that

. 0 0 ) 0 0 . 0 0
L, =—1ih (y& — za—y> , Ly=—ih (z% — xa) , L,=—ih (xa—y — y%) .

(16.23)

Transforming these relations to spherical coordinates, which requires tedious algebraic ma-
nipulation, we can verify the L? operator. The operator which represents the z component of
angular momentum has a simple expression:

L,= —m8—¢. (16.24)

I'See Jackson 1999, p. 110ff.
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The square of the angular momentum operator L? is essentially the angular part of the Lapla-
cian operator in spherical coordinates:

10 0 L?
v2o 9 (29 _
2 or (T 37‘) h2r2’ (16.25)

We already know the solutions of the angular part of the Laplacian operator, which are spher-
ical harmonics.

Let us review what we have learned about wave mechanics. The time-dependent Schrodinger
equation in three dimensions is

hov(r,t)

i ot
From Section 14.1, we know that, if the potential energy contains no explicit dependence on
t, we can separate the Schrodinger equation into a spatial equation and a temporal equation.

The constant of separation, I, is the energy, and the temporal part of the equation has a simple
form, namely

f(t) =exp (—@> : (16.27)

We then focus on solving the time-independent Schrodinger equation. In this chapter, we
find that, if the potential energy contains no explicit term depending on angles 6 and ¢, we
can separate the time-independent Schrédinger equation into an angular equation and a radial
equation. The constant of separation (I + 1) is related to the angular momentum, and the
solution of the angular part of the equation involves spherical harmonics Y, (6, ¢). Recall
that the temporal function f(¢) is an eigenfunction of the Hamiltonian operator,

h?_, B
[—EV + V(r,t)} U(r,t) = (16.26)

10 =22 500 = Br (), (1628

for which the eigenvalue is 2. Spherical harmonics are analogously eigenstates of the operator
for the square of the angular momentum,

LY i (0, ¢) = 1L+ 1)h*Yi (6, 0), (16.29)
and for a projection of angular momentum on one axis, commonly taken to be z,

The eigenvalue for the square of the angular momentum is (I + 1)A2, and for its projection
on the z axis is mh. We call [ the quantum number of total angular momentum, and m the
magnetic or azimuthal quantum number. Purely from mathematical properties of the Legendre
equation, [ must be 0 or a positive integer, and mm must be an integer ranging from —/[ to +1, so
that the wave function remains single-valued and finite. The requirements for a wave function
to satisfy the Schrédinger equation lead to quantization of angular momentum.

For any problem involving a central force, the solution of the angular part involves spherical
harmonics; hence we only concentrate on the radial part, which is reduced to an equivalent
one-dimensional problem — solving an ordinary differential equation.
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16.4 Coulomb Potential

We discuss the Schrodinger equation under the Coulomb potential, which is the wave-
mechanical treatment of the hydrogen atom. The radial equation for this potential is

n2 o d (TQdR(T)> . [1(z+1)h2 &

C8m2ur? dr dr 82 pur? 4dmeqr

R(r) = ER(r). (16.31)

Although this problem is well treated, with R(r) related to the associated Laguerre polyno-
mials, here we employ the method of power series, the same method in our discussion of
the Hermite equation in Section 15.4, to obtain the solution from the beginning, so that we
enhance our comprehension of the quantization of energy. Moreover, we will discover degen-
eracy, which is a property absent from the Schrodinger equation in one dimension. To tackle
the differential equation, we first introduce dimensionless parameters to express the equation
in a simplified form. We measure radius in terms of the Bohr radius ag, and energy in terms
of potential energy at the Bohr radius,’

h2eq pet
_ _ E—=—|El= """ ¢ 16.32
T app 7T/1462 P | | 4h2€%E ( )
With these transformed parameters, we obtain
d®’R 2d 2 l(l+1
gf’>+- Rp) | 9oy 2 (t ' rip) = 0. (16.33)
dp p dp p p

We further simplify the equation on observing the asymptotic behavior. For large p, we have
an approximate equation R’ = 2¢ R, which has a solution R = e~ V2er | We let

R(p) = e=V** f(p), (16.34)

so that the equation becomes

d2—f+2(1—\/£)ﬁ+
p dp

2(1—+v2¢) 1(l+1)
P p?

f=0. (16.35)

This equation has a singularity at p = 0. To use a power series to represent the solution, we
multiply the power series by p?; then the solution takes a form

fF=0">"arp". (16.36)
k=0

In developing the recurrence relation as before, we must determine g. Collecting coefficients
of the p? term, we obtain an indicial equation,

(q—=D(g+1+1)=0. (16.37)

2The numerical value is twice the Rydberg energy: ﬁ = 4.359 x 10718 J = 27.21 eV; it is commonly
called the atomic unit of energy or hartree.
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The root of this equation is ¢ = [ or ¢ = —(I + 1). Using ¢ = [, we obtain a recurrence
relation,

(k+14+1)v2e -1
(k+1)(k+20+2)

Q1 = a. (16.38)

To make the series finite, we must have it terminate at & = n,, so that a,,+1 = apn,42 =

... = 0; namely,
Vaie— 1 (16.39)
T tl+10 ’

We define n,. as the radial quantum number. Let n = n,. + [ + 1; from the definition of €, we
have
1 pet
E,=——-—= 16.40
"= A (16.40)
which is the same result as Bohr’s model for energies of stationary states. Quantization of
energy is again a consequence of the requirement that a wave function must remain finite.

We call n the principal quantum number, because it determines the total energy of a quantum
state. For a particular n, there are n possible values of [, thatis { = 0,1,...,n — 1; for each
value of [, there are 2/ + 1 possible values of m, thatism = —I, —{+1,...,l—1,[. Quantum
states described by distinct wave functions but associated with the same energy are said to be
degenerate; degeneracy is a phenomenon that occurs only for dimensions more than one. As a
simple exercise, one can verify that for each value of n, there are n? degenerate eigenfunctions
in total.

Worksheet 16.2 The technique of deriving a recurrence relation using Maple is almost the
same as in Section 15.4 and Appendix B.1, except here we first need to obtain the indicial
equation and its roots. Choosing the root [, we return to the differential equation again; gen-
erally five consecutive terms are sufficient to derive the recurrence relation.

> f := sum(alk]*rho~(k+q), k=0..5);
f=agp?+a; p(1+q) + ay p(2+q) +as p(3+q) +ay p(4+q) . p(5+q)

> Eql := diff(f, rho$2) + (2/rho - 2*sqrt(2*epsilon))*diff (f, rho)
> + (2/rhox(1l-sqrt(2*epsilon)) - 1x(1+1)/rho~2)*f = 0:

> Eq2 := simplify(Eql):

> Eq3 := map(coeff, Eq2, rho~q):

> Eq4 := factor(Eq3);

ao(l+1+q)(l—q)

p? =0

BEq4 =~

> restart:
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> f := sum(al[il*rho~(i+l), i=k-2..k+2);

fi=ap_a p 2D fay g pCIHRED gy pHD gy p + ary2p
> Eql := diff(f, rho$2) + (2/rho - 2*sqrt(2*epsilon))*diff (f, rho)

(1+k+1) (2+k+1)

+ (2/rhox(1-sqrt(2*epsilon)) - 1%(1+1)/rho~2)*f = 0:
Eq2 := simplify(Eql):
Eq3 := map(coeff, Eq2, rho~(k+1+1)):

Eq4 := isolate(Eq3, alk+1]):
Eqb5 := factor(Eq4);

vV V. V V V

2ar (V2VEL+V2Ek —14+12/)
(1+k)(k+2+21)

Egs == a4, =

The solution of equation (16.35) is
fi=p" (a0 +aip +azp® +azp®+...), (16.41)

where aj, conforms to the recurrence relation. A second-order differential equation ought to
have two independent solutions. From the indicial equation, one might think that the second
solution can be obtained from the other root of the indicial equation, ¢ = — (I + 1). However,
if roots of the indicial equation differ by an integer, as in this case, the second solution from
g = —(I + 1) is not independent of the first one from ¢ = [. The second solution contains a
logarithmic term, which has the form:3

fo=afilnp+p it <Z ckpk> . (16.42)
k=0

In the present example, f is an unsuitable solution because it is not square integrable; we
refrain from discussing it further. Many textbooks discard the root —(I + 1) of the indicial
equation without mentioning this subtle property of differential equation.

16.5 Hydrogen Atom

In the preceding section, we derived the quantization of energy levels from solving the dif-
ferential equation directly. To write the radial solution more compactly, we use the well es-
tablished solutions for the Coulomb potential: the associated Laguerre polynomials. These
polynomials are defined as

dq

Ly(x), (16.43)

3The general theory is fairly complicated; see Boyce and DiPrima 2001, p. 277ff.
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where L, are Laguerre polynomials that can be generated by Rodrigues’ formula:

P
L =e"—(zPe™®). 16.44
p(7) = € (Ve ) (16.44)
We again caution the reader that the definitions of these special functions differ in detail among
various sources.

According to the above definition, the radial part of the normalized wave function for the
hydrogen atom is

1 2 —1—1) 20\ 2
Ry = — (n ) e=o/n (—p) L2t (—p> : (16.45)
n

PN N CEIIE

where p is the ratio of the radius to the Bohr radius, p = 7/aq, as defined in preceding section.*

Worksheet 16.3 Although Maple essentially defines all the special functions, one must be
aware that the definition of these functions are not universally agreed among literature. For
example, LaguerrelL differs from equation (16.44) by a factor of p!. One should consult help
to find the convention of LaguerreL in Maple; we create altLaguerreL to make it consistent
with our discussion above. We use this worksheet to generate the radial part of the solutions
of the hydrogen atom, as well as their plots. For graphical purposes, ag is set to unity.

> altLaguerrel := (n,a,x) -> (-1) a*n!*LaguerrelL(n-a,a,x):
> R := (n, 1, r) -> -2/n"2*sqrt((n-1-1)!/((n+l)!)"3)*

> exp(-r/mn)*(2xr/n) lxaltLaguerreL(nt+l, 2x1+1, 2*r/n);

R:=(n,l,r) —
l
(Z%Z_)S?)’! el=%) <2n—7a) altLaguerreL (n +1,20+1, %)
-
> factor(expand(R(1, 0, r)));
2
er

> factor(expand(R(2, 0, r)));

1 .
_Z 26_5) (—2+T)

> factor(expand(R(2, 1, r)));

1
— (=%)
D \/Ee 2)r

2r
nag

4Our definition of p conforms to equation (16.32), but some authors have used p =
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> factor(expand(R(3, 0, r)));

2
= (=3) (27 —1 272
513 3el™3) (27 — 187 + 2717)
> factor(expand(R(3, 1, r)));
2
_ = (=3) (—
513" 6el=3) (=6+7)
> factor(expand(R(3, 2, r)));
2 .
- (=3) p2
215 30e' 73y

> factor(expand(R(4, 0, r)));

1 r
—6 e(=%) (=192 + 1447 — 2472 + 7%)

> factor(expand(R(4, 1, r)));

— J/15e(=%) -2 2
3340 5e\=1)r (80 — 207 + r?)

> factor(expand(R(4, 2, r)));
1

3840

> factor(expand(R(4, 3, r)));

2 V5el-%) (=12 + 1)

1 r
— /35e(%) 3
26880 Y0 T
> plot([R(1,0,r)"2*r~2, R(2,0,r) " 2*r~2, R(2,1,r) 2*r~2], r=0..25,

> 1egend=["1s", nogh ||2pn]);

0.5

0.4-

0.3

0.2-

0.1

0 5 10 , 15 20 25

1s
2s
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> plot([R(3,0,r)"2*xr~2, R(3,1,r)~2*r~2, R(3,2,r) "2*r~2], r=0..25,
> 1egend=["3s", "3P"’ "Sd"]);

0.1 7

0.08

0.06

0.04

0.02

0 5 10 , 15 20 25

3s
3p
3d

> plot([R(4,0,r)"2*xr~2, R(4,1,r)"2*r~2, R(4,2,r) "2*r"2,

> R(4,3,r)"2*%r~2], r=0..40, legend=["4s", "4p", "4d", "4f"]);

0.07 H
0.06 -
0.05 -
0.04 -
0.03 -
0.02
0.01-

0 10 2p 30 40
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3/2

Table 16.2: Functions R,,;(p). A constant factor a, ~'“ is omitted for each function.

Ru(p)

2e~ "

e (1 )

ﬁge—pﬂp

sme P (1= 30+ 30%)
et (1= k)

1 (L= 30+ 50" — 1550°)
16\5/%8_’)/4;) (1 o % + %pQ)
qavse 0" (1= 130)
7681/%6_p/4p3

N N N N T T R .
W, O N, O~ O O~

We list wave functions for the first few states in Table 16.2. According to a postulate of
quantum mechanics, the absolute square, or the product of wave function ¢ (r, 6, ¢) with its
complex conjugate, is interpreted as the probability density. The radial probability density is
| R (7)|*r?, where a factor 72 arises from the volume element in spherical coordinates:

dr = r%sin 6 df de. (16.46)

We plot the radial probability densities in the above worksheet, and the labels of these func-
tions will be explained below. We observe that the number of nodes, excluding the origin, for
Ry (r) is n,. = n — [ — 1, the value of the radial quantum number.

We can also plot the angular dependence of the probability density functions, which are the
squares of the spherical harmonics |Y;,,, (6, ¢)|%.

Worksheet 16.4 We plot |Y,,,(6, ¢)|? for | = 1,2,3. Although we type in these spherical
harmonics, they can be derived by Maple, as demonstrated in the worksheet in Section 16.2.
It is trivial to prove that |Y;,,, (6, ¢)|? has no azimuthal dependence (the function contains no
¢). For each plot, we obtain a surface of revolution about the z axis. For each [ we also plot a
combination

+1

> Ym0, 9)%

m=—[—1

from these graphs such a combination clearly results in spherical symmetry, which is an indi-
cation that the function does not depend on 6 or ¢.
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> assume(phi, real):

> Y10 := sqrt(3/(4*Pi))*cos(theta);

1 V3 cos()

Y10 :=
2 T

> plot3d(Y10*conjugate(Y10), phi=0..2%Pi, theta=0..Pi,
> coords=spherical, scaling=constrained, view=-0.25..0.25,

> title="Y10");

> Y11 := -sqrt(3/(8+Pi))*sin(theta)*exp(I*phi) ;
i (¢ 1)
Vil = 1 V6sin(f) e
4 NZ3

> plot3d(Yll*conjugate(Y11l), phi=0..2%Pi, theta=0..Pi,
> coords=spherical, scaling=constrained, view=-0.25..0.25,

> title="Y11");
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480

Y11

0..2xP1i,

plot3d(Y10*conjugate(Y10) + 2xYll*conjugate(Y11), phi

>

spherical, scaling=constrained,

0..Pi, coords

theta=
view=-0.25..0.25,

>

1"

title="combination of 1=

>

=1

combination of |

sqrt (5/(16xPi)) * (3*cos(theta) "2 -1);

Y20 :=

>

V5 (3cos(0)? — 1)

1
Y20 .= -
4
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> plot3d(Y20*conjugate(Y20), phi=0..2%Pi, theta=0..Pi,
> coords=spherical, scaling=constrained, view=-0.5..0.5,

>  title="Y20");

> Y21 := -sqrt(15/(8*Pi))*sin(theta)*cos(theta)*exp(I*phi);
i (o 1)
vor — 1 V/30sin(0) cos() e
4 VT

> plot3d(Y21*conjugate(Y21), phi=0..2%Pi, theta=0..Pi,
> coords=spherical, scaling=constrained, view=-0.5..0.5,

> title="Y21");
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Y21

> Y22 := sqrt(15/(32%Pi))*sin(theta) ~2%exp(2*I*phi);
1 v/30sin(0)? e 19)

Y22 .= —
8 VT

> plot3d(Y22*conjugate(Y22), phi=0..2*Pi, theta=0..Pi,

> coords=spherical, scaling=constrained, view=-0.5..0.5,

>  title="Y22");

Y22
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> plot3d(Y20*conjugate(Y20) + 2*Y21*conjugate(Y21) +
> 2xY22*conjugate(Y22), phi=0..2xPi, theta=0..Pi, coords=spherical,

> scaling=constrained, view=-0.5..0.5, title="combination of 1=2");

combination of [=2

> Y30 := sqrt(7/(16%Pi))*(5*cos(theta)~3 - 3*cos(theta));
1 VT (5cos(0)? — 3 cos())

Y30 =
4 Vs

> plot3d(Y30*conjugate(Y30), phi=0..2%Pi, theta=0..Pi,
> coords=spherical, scaling=constrained, view=-0.6..0.6,

>  title="Y30");
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> Y31 := -sqrt(21/(64*Pi))*(5*cos(theta)~2 -

> 1)*sin(theta)*exp(I*phi);
Y391 = 1 V21 (5 cos(#)? — 1) sin(9) e(® D
== =

> plot3d(Y31l*conjugate(¥Y31), phi=0..2*%Pi, theta=0..Pi,

> coords=spherical, scaling=constrained, view=-0.6..0.6,

> title="Y31");

Y31
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>

>

>

>

>

>

>

>

Y32 := sqrt(210/(64%*Pi))*cos(theta)*sin(theta) ~2xexp(2*I*phi) ;

1 v/210cos() sin(6)? e 19)
Y32 = -
8 VT

plot3d(Y32*conjugate(¥Y32), phi=0..2*%Pi, theta=0..Pi,
coords=spherical, scaling=constrained, view=-0.6..0.6,

title="Y32");

Y32

Y33 := -sqrt(35/(64xPi))*sin(theta) ~3*exp(3*I*phi);
yog . L V/35sin(0)? 19
8 Nz

plot3d(Y33*conjugate(Y33), phi=0..2xPi, theta=0..Pi,
coords=spherical, scaling=constrained, view=-0.6..0.6,

title="Y33");
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Y33

> plot3d(Y30*conjugate(¥Y30) + 2xY31*xconjugate(Y31) +

> 2xY32*conjugate(Y32) + 2xY33*conjugate(Y33), phi=0..2*Pi,
theta=0..Pi,

> coords=spherical, scaling=constrained, view=-0.6..0.6,

> title="combination of 1=3");

combination of =3
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In summary, the complete wave function for the hydrogen atom is the product of the radial
and angular parts:

’[Z)nlm (Tv 97 ¢) = Rnl (T)}/Im (95 ¢)a (1647)

where R,,;(r) is the associated Laguerre function and Y7,,, (6, ¢) the spherical harmonics, both
well defined special functions. To represent a quantum state, a particular wave function is
characterized by three quantum numbers: the principal quantum number n, the quantum num-
ber for the total angular momentum /, and the magnetic quantum number m. The energy of a
quantum state is determined solely by the principal quantum n, which is a property unique to
the Coulomb potential. The energy of each discrete state is identical to that based on Bohr’s
model:

1 pet

This wave function is also the eigenfunction of the square of angular momentum, and the
eigenvalue is [(I + 1),

Furthermore, the wave function is the eigenfunction of the projection of the angular momen-
tum on one axis, commonly taken to be z, and the eigenvalue is m#h,

For a given n, the possible range of [ is from 0 to n — 1; for given [, the possible range of m
is from —[ to +[. A notation for states with various values of quantum number [ for angular
momentum is

I = 012 3 4 5
s pd f g h

The common method of labeling a wave function of n and [ involves a number to specify a
value of the principal quantum number n, followed by a letter to specify a value of /, according
to the above correlation; for instance, 4d denotes a wave function with n = 4 and [ = 2.

We plot the functions of probability density, which are the absolute squares of the complete
wave functions for the hydrogen atom.

Worksheet 16.5 1In this worksheet, we plot, as examples, three probability density func-
tions for the hydrogen atom: [t)319(r, 8, ¢)|?, [1320(7, 0, #)|?, |1321 (7, 0, ¢)|?. The probabil-
ity density function has no azimuthal dependence as it contains no ¢ term. Similar to the plot
of equipotential surface, we visualize a function of two variables using the implicitplot
command. We graph each surface that corresponds to a particular value of probability. We
also employ the implicitplot3d command to plot the probability density function for
[1h430(r, 0, ¢)|?, which is a surface of revolution. Be aware that, when using polar coordi-
nates in a two-dimensional plot, # is measured with respect to the x axis, whereas, when using
spherical coordinates in a three-dimensional plot, 6 is measured with respect to the z axis; the
x axis in a polar plot therefore corresponds to the z axis in the spherical plot.
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> assume(phi, real):

> with(plots):

Warning, the name changecoords has been redefined
> psi310 := 8/(27*sqrt(6))*exp(-r/3)*r*(1 -
> 1r/6)*sqrt(3/(4*Pi))*cos(theta);

T 81 VT
> implicitplot({seq(r~2*psi310*conjugate(psi310)=0.001%i,
> i=1..12)}, r=0..25, theta=0..2%Pi, coords=polar,

> scaling=constrained, numpoints=800, title="psi310");

> psi320 :=

>  4/(81*sqrt(30))*exp(-r/3)*r~2*sqrt(5/(16%P1i))*(3*cos(theta) "2 -
1);
1 v30e"35) 12 /5 (3cos(h)? — 1)

20 :=
¥320:= 9050 NG

> implicitplot({seq(r~2*psi320*conjugate(psi320)=0.001*1i,
> i=1..12)}, r=0..25, theta=0..2%Pi, coords=polar,

> scaling=constrained, numpoints=800, title="psi320");
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> psi321 :=

> 4/(81*sqrt (30))*exp(-r/3) *r~2*(-sqrt (15/(8+Pi))) *sin(theta)
> xcos(theta)*exp(I*phi);

1 e(=3) 72 5in(f) cos() e(® D

21 i = ——
v3 51 NG

> implicitplot ({seq(r~2*psi321*conjugate(psid321)=.001*i, i=0..12)},

> 1r=0..25, theta=0..2*%Pi, coords=polar, scaling=constrained,

> numpoints=800, title="psi321");

psi321

20
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> psi430 :=
> 1/(768*sqrt (35))*exp(-r/4)*r~3*sqrt(7/(16*P1i))*(5*cos(theta) "3 -
> 3*cos(theta));

1 V351137 (5c08(0) — 3cos(h))
107520 VT
> implicitplot3d(r~2*psi430*conjugate(psi430)=0.004, r=0..32,

430 :=

> phi=0..2%Pi, theta=0..Pi, coords=spherical, grid=[16, 16, 16],

> scaling=constrained);

When we view these two-dimensional plots, we must understand that they are rotated by 90°
from the three-dimensional plots.

Wave functions are a powerful tool in quantum mechanics; the most notable success is that
the constraint of a wave function to remain finite yields quantization of energy and angular
momentum, which is an inevitable consequence from purely mathematical properties of the
wave functions based on reasonable assumptions. We form plots of the probability functions
related to these wave functions in order to visualize them. Misinterpretation of these plots is
an unfortunate side effect; many students mistakenly consider atoms to look like blobs, lobes
and dumb-bells depicted in the preceding worksheet. We emphasize that plots of probability
functions are not experimentally observable on atoms in the absence of external magnetic or
electric fields. We know that, for instance, these five solutions 322, Y321, Y320, ¥W32—1, V32—2
correspond to a single energy in absence of external fields because they are degenerate states.
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We can only observe their combination, which is spherically symmetric as shown in an earlier
worksheet.

It is impossible to obtain exact solutions for a multi-electron atom, which is one instance
of a many-body problem; approximations must be devised. According to Hartree’s method,
electrons move independently in a spherically symmetric net potential V' (r) which takes into
account charges of the nucleus and all other electrons. The determination of the net potential
V' (r) requires an iterative process involving trial and modification. Eventually, one finds a
self-consistent potential V'(r) that yields energies that conform to experimental measurements
of their differences.

Because this self-consistent potential is spherically symmetric, the angular dependence of the
wave functions is the same as for the hydrogen atom, with labels s, p, d, f, and so on, and with
various possible values of m. For the radial part one uses the self-consistent potential V' (r)
and solves the equation numerically. The shapes of the wave functions qualitatively resemble
those for the hydrogen atom: the number of nodes is just n,, = n — [ — 1. We therefore adopt
the same notation to denote a solution that pertains to each quantum state, such as 4d and
2p. However, under the self-consistent potential, states with the same n but different [ are no
longer degenerate; greater [ implies greater energy. According to this model, the energy of a
state associated with 4s is less than that for 3d, and analogously that for 5s is less than that
for 4d.

An electron has spin %h; it thus obeys Pauli’s exclusion principle: two electrons can never be
in the same quantum state. For given [/, the number m takes 2! 4 1 values, and the number of
possible electron spin orientations is 2. Therefore, there are in total 2(2] + 1) different states
allowed with the same n and [.

Table 16.3: Atomic energy levels.

1s 2
2s, 2p 8
3s, 3p 8
4s, 3d, 4p 18
5s, 4d, 5p 18

6s,4f,bd, 6p 32

In Table 16.3, we list the results of Hartree’s approximate method. Quantum states are grouped
in approximate order of energy, and between each row there are significant gaps. An ensemble
of electrons encompassing all possible values of each row in this table corresponds to atomic
numbers 2, 10, 18, 36, 54 and 86, or noble gases helium, neon, argon, krypton, xenon and
radon, respectively. We rationalize that these elements show little tendency to form chemical
compounds because their ionization energies are the greatest in their respective series.
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16.5.1 Electric Potential Due to the Electron

Using the wave functions, we can calculate the electric potential due to the electron in hydro-
gen. As an example, for the m = =1 states in the 2p level in hydrogen, the charge density
is

2
,
p(r2) = q3119211 = 1.5 —Z 7"/ gin g, (16.51)
64 ao

The potential is obtainable from the integral

V(I‘l) = ! /MdTg. (1652)

47T€0 T12

In equation (16.21), the length of the separation vector rl_zl is expanded in terms of spherical
harmonics:

1

E |I'1 —I'2|

00 l
Z Z l_|_ 1 l+1 Y—lm(a% ¢2)lem(917 ¢1) (1621)

We can thus write the potential as a multipole expansion,

%) l
1 47
V(r) = 577 CtnYim (01, 61), 16.53
(r1) Treo ;m;l 1Y (61, 01) ( )
where

l

r
Clm = }/121(92, Q/)Q)Tl%p(rQ)dTQ. (1654)

>

Because we are dealing with an extended charge distribution, we split the integral into two
parts: first from O to 1 for 71 > 79, then from 71 to oo for 1 < ro. Explicitly, we list the first
two nonvanishing terms:

™1 ™ 1
C()Q =27 |:/ d’I”Q/ d92p(r2)—7‘§ sin 92
0 0 1

o s 1
+ / dry / dﬂgp(rz)r—rgsin%} (16.55)
T1 0 2

2

T1 T
CQO =27 |:/ d’l”z d@Qﬂ(I‘Q)T—ng sin 92
0 0 it

o) T 2
+ / drs / d92p(r2):—§rgsin92:|. (16.56)
T1 0

2
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The integral is elementary, but involves tedious algebra. We refer the reader to the Maple
worksheet below for the long result. For small r;, expanding V' near the origin yields

q 1 r? 3, 1
_ 1 3 RS 16.57
Vir) =2 {4 1202 <2 cos™bh = 3 (16.57)

This potential is useful in calculating the interaction energy between the nuclear quadrupole
moment and electronic charge.’

Worksheet 16.6 It is straightforward to enter these integrals for Maple to evaluate. For
complicated integrands, it is helpful to use Int and value in a pair, so that one can see the
integrands, to avoid typographical errors.

assume (a>0) :
> den := g/a"b*1/(64*Pi)*r2-2*exp(-r2/a)*sin(theta2)"2;

1 qr2%e(=%) sin(2)2

den := o1 -y
> Y00 := 1/sqrt(4*Pi);
1
Y00 .= ——=
2w
> Y20 := sqrt(5/(4*Pi))*(3/2*cos(theta)~2 - 1/2);

3 , 1
Vop o 1 V5 (5 cos(6)* — 5)
=3 7

> 2%Pix(Int (Int (den*Y00*r2-2*sin(theta2)/r1, theta2=0..Pi),

> r2=0..r1) + Int(Int(den*Y0O*r2*sin(theta2), theta2=0..Pi),

> r2=rl..infinity));

rl pw 4 (—%) 0 3
27 ( / L gr2t e < sin(02)° 1o g
0 0

128 a® w3/2) r1

oo pm 3 (—%) : 3
+/ / 1 gr2’e sin(62) 402 d7’2>
rl JO

128 ab 7(3/2)
> CO00 := value(%):

3Jackson 1999, problem 4.7, p. 171.
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2*Pi* (Int (Int (den*r2~2/r1~3*eval (Y20, theta=theta2)*sin(theta2)

V

\Y%

*r2~2, theta2=0..Pi), r2=0..r1) + Int(Int(den*ri1~2/r2~3*eval (Y20,

> theta=theta2)*sin(theta2)*r2~2, theta2=0..Pi), r2=rl..infinity));

r1 qr2e sin(62 5 | = cos(62)? — =
1 0D sin(62)° V5 ;’ 62)>2 ;
°r / /128 a5 1 (3/2) 113 df2 dr2

1
qr2 e~ sin(62)3 r1? \/_( cos(02)? — =

/T 1 / 3 Ty 92 dr2

> C20 := value(%):
V := 1/epsilon[0]*(simplify(CO0)*Y00 + 1/5*simplify(C20)*eval(Y20,

V

> theta=thetal));

==Y

Ve 1 g(-18r1 a2 —24a3 — 67120 —r1® +24e(T) a3) T 1
— 96 mad rl 96

(—24a271% —144a® —72a® r12 —6ar1* — 144a* 71 — r1° + 144() g5) e(~2)

(et 3) forat ) o

> taylor(V, rl);

1 q ) 2
— —— 12 4 O(r13
16 coma 480 EaE ri” +0(r1%)

16.5.2 Hybrid Bond Orbitals

Wave functions for a hydrogen atom also serve as a basis for calculations in quantum chem-
istry. The term orbital refers to a solution of the Schrodinger equation for a system of only
one electron. The linear combination of orbitals is used to model the directional properties of
the chemical bond, which Linus Pauling made an important contribution.

To eliminate the complex character of wave functions so as to retain only the real parts, one
can linearly combine the angular part of spherical harmonics Y;,,, (6, ¢) using Euler’s formula.
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For example, for [ = 1, we construct the p,,, p, and p, solutions as, neglecting a factor 1/v/4,

p. = Yi0(0,9) = /3 cosb,
Pz = %[Ym(@, o) +Y1-1(0,9)] = +/3sinbcosg, (16.58)
Dy = ﬁ[ym(ﬂ(b) ~Y1-1(0,9)] = /3sinfsin ¢.

Although this combination serves for approximate calculations on molecules such as HyO
and NH3s, it fails for organic compounds such as CH4 and CyH,. For these molecules, one
takes wave functions in other combinations involving disparate values of [, to form so-called
“hybridized orbitals”.

Worksheet 16.7 Assuming the radial dependences of wave functions with the same value
of n, for example 2s and 2p, to be similar, the basis wave functions that we employ are
proportional to

s=1, p,=/3sinfcose, py:\/gsinﬂsingb, p. = V3cosb.

We construct, in an obvious notation, four sp> hybridized orbitals,’

1

ty = §(S+pw +py+pz)a (16593)
1

ty = §(s+pm — Py — DPz); (16.59b)
1

t3 = §(s—pw+py—pz), (16.59¢)
1

ty = 5(5 — Pz — Py +Dz). (16.59d)

According to the plots, each function differs from another only by being rotated through
arccos(—1/3) = 109°28’. This combination is used to explain the tetrahedral structure of
CHy4, methane.

We also plot the sp? hybridized orbital, which is

fi= %(s +V2p,), (16.60a)
fo= %(\/ﬁs — pa + V3py), (16.60b)
fi= %(\/ﬁs — Pz — V3py), (16.60c)

together with the unhybridized orbital p,. Each of the sp? orbital differs from another by a
rotation of 120°. This combination serves to explain the structure of CoHy, ethene.

oL.. Pauling, General Chemistry, New York: Dover Publications, 1988, p. 906
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> s := 1; px := sqrt(3)*sin(theta)*cos(phi); py :=
> sqrt(3)*sin(theta)*sin(phi); pz := sqrt(3)*cos(theta);
s:=1
pzr = /3 sin(0) cos(¢)
py := \/3sin(f) sin(¢)
pz == /3 cos(h)

1/2x(s + px + py + pz); t2 := 1/2%(s + px - py - pz);

\Y%

ct

e
I

> t3 := 1/2*%(s - px + py - pz); t4 := 1/2x(s - px - py + pz);

t1 = % + % V3 sin() cos(¢p) + % V3 sin(0) sin(¢) + % V3 cos()

12 = % + % V3 sin(6) cos(e) — % V3 sin(6) sin(g) — % V3 cos(0)
' 1 1

i) o= 57 3 3sin(f) cos(¢) + 5 V3 sin(0) sin(¢) — > V3 cos(6)

o = % _ % 3 sin(0) cos(6) — % V3 sin(6) sin(6) + % V3 cos(6)

> plot3d({tl1~2, t2°2, t3°2, t4°2}, phi=0..2+Pi, theta=0..Pi,

> coords=spherical, scaling=constrained) ;

> f1 := 1/sqrt(3)*(s + sqrt(2)*px); £2 := 1/sqrt(6)*(sqrt(2)*s
> - px + sqrt(3)*py); £3 := 1/sqrt(6)*(sqrt(2)*s - px -sqrt(3)*py);

o= % V3 (1 + V3 V3 sin(6) cos(s))
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12 = é V6 (v/2 — V/3sin(6) cos(¢) + 3sin(0) sin(e))
8 1= 5 V6 (V3 ~ V/3sin(8) cos(9) — 3sin(6) sin(9))

> plot3d({f1-2, £2°2, £3°2, pz~2}, phi=0..2*Pi, theta=0..Pi,

> coords=spherical, scaling=constrained) ;

7N
Y,

The above plots are again not physically observable. Although quantum mechanics in prin-
ciple enables us to calculate chemical properties of matter, the labor that must go into such
calculations, if possible, is often far greater than that which would be required to make an
experimental study. Semiempirical calculations are usually complex and tedious, and most
knowledge of chemical properties still comes from experience and experiment, rather than
quantum calculations.

16.6 Infinite Spherical Well

We consider an infinite spherical well, described by

V() = {O’ s (16.61)
0o, T >a.

Because this potential is spherically symmetric, the angular part of the solution of the three-
dimensional Schrédinger equation is simply the spherical harmonics Y}, (6, ¢); we hence only
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consider the solution of the radial equation. For < a, because V' () = 0, the radial equation
is

R* d [ ,dR(r) 11+ 1)h?
— R(r) = ER(r). 16.62
2ur? dr [T dr + 2ur? (r) (r) ( )
We use Maple to solve this equation directly.
Worksheet 16.8
> assume(l, posint):
> Eql := -h_~2/(2*muxr~2)*diff (r~2*diff (R(r), r), r) +

> (1x(1+1)*h_"2/(2*mu*r~2))*R(r) = En*R(r);
15227 (£ R() +7° (&= R(r) L L+ ) R R()

Eql = — =4
. : o 5 e nR(r)
> Solnl := dsolve(Eql, R(r));
Solnl := R(r)
1 2\ FE 1 2V FE
_C1 BesselJ [ [+ —, w ~C2BesselY | [ + 5, w
9 h_ 2 h_

The solution of the radial equation is a combination of Bessel functions. Because our region
of interest includes » = 0, we choose the Bessel function of the first kind J,,(z), or in Maple
BessellJ, which we discuss extensively in Section 5.5. The solution of the radial equation is
then

C V2uE
R(r) = 71?7”1/2 (T“r) . (16.63)
There exists a definition of the spherical Bessel function,
o\ 12
Jilp) = (27;) Jix1/2(p); (16.64)

adopting this definition, we find that the radial function R(r) is simply the spherical Bessel
function. Although one can express spherical Bessel functions as sinusoidal functions, such
as

. sin p
JO(p) = )
P
. sinp cosp
Jilp) = -

p? P’
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3 1 3
jo(p) = (— — —) sinp — — cos p, (16.65)
PP p p?
we employ the original Bessel functions instead of using spherical Bessel functions; our treat-
ment hence remains consistent with that in preceding chapters.

Because the potential energy is infinite for » > a, to ensure continuity of the wave function at
the boundary, R(a) must there be zero; that is,

v Q”Ea) —0. (16.66)

Jit1/2 <

This condition produces quantization of energy; to calculate its discrete values, we evaluate
the zeros of the Bessel functions for a given value of [. Maple is capable of this task.

Worksheet 16.9 It is a simple task to use the fsolve command to find numerical values of
roots of the Bessel functions. We make a diagram of the magnitudes of the square of these
roots, which are proportional to the energy levels.

> plot([BesselJ(1/2, x), BesselJ(3/2, x), BesselJ(5/2, x),
> BesselJ(7/2, x), BesselJ(9/2, x), BesselJ(11/2, x)]1, x=0..15,
> legend=["1/2", ||3/2n’ ||5/2||’ n7/2n’ ||9/2||’ ||11/2n]);

R R

1/2
32
5/2

> r[i1] fsolve(BesselJ(1/2, x), x=3..4);
r1 = 3.141592654
> r[2] := fsolve(BesselJ(1/2, x), x=6..7);

ro 1= 6.283185307
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r[3]

r[4]

r[5]

r[6]

r[7]

r[8]

r[9]

r[10]

r[11]

r[12]

r[13]

r[14]

r[15]

r[16]

16 Schrédinger Equation in Three Dimensions

fsolve(BesselJ(1/2, x), x=9..10);
rg := 9.424777961

fsolve(BesselJ(1/2, x), x=12..13);
ry := 12.56637061

fsolve(BesselJ(3/2, x), x=4..5);
rs = 4.493409458

fsolve(BesselJ(3/2, x), x=7..8);
re := 7.725251837

fsolve(BesselJ(3/2, x), x=10..11);
r7 := 10.90412166

fsolve(BesselJ(5/2, x), x=5..6);
rg := 5.763459197

fsolve(BesselJ(5/2, x), x=9..10);
rg9 := 9.095011330

fsolve(BesselJ(5/2, x), x=12..13);
r10 ‘= 12.32294097

fsolve(BesselJ(7/2, x), x=6..7);
r11 = 6.987932001

fsolve(BesselJ(7/2, x), x=10..11);
r1g := 10.41711855

fsolve(BesselJ(7/2, x), x=13..14);
ri3 := 13.69802315

fsolve(BesselJ(9/2, x), x=8..9);
r14 = 8.182561453

fsolve(BesselJ(9/2, x), x=11..12);
r15 := 11.70490715

fsolve(BesselJ(11/2, x), x=9..10);
r16 := 9.355812111

plot ({seq((r[i]l/Pi)~2, i=1..16)}, x=0..5);
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18-
16-
14-
124
104

From the plots of those Bessel functions and their numerical solutions, we tabulate the roots
of Jl+1/2 (LC)

Tierja(@m) =0, n=1,2,3,..., (16.67)
where xy,, is the nth root of J; 1 /9(x).

1=0, zon=3.14,6.28,9.42,12.57,...
I=1, z1,=4.49,7.73,10.90,...
=2, 29, =5.76,9.10,12.32,...

=3, z3,=06.99,10.42,13.70,... (16.68)
l=4, x4, =238.18,11.70,...
l=05, x4n=9.36,...
The discrete energies are found as
V2uE;, h?
VR = 1, B = 22, ——. (16.69)
h 2ua?

We compare this infinite spherical well with the one-dimensional infinite well, of which the
energies of the discrete states are

2h2

S (16.70)

E, =n’r

In the one-dimensional case, the solution of the Schrodinger equation is the sine function; the
roots are therefore n7. In the three-dimensional case, we replace nm by x,.
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Table 16.4: Energy levels for the infinite spherical well.

I n Notation Ey,/[h%/(2ua?)]
0 1 1s 3.14
1 1p 4.49
2 1 1d 5.76
0 2 2s 6.28
301 1f 6.99
12 2 7.73
41 g 8.18
2 2 2d 9.10
5 1 1h 9.36
0 3 3s 9.42

The complete wave function (unnormalized) for an infinite spherical well is

1 r
Yimn = =12 (4107, ) Yim 6, ). (16.71)
We label the states according to notation similar to that in the preceding section, with an
important difference: the index n is not the principal quantum number, but simply the nth
root of the Bessel function, in accordance with the discussion in Section 5.5. We sort the
energies in increasing order in Table 16.4.

An atomic nucleus is characterized by the number of protons Z (atomic number) and the
number of neutrons N that it contains. Some nuclei with particular values of Z and/or N
show particular stability relative to their neighboring species; these values of Z and N are
known as magic numbers and are experimentally observed to be

Z and/or N = 2,8, 20, 28, 50, 82, 126. (16.72)
The situation is analogous to the characteristic stability of noble gases, for which
Z = 2,10,18, 36, 54, 86. (16.73)

Unlike atomic physics, in which we understand the interaction between two charged particles,
namely the Coulomb force, the interactions among protons and neutrons are incompletely
characterized. The infinite spherical well serves as a crude approximation for a potential in
nuclear physics that can explain the first three magic numbers. A nucleon is a fermion: thus it
obeys Pauli’s exclusion principle. To generate magic numbers at values 2, 8, 20, 34 and so on,
requires that a 1s state can hold 2 nucleons, and a 1p state can hold 6; 1d and 2s have similar
energies, and together they can hold 10 + 2 = 12 nucleons; the 1 f state can hold 14 nucleons.
Although this crude model becomes incorrect in the fourth number, having even the first three
magic numbers correct is encouraging!

It is understandable that an infinite spherical well is unrealistic; to improve this model one
must choose a more suitable potential. This situation is similar to calculations for a self-
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Table 16.5: Nuclear energy levels.

181/2 2
1p3/2, 1p1/2 6
1d5/2, 1d3/2, 281/2 12
Lf7/2 8
2p3/2, 1f5/2, 2p1/2, 1902 22
2ds/2, 1g7/2, 1hi1)2, 2d3 )2, 3512 32

2f72, Lhoya, Livz o, 2f5/2, 3p3/2, 3p1y2 44

consistent potential V' (r) that yields an orbital energy associated with 3d less than that asso-
ciated with 4s. If we use the Coulomb potential which produces no crossing of 3d and 4s,
we predict stable elements to occur at Z = 2, 10, 28, 60, ..., according to which we might
expect nickel to be a noble gas. Furthermore, one must include the nuclear spin-orbital po-
tential to obtain proper magic numbers; in brief, the energy level depends on the orientation
of the nuclear spin relative to its angular momentum. Because a nucleon has spin %, the total
angular momentum of a nucleonis j = [ £+ % In additional to n and [, the energy depends
strongly on j; the states are denoted by symbols 15y /2, 1py /2, etc., where the suffix specifies
the value of j. The nuclear spin-orbital potential leads to large splittings of the energy, and the
gap between 17/, and 15/, is responsible for the magic number 28. Similar to the grouping
for the atomic energy levels, the nuclear energy levels are grouped as in Table 16.5. This
work was done in 1949 by Maria Goppert-Mayer and independently by J. H. D. Jensen and
his collaborators.

Exercises

1. For equation (16.5),

B h? d [ 5dR(r) N I(1+ 1)R?
2ur2 dr " T ar

2ur?

let us define

R(r) = ), (16.74)

prove that the radial equation for a three-dimensional central-force problem is reduced to
an equivalent one-dimensional problem:

d?u 21 l(l+ 1)
W—i—{ﬁ[E—V(r)]—T}u:O. (1675)

2. Using equation (16.34), make the change of variable to derive equation (16.33).
Hint: the dchange command in the PDEtools package might be useful.
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The average radius of a hydrogen atom is
1 I(l+1
= —nag d14 1 [1 - EAEDTL (16.76)
2 n?

Verify this formula for all quantum states of the hydrogen atom for which n = 3 and
n =4 (3s, 3p, 3d, 4s, 4p, 4d and 4 f). To perform this task, evaluate an integral

7'_nz=/ 7| Ryt [Pr2dr. (16.77)
0

Remember that r? arises from the volume element in spherical coordinates.

In an atom, an electron experiences a force deviating from Coulomb’s law because of
shielding. Consider an electron to be influenced by a Coulomb potential with an r~2
addition:

€2 1

4degr r2’

V(r) = (16.78)

A potential function of this form, referred to as the Kratzer potential, can be exactly
solved. Prove that discrete energies for this system conform to the formula

4
Epi=— ! pe (16.79)

2 8h2¢2
{nr+§+ (l+§)2+8’;f2“b} ’

For small b, expand the expression

1\? 8r2ub
\/<l+5) T

about b = 0, so to express the energy as

1 e

Eni= 5233
LT T (nr A2 8h2E

(16.80)

where n = n, + [+ 1, as in the hydrogen atom. The term A; is sometimes known as the
Rydberg correction; express it in terms of b, [, i and h.

Hints: one can exactly follow Section 16.4, but replace [ (I +1) with s(s+1) = I(I+1)+
872 1b/h?; alternatively, see Appendix B.2.3, and apply the same argument to obtain the
discrete energies.

Unfortunately, the approach in the preceding problem is unsatisfactory for shielding in
atomic physics, but the mathematics is almost identical for the relativistic Schrodinger
equation, commonly referred to as the Klein—-Gordon equation.
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(a) For a differential equation

d? B C
U A+ 242 Y u=0, (16.81)
dr? r o or2

prove that the condition for u to be finite everywhere is
1 n 1—4C B
2 2 2V/A

where n,. is a positive integer.

—ny, (16.82)

(b) With the Coulomb potential, the radial part of the Klein—-Gordon equation becomes’

&2 1 Ze2\? (141
WZ“L{W <E+Te> —m204‘|— (L+ )}u:O. (16.83)

r2
From the differential equation we just solved, identify that

m2ct — E? 2EZ«
A=——_"  pB= C=2%*-1(1+1
h2c2 he “ (t+1),
where the fine-structure constant is
e? 1
=~ —. 16.84
“= e T 137 (16.84)

(In this problem we use the Gaussian system of units, and m stands for mass, not
magnetic quantum number.) Thus, the discrete energy levels are

1/2

Z2 2
E=mc{1+ @ . (16.85)

2
{nr +4/(1+ %)2 — 7202 + %}

(c) Expand the energy in a series of powers of a, and use the definition of the principal
quantum number as n = n, + [ + 1, show that

AL Z4at n 3
E=mcd|1- — - = . 16.86
me [ om?  2nd (l+1/2 4>+ } (16.86)

6. The matrix element of an electric dipole moment for a transition taken between initial
and final states is defined as

Pri = ‘/w; er;dr|. (16.87)

7S. Weinberg, The Quantum Theory of Fields, Cambridge; New York: Cambridge University Press, 1995,
vol. 1, p. 5.
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With regard to the wave functions of atomic hydrogen, the matrix element of the electric
dipole moment between 3d and 2p states is

27 1 00
pri=e / do / d(cos ) / dr (r®3107 ¥320) - (16.88)
0 —1 0

To evaluate the integral explicitly, we split it into a radial part and an angular part.

(a) For the radial part, evaluate this integral,
/ Ro1 Raa 1 dr,
0

where R,,; is the radial part of the wave function listed in Table 16.2. The factor 73
arises from the product of the volume element in spherical coordinates, 72, and the
electric dipole moment, 7.

(b) The angular part of the solution involves spherical harmonics, and the integrals yield
a simple factor. For a general situation, choose a few sets of [ and m, and verify that

2 1
I, = / dgb/ d(cos0) (Y}, cos0Yy,,) # Oonlyif ' =1+1, (16.89)
0 —1

2m 1
I, = / dqﬁ/ d(cos0) (Y}, sinf cos ¢pYiy,) # 0
0 —1

onlyif /! =1+ 1landm’ =m=x1, (16.90)

2 1
I, = /0 d(b/ ) d(cos0) (Y7, sinf@sin ¢pYy,y,) # 0
onlyif /! =l+1landm’ =m=+1. (16.91)

These results justify the selection rules for an electric-dipole transition that Al = £1,
and Am = 0, 1.

Calculate the electric potential due to an electron in the m = =+1 states of the 3p level in
hydrogen.

The angular part of spherical harmonics Y;,,, (6, ¢) can be linearly combined using Euler’s
formula for [ = 2; one can construct five functions as (neglecting a factor of 1/+/4)

d,e2 =/5/4(3cos?6 — 1),

dy. = \/—5 sm@ cos 0 cos (b,
dy = /15 sinf cos @ sin ¢, (16.92)
oy = /15/4 sin? 6 sin 2,
dp2ry2 = +/15/4 sin” 0 cos 2.
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(a) Plot the angular dependence of the above five functions, analogous to those in the

worksheets in Section 16.5; note that d= is identical to Y20 (6, ¢).

(b) A set of six equivalent octahedral orbitals, d?sp?, formed from two d orbitals, the s

orbital, and the three p orbitals, is

1 1 1
0:_S+_z+_dz7
VTR TR

1 1 1
09 = —=S— —F—=p,+—F—=
SV LRIV b

1 1 1 1
03 = —=8+ —=Pz — ——=d,2 + sdy2 4,2,

V6 V2 V12 2
o 15 1 1 +1d
= =57 —=Pzx — z2 2 ’
CTT T VR T Yt T e
o 1s+1 L 1d
= — B —— 2 s
5 \/6 ﬁpu /—12 B +y?
o 1 1p 1 1d
6 — 2

\/_ \/—U \/_ PR

Plot the angular dependence of these functions.

(c) A set of four orbitals directed to the corners of a square can be formed as

_ 1 n 1 n 1d
q1 = 25 \/ipz gty
_ 1 1 n 1d
q2_ 28 \/ipac 2 Y
_ 1 n 1 1d
q3 = 25 \/ipy gty
1 1 1d
=55 = - 5y,

(16.93a)

(16.93b)

(16.93¢)

(16.93d)

(16.93¢)

(16.93f)

(16.94a)

(16.94b)

(16.94c¢)

(16.94d)

which are called the dsp? orbitals. Plot the angular dependence of these functions.

9. The power of Maple is not limited to the topics which we discuss in this book. Among
many topics we are unable to cover in this volume, we intend that the reader recognize the
utility of Maple for calculations relating to quantum mechanics with this problem. Two
of the most important approximation methods in quantum mechanics are perturbation
theory and the variational principle; the treatment of a helium atom offers an excellent

example.®

8Landau and Lifshitz (OM) 1977, p. 260; J. J. Sakurai, Modern Quantum Mechanics, Reading, MA: Addison-

Wesley, 1994, p. 367.
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(a) The first-order perturbation for the helium atom is (in the Gaussian system of units)

6 oo T
2(Z) 2 C L ez i), 2 g
aop 0 o ™ 2

<1
—|—/ Ee_(QZ/a")(rﬁ”)r%drz r2dry;  (16.95)
T

evaluate this integral.

(b) Find the value of Z.g that minimizes H in the following equation:

_ 5
H = Zgiy = 22 Zetr + g Zers (16.96)

this calculation is encountered when applying the variational method for a helium
atom.

Answer: (a) 325 (b) Zey = Z — 5.
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17 Quantum Statistics

The essence of statistical mechanics is to calculate macroscopic quantities by averaging over
numerous microscopic states of constituent particles; many such calculations involve improper
integrals. In some limiting conditions, such as extreme dilution or high temperature, Maple
can perform the integrations to obtain exact results. In most other situations, such integrals
admit no expression in closed form; we therefore introduce various expansion techniques to
simplify the expressions.

17.1 Statistical Distributions

In an equilibrium system, suppose that one particular macroscopic state has energy F; the
probability P(FE) that the system is found in this state among all possible states is

e BE
P(E) = S 7.1
E
the definition of (3 is
1
6= T (17.2)

where £ is the Boltzmann constant and 7" is the temperature. The sum in the denominator
of equation (17.1), which runs over all possible states of energy [, is called the partition
function Z,

Z = Z e PE. (17.3)
E

All thermodynamic functions such as the pressure, specific heat, and so forth, can be deduced
from the partition function. Consider a system of N indistinguishable identical particles; as
a first approximation, we treat them as an ideal gas, in which there is no interaction between
particles. We denote the energy of an individual particle as €, and the number of particles with
this energy as n.. The energy of the entire system is

E = Z nee. (17.4)

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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We distinguish between ¢, which denotes the energy of a single particle, and E, which denotes
the energy of one state of the entire system.

For a closed system, the partition function Z is subject to the condition that

N=> n.. (17.5)

According to quantum mechanics, the values permitted for n. are related to the intrinsic an-
gular momentum of the particles — spin. Particles of integer spin, or bosons, obey the Bose—
Einstein statistics; particles of half-integer spin, or fermions, obey the Fermi—Dirac statistics.
A restriction for particles of these two classes is that for

¢ Bose-Einstein statistics: n. = 0,1,2,3,...;
e Fermi—Dirac statistics: n. = 0, 1.

Instead of using the partition function directly, we use the mean value of n., denoted n.,
to describe the system. The mean occupation number can be calculated from the partition
function:

—B(nie1+nzea+...) 1 1 1 07
ﬁg _ ZE Ne€ —— __ﬁ e_ﬁzs Ne€ ——a—, (176)
S e Bmatmat) 7 ZE 3 de BZ e

or

_ 10lnZ
ns——B s 17.7)

Evaluating the partition function with the restriction on the number of particles given by equa-
tion (17.5) is complicated, but by introducing a chemical potential y, the energy required to
remove a particle from the system, accommodates this restriction. Omitting the derivation, we
list the results for mean occupation numbers for these two statistics:

¢ Bose—Einstein statistics

_ 1

Me = B 1| (17.8)
e Fermi—Dirac statistics

Ne = 71 17.9

e = 8w 11| (17.9)

As each mean occupation number indicates the distribution of particles over various quantum
states, each of them is commonly called a distribution. They constitute the most useful in-
formation in statistical mechanics: we can calculate any thermodynamic function from these
distributions.
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Because we treat energy levels € near to each other, we replace the sum over states by an
integral in the phase space:

gV

gd3zd®p — 75 d>p.

In this expression, g is the number of possible spin orientations of the particle. Because the
integrand is independent of position, we integrate d>x to obtain the volume V. Because of the
uncertainty principle dx x dp = h, we divide the phase space into basic cells each of volume
h3.

Two obvious quantities that we can directly calculate are /N and E. Replacing the sum in
equation (17.5) by an integral, we write the number of particles as

_9vV [T s
We, analogously, calculate the internal energy U, which is the average of the energy E,

_ 14 o0
U=TF = f;l—g / em.dp. (17.11)
0

Any other thermodynamic function comes out of an appropriate calculation; in this chapter,
we concentrate on the pressure P and the specific heat Cy. Both pressure and specific heat
are closely related to the internal energy. The pressure is obtained from

g o0 pds)_ 3
P == —— | md’p. (17.12)
h* Jo (3dp :

This equation essentially indicates that the pressure is one third of the particle density mul-
tiplied by the average of the product of the momentum and the velocity, a result well known
in gas kinematics; the reader can consult relevant literature for a derivation.! Take care to
distinguish between the symbol P for pressure and p for momentum. For € of a given form,
the pressure differs from the energy density by a factor, which we will show in subsequent
sections.

The specific heat, which measures the capacity of a system to absorb thermal energy, is the
derivative of the internal energy with respect to the temperature,

ou
Cy = (ﬁ)wv’ (17.13)

here for constant volume and for a constant number of particles.

"Pathria 1996, p. 1371f.
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17.2 Maxwell-Boltzmann Statistics

We begin our discussion by considering particles in a condition of low density. If the occupa-
tion number is much smaller than unity, that is,

(e —p) > kT, €M > 1,
both Bose—Einstein and Fermi—Dirac statistics reduce to
M. = e Pl (17.14)

This distribution pertains to Maxwell-Boltzmann statistics, which is the classical limit. We
have already applied this distribution to paramagnetism in Section 13.5. In the plot below we
compare these three types of statistics.

Worksheet 17.1 We define a parameter 7 = (e — ) to plot these statistical distributions.

> ncl := 1/exp(eta);
nel .= —
e
> nbe := 1/(exp(eta) - 1);
1
be :=
nbe = ——
> nfd := 1/(exp(eta) + 1);
1
=
nf e+ 1

> plot([ncl, nbe, nfd], eta=-2..3, 0..2, legend=["classical", "BE",

> llFDll]);

1eta2 3

classical
BE
FD
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This plot makes clear that Maxwell-Boltzmann statistics is a satisfactory approximation at
low density, for which 7 > 1.

For other than the era of the early universe, or a situation one might encounter in a high-energy
research laboratory, it suffices to express the kinetic energy in the nonrelativistic form,

2
e= 2 (17.15)

2m’
We calculate the element of momentum space as
d®p = drp’dp = 4V2mm® 2 %de,  (p = V2me).

The element of the phase space is therefore

Vv Vv

ﬁd?’p = ﬁ4\/§ﬁm3/261/2d5. (17.16)
We introduce the fugacity, defined as

2 = ePH. (17.17)
this quantity regularly appears in subsequent sections.

Using the distribution for Maxwell-Boltzmann statistics, we calculate the number of particles:

Vo[ Vv
N = 73 / ze" /P14 2rm3/ 2 2 de = h—gz (2mmkT)3/2, (17.18)
0
We have mentioned in the preceding section that the chemical potential i regulates the number
of particles V. In most experiments, we measure 7', the number of particles NV, and the volume
V; the ratio of the latter two is the number density n,
N
= —. 17.19

n= 1 ( )
From a given n, we can derive p. We seek to express thermodynamic functions in terms of
N, V and T; for this purpose we need to solve for z and then for the chemical potential 4 in
terms of N, V and T":

N A 3/2 N 2 3/2
The internal energy is
Vo[ \%
U= 3 / ze T4/ 27 mB3/2e3/ 2 de = ngh—j(%ka)W; (17.21)
0

eliminating z from this expression yields

U= gNkT. (17.22)
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We find the derivative in equation (17.12) from given ¢ in equation (17.15),

pde 2

—— = —¢.

3dp 3
We conclude accordingly that under nonrelativistic conditions, the pressure is two-thirds of
the energy density:

p_2U_ ' (17.23)

This relation is the familiar equation of state of a classical ideal gas.

The specific heat is

ou 3
== = —Nk. 17.24
v < 8T> Ny 2 ( )

We have therefore shown that quantum statistics under a condition of low density yields the
well-known thermodynamic relations of a classical ideal gas.

Worksheet 17.2 The symbols ncl and Epr1 signify the Maxwell-Boltzmann distribution
and the element of the momentum space, respectively. All the integrals are evaluated directly.
We solve for z from the equation of IV, then obtain the chemical potential p. We express the
energy and pressure in terms of NV, V and T' by eliminating z.

assume (k>0, T>0, m>0);
ncl := 1/(exp(epsilon/(k*T))/z);

I z
ncl :=
el&T)
> p := sqrt(2*m*epsilon);
p:=+v2/me
> Eprl := 4%Pi*p~2*diff (p, epsilon);
4rm?e/2
E@rl:::—jzﬁl—gli:
vme
> Eq2 := N = V/(h~3)*int(ncl*Eprl, epsilon=0..infinity);

2V 2 7(3/2) m3/2) (/3

N\ G
3 -
" (kT)

En =V/(h~3)*int(ncl*epsilon*Eprl, epsilon=0..infinity);
3V 27(3/2) mB/2) /2

1\ G/D
3 —
(i)

Eq2 :=N =

> Eq3 :

Eq3 := En =
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> Eq4 := isolate(Eq2, z);

kT

Bk = 2= — 5 wmy merm
> Egb := mu = kxT*ln(rhs(Eq4));

\ 1\ 672
N2 [ —
h f(kT>

1\ 672
Nh3\/§< )

Eqs :=p=kTIn

4V 73/2) m(3/2)
> Eq6 := subs(Eg4, Eq3);
NkET
Eq6 .= En = 5 2
> Eq7 := P = 2/3*rhs(Eq6)/V;
NEkT
Eq7 =P =——
1 v
> Eq8 := C[V] = diff(rhs(Eg6), T);
3Nk
Eq8 :=Cy = 5

17.3 1Ideal Bose Gas

In the preceding section, we consider an approximate situation for which the density of par-
ticles is low, so that integrals can be evaluated exactly; in general, most integrals yield no
analytic expression. We proceed to discuss the ideal Bose system. The distribution for Bose—
Einstein statistics is

1

Ne = eﬁ(“;_”) — 1

(17.25)
To avoid a singularity of . at ¢ = u, we must have p less than every energy €. For the non-
relativistic kinetic energy, the lowest value of ¢ is 0; therefore ;¢ must be negative. Assuming
g = 1, we neglect the factor for spin structure. The element of phase space is the same as in
equation (17.16),

Kd3 14

B p= ﬁ4\/§wm3/261/2d5.

Thus, the number of particles is

A 4/ 27rm3/2£1/2

N = ﬁ 0 eﬁ(a_ﬂ) —1

de, (17.26)
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and the internal energy is

U

® 44/2 3/2.3/2
V/ AV2m? 2R (17.27)
0

- ﬁ eﬁ(a_ﬂ) -1

To simplify the notation, we introduce parameters to abbreviate commonly appearing expres-
sions. We define the mean thermal wavelength A of particles to be

h
A= ———, (17.28)
V2rmkT

and a parameters x,

x = fe. (17.29)
Recall the fugacity defined in the preceding section,

z = et (17.17)
We further define the Bose—Einstein integral function:

1 [e’e} xa—l
o - d y 17.30

9(2) (o) /0 ez —1 ( )
where I'(o) is the gamma function, defined as

I'(o) 5/ t e tdt, >0, (17.31)

0
which is implemented in Maple.
With these definitions, we write
V

N = ﬁgs/z(z)a (17.32)

and
3.V
U= §kTFg5/2(z). (17.33)

Because U is an extensive quantity and is thus proportional to IV, it is preferable to write U as

v = 3nrrseel). (17.34)
2 g3/2(2)
In a nonrelativistic situation, the pressure is two-thirds of the energy density; hence
NET z
_ 95/2( ) (17.35)

Vv 93/2(2)'
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The specific heat results from differentiating the energy with respect to the temperature:

ou
Cy = (ﬁ)N . (17.36)

There is no analytic form for these integrals, but Maple can numerically evaluate g, (z) for
any given o and z. Although the above integrals express all quantities as a function of z, we
generally do not know z, which is related to the chemical potential p; instead we know IV,
V and T'. In Maxwell-Boltzmann statistics, we solve for z explicitly in terms of N, V' and
T, but it is not feasible for other types of statistics. Nevertheless, using Maple we proceed to
solve for z using the graphical method.

For Bose-Einstein statistics, because j is negative, the possible range of zis 0 < z < 1. We
make a plot of g3/5(2) in this range.

Worksheet 17.3  In our definition of g, (z), we invoke the gamma function, known as GAMMA
in Maple. Although there is no analytic expression for the integral, we can produce a plot.

> g := (sigma, z) -> int(x~(sigma-1)/(exp(x)/z - 1),

> x=0..infinity)/GAMMA(sigma);
1 o glo—1)
= — —d
g (U’Z)HF(U)/O i_1:13

z
> plot(g(3/2,z), z=0..1, scaling=constrained) ;

2.5

> g(3/2,1) = evalf(g(3/2,1));

3
¢ <§> = 2.612375349
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We write equation (17.32) as
nA® = g3 5(2). (17.32))

Our objective is to calculate the inverse function g3_/12 so that we find z as

z = g3_/12(n/\3).

In the graph the horizontal axis is z and the vertical axis is nA3; we simply interchange axes
so that numerically, for a given value of n\?, we find a corresponding z. An example of liquid
4He appears in an exercise.

The condition at the classical limit is alternatively expressed as
nA\® < 1.

According to the graph, for small A3, the function appears linear, that is n\? = g5 s2(2) =2z
for z < 1. This linear relation enables us to explicitly solve for z in the classical limit. When
nA3 is of order unity, it departs significantly from the linear relation. We discuss the technique
of virial expansion for nA% < 1 in Section 17.3.1.

Another limit is for z = 1. From the graph, g3,5(1) is finite; more precisely,

g3/2(1) = ((3/2) = 2.612,

where (o) is the Riemann zeta function, defined as

=1

(@)= % (17.37)
=1

This limit leads to the interpretation of the Bose—Einstein condensation, which we will discuss

in Section 17.3.2.

17.3.1 Low Density and Virial Expansion

The context of what we call low density is the regime in which the classical limit is no longer
adequate, but

nA\3 < 1.

Under this condition, we modify the linear relation by adding terms of n)\3 to the greater
powers; our objective is to express all thermodynamic functions as a power series in nA>.

To express z as a power series of nA3, we first expand g3 /2(%z) in z so that equation (17.32")
becomes

2 3 4

3 - z 4
nA —93/2(2)—Z+W+W+m+....
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We then revert the power series to express z in terms of nA?. This process is made iterative
until the precision is satisfactory. For the zeroth order we take only one term so that we
can solve zg = n\3; for first order we take two terms and substitute zo for z. We proceed
iteratively using the expression from a preceding approximation, illustrated as follows.

O(0): 29 =nA3,

z
O(): 2z =nA\— 23—22,
2 3
. .23 21 21
O(2): z2=nA 5372 332"
R

23/2 33/2 43/2

This type of task is readily accomplished with Maple simply with the solve command; see
the worksheet below. We have

z=nX\ — W( nA%)? 4 (i - %) (nA®)3 + ... (17.38)

Knowing z in terms of nA3, we eliminate z from U and P, which are each a function of z in
this form:

95/2(2)
93/2(2).

We again expand both g5/5(2) and g3/2(2) in power series of z, substitute equation (17.38)
for z, and make the expansion in n\3 to desired powers; U and P then can be expressed as

U 3,952 3 3 312 313

— = kT = —kT|1 A A A 17.39

N =2 ) T2 [1+ a1(nA) + az(nX)” 4+ az(nA?)” + .. ], ( )
and

LU 312 313

P =z =nkT [1+a1(nA?) + a2 (nA?)? + az(nA®)® + .. ] (17.40)
An equation of state in this form is called the virial expansion, and a;, ag, ..., are virial
coefficients.

Maple is particularly useful for performing this series expansion; we evaluate the virial coef-
ficients to be

— 0.17678,
as M = —0.0033,

_ N
ag = — — 32 4 Y8 — _0.00011,

a] =

(17.41)
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The specific heat per particle is

% _ % (%)V, (17.42)
According to the definition of mean thermal wavelength A in equation (17.28),
Ao T2
SO
v _ §k[l +0.084n2% + 0.0066(n\3)? + 0.0004(nX3)3]. (17.43)
N 2

Worksheet 17.4  We first define the integral g, (2). Maple can expand g3,5(2) and g5 /2(2)
as a Taylor series, denoted gee[3/2] and gee[5/2], respectively. To revert gs/o(2), we
simply use the solve command; note that only for a series (not a polynomial) does solve
effect a reversion. We use the symbol A for nA®. The ratio of g5 2(z) to gs/2(2) is assigned to
Epr1, which is convenient for subsequent operations. To explicitly indicate the temperature
dependence of \ in U, we substitute K //T for \. After differentiating U with respect to T,
we eliminate the constant of proportionality by substituting \v/T" for K.

> g := (sigma, z) -> int(x~(sigma-1)/(exp(x)/z - 1),

> x=0..infinity)/GAMMA (sigma) ;

1 © ,.(c—1)
gi=(0,9) = s [ o
0

I'(o) 2 9
z
> geel[3/2] := taylor(g(3/2,z), z);
2 4
gees s ::z—i-\/T—zz—i—§z3+\1/—(;24+\2/—5525+0(26)

> Solnl := solve(A = gee[3/2], z);

V2 1 V3 5v2v3  5v2 V4
1:=A—- A4 |- - =] 43 _o¥e VT op
Soln 2T 1 736 32 16
VB 95 TVE 3VAVE) o
+<_% 288 24 32 4°+0(4°)

Y

Eq3 := z = subs(A=n*lambda~3, convert(Solnl, polynom)) ;

216
Eqé’::z:n)\?’—mi/\—i—(l \/§>n3/\9+<5\/§\/§ L2 ﬂ>n4/\12

4 36 32 16
12
+< \/g+95 7\/§+3\/—\/—>n5)\15

25 ' 288 24 32
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> gee[5/2] := taylor(g(5/2, z), z);

V2 , V3 . V4, \/—5
gee5/2.—z+? +27 +64 125 + 0(z%)

> Eprl := convert(gee[5/2]/gee[3/2], polynom) ;

1 1 1 1
+ V222 + VB2 + = VA + — V52

Bprt = - Ch 21 64 125
+Z\/§Z2+§\/§ZB+1_6\/ZZ4+2_5\/525
> Epr2 := subs(Eq3, Epril):
> Epr3 := convert(taylor(Epr2, n, 5), polynom):
> Epr3 := collect(simplify(Epr3), n);

Epr3 :=1+<_i)\9 3 wvied Ag\f\f)

32
\/§A3n
8

1., 2
Z X6 )6 2 _
J“(s;A 27 ‘/§>"

> Epr4 := evalf (Epr3);
Eprj :=1.—0.0001112893 n3 X% — 0.0033000598 n? X6 — 0.1767766952 n \3

> Eq31 :

P/ (n*k*T) = Epr4;

Eg31 = L
8= kT

=1.—0.0001112893 n3 XY — 0.0033000598 n2 \® — 0.1767766952 n \>

> Eq41l := U/N = 3xk*T/2xEpr4;

U
Eqjl = —
a4 N
~ 3KkT(1.—0.0001112893 23 \? — 0.0033000598 n2 S — 0.1767766952 n \*)
2

> Eq42 := subs(lambda=K/sqrt(T), Eq4l);

Eq}2 =

akT (1 0.0001112893n3 K  0.0033000598 n2 K¢  0.1767766952n K3
o T0/2) B T3 - T3/2)

2ls




522 17 Quantum Satistics

> Eq43 := C[V]/N = diff(rhs(Eq42), T);

Cv
E =
443 N
an 0.0001112893 73 K  0.0033000598 n2 K6  0.1767766952n K3
3 T T09/2) - T3 - T(3/2)
B 2
ST 0.0005008018500 3 K2  0.0099001794 n2 K6  0.2651650428 n K3
T1/2) + T T TG2)
+ 2
> Eq44 := subs(K=lambdax*sqrt(T), Eq43);
Cy
E =
944 N
3k (1.-0.0001112893 3 A7 — 0.0033000598 n A® — 0.1767766952 12 \°)
B 2
0.0005008018500 3 \?  0.0099001794n2\8  0.2651650428 n \®
3kT —+ +
T T T
+ 2

> Eqg43 := collect(Eq44, n);

C
Eq}3 = WV = 0.0005842688250 k A° n3 + 0.009900179400 kXS n2
+0.1325825214 kA3 n + 1.500000000 &

17.3.2 Bose-Einstein Condensation at Low Temperature

Two values of the Riemann zeta function relevant in this section are
€(3/2) =2.612, ((5/2) =1.341;
we obtain them from Maple by entering Zeta(3/2) and Zeta(5/2).

The maximum allowed value of z for a system obeying Bose—Einstein statistics is unity. Ac-
cording to the graph of n\? versus z, g3 /2(2) converges to a finite number ¢(3/2) = 2.612.
Although our treatment seems to fail at high density for which n\® > 2.612, this discrepancy
is explicable. In all our calculations, we replace sums with integrals, for which the element
of the phase space involves a factor ¢1/2. A consequence is that the quantum state of ¢ = 0
disappears from our counting. In normal circumstances, such an omission is negligible, but at
low temperature it is significant.



17.3 ldeal Bose Gas 523

To be more accurate, we should write equation (17.26) as

1% /°° 4/ 27m3/2e1/2
0

ﬁ eﬁ(ﬂ_s) —1

where NNy is the number of particles in the state € = 0 that is not counted in the integral. If we
have a condition nA? > 2.612, or explicitly with n and ) in their original definitions,

ol (ﬁ)g > ((3/2),

we must have Ny > 0 to accommodate the extra particles. There is theoretically no limit
to the number of particles that can occupy the state with ¢ = 0. The phenomenon of Bose—
Einstein condensation occurs when a great number of particles occupy the ground state, and
the necessary condition for this condensation is

N — Ny = de, (17.44)

(2mmk)3/2
13

If we hold N and V constant and vary 7', the condition for condensation becomes
h? 1 NP

~ 2k [<(3—/2) V} ’

where we define T as the critical temperature.

N >VT3/? €(3/2). (17.45)

T<T, (17.46)

The specific heat near the critical temperature for bosons is of great interest. For 0 < T < T,
we can practically use z = 1. The internal energy is then

3.V 3.V

Note that we cannot use equation (17.34) because Ny is not zero. Based on the definition of
equation (17.46),

B2V 3 7 1/2
A= {T] (?) ; (17.48)
we have
3 T\*? ¢(5/2)
U= gNkT (ﬁ) 3/’ (17.49)
so the specific heat is
oU 15 TN\*? ¢(5/2) 7\%?

(17.50)

The specific heat at T, is 1.926 Nk, which is significantly higher than the classical value
1.5Nk.
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Worksheet 17.5 The Riemann zeta function is defined as Zeta. After the definition of A
using equation (17.48), the calculations are straightforward.

> lambda := ((Tc/T)~(3/2)*(1/(N/(V*Zeta(3/2)))))~(1/3);

1/3
Te (3/2)V< 3 (1/3)
N\ T 2
- N

> Eql := U = 3/2xkxT*V/lambda"~3*Zeta(5/2);

7 (3)
F )

Eq2 := C[V] = diff(rhs(Eql), T):
Eq3 := simplify(Eq2) assuming T>0;

. kTG/2 N ¢ (§>
E’q5’ = CV == 2

3
Eql . =U = =
q U 5

3
Te3/2) ¢ [ 2
G ¢ 5
> Eq4 := evalf(Eq3);
1.925671675 kT3/2) N
Eg4 :=Cv = TG

For T' > T,, setting z = 1 is no longer appropriate. From the graph of g3/5(2) versus z,
we see that when 2 is near unity, it varies only weakly with n\3: z is thus not a convenient
parameter. Instead we recall 11 and devise an alternative parameter

"
=——. 17.51
el T ( )
According to this definition, « is a small positive number near the critical temperature, which
is suitable for expansion.

The result for an expansion of g, («), for which the derivation involves complex analysis, is
(—1

go(a) =T(1 —0)a* + i I )ZC(U —al; (17.52)
=0

see Appendix B.4 for this derivation. For small a,
g32() = T(=1/2)a'? +((3/2), (17.53)
gs2(a) =T (=3/2)a®? + ((5/2) - ¢(3/2)a. (17.54)
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Because
N3 1/2
we obtain « as a function of 7"
NN ¢(3/2 32
r(-1/2) 2/ T
Recall that
U = SN2, (17.57)
2 g3/2()
we expand the function dependent on « that appears in U at small o,
C(5/2)m
952(0) | ((5/2) | 2/C(5/2) o ~C(3/2) +4GGE
gs;2(a)  C(3/2)  ((3/2)? ¢(3/2) ’

and eliminate « to obtain the internal energy,

U 3T¢((5/2)  3T¢(5/2) [1_ (g)m

Nk 2 ((3/2) 2 ((3/2) T
37 1 . ((5/2)r T.\*?
+ g [y | ll -(7)

2
T>T. (17.58)

)

2 4r

Differentiating U with respect to 7', we find the specific heat to be

Cv _[9¢(5/2) 3((3/2)?
Nk [2((3/2) 8 }
2 3/2 2 3
licem (7)o (7)
= 1.496 + 0.341 (%)3/2 -+ 0.089 (%)3, T2z T. (17.59)

This formula is valid for small «, or for 7" near 1 ; at T,

15C05/2) \i 1 926Nk

I b
A v =G

which is exactly the same value as that from equation (17.50). Even for higher temperature,
Cy asymptotically approaches 1.496 N k, which differs little from the supposed value 1.5Nk

of the classical limit.
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Worksheet 17.6 We use a symbol u to denote /a so that Maple does not need to assume
the sign of  (we know that « is positive). The symbol Epr2 signifies the ratio of g5 2 () to
gs/2(), which we use their approximations in equations (17.54) and (17.53); we expand this
ratio as a series of \/a (symbol u), and retain three terms. The differentiation is similar to that
in preceding worksheets.

> lambda := ((Tc/T)"(3/2)*(1/(N/(V*Zeta(3/2)))))~(1/3);

1/3
<E><3/2) V<<§) (1/3)
N T 2

N

> Eql := u = ((N/Vslambda~3 - Zeta(3/2))/(GAMMA(-1/2)));

Tc\®? /3 3
R OO R G
q .—U——§ ﬁ

> Epr2 := (GAMMA(-3/2)*u~3 + Zeta(5/2)

> - Zeta(3/2)*u~2)/(GAMMA(-1/2)*u + Zeta(3/2));

5 ee(3) - (3) -
—2ﬁu+§<;>

> Epr3 := convert(series(Epr2, u, 3), polynom);
5
4¢ (—) s
2 2
+ - <2 u
e
2

Epr2 =

@) e (O
)

Epr3 =

()

> Epr4 := subs(Eql, Epr3):
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) O@-0)
0}
e 1RO

> Eqg6 := C[V] = diff(rhs(Eg5), T):
> Eq7 := simplify(Eq6) assuming T>O:
> Eq8 := expand(Eq7);

)
9Nk§<§>

3/2) - (2 3\* 3
Nk TP ¢ ( = NkG(5) Te

9 3
Eq8 :=Cy = = +2 L2
2 c 5 4 c EA 4 T3
2 2
Nk¢ 3 2T(3/2) Nk¢ 3\ 3NkC 2) 3
3 2) 3 2) 2) ¢
8 TG/2) 1 8

AL

0.3407877308 Nk Tc®/?  0.088693208 N k T¢®
TG/2) T TS

> Eq9 := evalf(Eqg8);
Eq9::=CV

= 1.496190736 N k +

We plot the specific heat near the critical temperature.

Worksheet 17.7 We enter Cy for T' < T, and T" > T, and produce a plot; the classical
Cy = 1.5Nk is indicated.

> Cvl := 1.926%T~(3/2):
> Cv2 := 1.496 + 0.341x(1/T)~(3/2) + 0.089*(1/T)"3:
> with(plots):

Warning, the name changecoords has been redefined
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> pl := plot(Cvl, T=0..1):

> p2 := plot(Cv2, T=1..2):

> p3 := plot(1.5, T=0..2, linestyle=4):
> display([pl, p2, p3]1);

15

Cv
T

0.5

0" 02 04 0608 1 12 1.4 16 1.8 2
T/Tc

This plot shows that the shape of the curve for the specific heat resembles the Greek letter
A; for this reason the critical temperature is commonly called the lambda point. Notice that
the value of the specific heat is continuous at 7, but its derivative is discontinuous. The
calculation of the discontinuity is left as an exercise at the end of the chapter.

17.4 Ideal Fermi Gas

The distribution for Fermi—Dirac statistics is

1

e = Bl 1 1

(17.60)

The maximum value of 72 is 1, but there is no restriction on y: it can be negative or positive.

Much mathematics required for Fermi—Dirac statistics is similar to that for Bose—Einstein
statistics, with one distribution replacing the other. The number of particles is

gV (4V2mm¥/2) [ g2
N = = | et (17.61)
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and the internal energy is

_gV(4\/§ﬂ'm3/2) ©  g3/2
U= = i T (17.62)

We include the number g of possible spin orientations in our equations.

Adopting the same definitions of A\, z and z as for an ideal Bose gas, and defining the Fermi—
Dirac integral function,

Folz) = — /Oo vy 17.63
o(2) = L(o) Jo z7lter+1 “ (17.63)
we write
14
N = g/\—3f3/2(z), (17.64)
3 fs2(2)
U=2kT , 17.65
2 f32(2) ( )
NET f5/2(2)
= — . 17.66
Vv f3/2(2) ( )

These integrals likewise yield no analytic expression. All quantities are expressed in terms
of z; again we require z as a function of N, V" and T'. In principle, we can adopt the graphical
approach as presented for Bose—Einstein statistics. Because there is no restriction on p, the
range of z can include any positive value 0 < z < oo.

Worksheet 17.8 This worksheet is similar to that for Bose—Einstein statistics.

> f := (sigma, z) -> int(x~(sigma-1)/(exp(x)/z + 1),
> x=0..infinity)/GAMMA(sigma);

1 o glo=1)

f:(avz)—)—/ — dz
P(J) 0 6__1_1

z
> plot(£(3/2,z), z=0..5, scaling=constrained) ;
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Our objective to find f3_/12, so that

2= f35(nX°/g),

is accomplished numerically from the graph. The conduction electrons in a metal at room
temperature is an example of an ideal Fermi gas; we leave it to an exercise to find the chemical
potential of metallic silver by the graphical method.

For small 2, f3/5(z) exhibits a linear relation, like g3/2(2); thus an ideal Fermi gas also
reduces to the classical limit at low density. For the condition nA3 < 1, we can employ the
virial expansion similar to that for an ideal Bose gas, which we will discuss in Section 17.4.1.

The behavior of an ideal Fermi gas at low temperature differs greatly from that of an ideal
Bose gas. In conformity with Pauli’s exclusion principle, occupation of a single quantum state
by more than one particle does not occur. The phenomena exhibited by an ideal Fermi gas is
the subject of Section 17.4.2.

17.4.1 Low Density and Virial Expansion

The condition for low density is that

)\3
A .
g

The treatment of an ideal Fermi gas at low density is identical to that of an ideal Bose gas
at low density, except that we replace the function g, (z) with f,(z). Virial coefficients for a
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Fermi gas have the same values as for a Bose gas except for the alternating sign of consecutive
terms.

We list the results here, but leave the derivation to an exercise. The equation of state is ex-
pressed as

P A3 A3\ 2 A3\ ?
g (M) pa () g () 4 (17.67)
nkT g g g
where
ay = 0.17678,
as = —0.0033, (17.68)
as = 0.00011.

The specific heat is

Cv 3 23 PEAN PEAN
Cv _ 3, [1 —0.084 ("—) +0.0066 <"—) — 0.0004 (”—) o] (17.69)
g g g

N 2

17.4.2 Specific Heat of a Metal at Low Temperature

The context of low temperature in this subsection is that
> kT,

In this regime, the fugacity z is no longer a convenient parameter: we return to the original
expression of p. In the limit when 7" — 0, the distribution becomes a step function,

_ 1, €< o,
Te =
0, > o

At zero temperature the chemical potential 1o is the Fermi energy, denoted by €.

The Fermi energy is readily calculable. Because at 0 K all states are filled below ¢z, but are
completely empty above that energy, the number of particles is

_ 9V

N=%

EF
/ 42rmB eV 2 e, (17.70)
0

and the ground state energy is

gV [eF

= 42rm?/2e3 2 e 17.71)
0

Uo
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We leave it to an exercise to verify that the Fermi energy is

3N 23 p2

The internal energy, expressed in terms of the Fermi energy, is

UQ = gNEF; (1773)

the pressure at 0 K is thus

2U, 2N
0T 3y TEyF 7.74)

A Fermi system is active even at absolute zero of temperature.

We plot the distribution for Fermi-Dirac statistics at low temperature when g is sufficiently
large relative to k7.

Worksheet 17.9 To produce such a plot, we choose an arbitrarily large number for p, for

instance 50 000 k.

> nfd := 1/(exp(betax(En - mu)) + 1);
1

W= )
> mu := 50000;
= 50000
> nfdl1000 := eval(nfd, beta=1/1000) ;
1
nfd1000 := —;

e( 1605 —50) +1

> nfd300 := eval(nfd, beta=1/300);
1
d300 = ————
nf e(%—500/3) +1
> nfdl100 := eval(nfd, beta=1/100);

1
e(i65=500) 4 1
> plot([nfd1000, nfd300, nfd100, 1 - Heaviside(En-mu)],

nfd100 =

>  En=mu-10000..mu+5000, legend=["T=1000 K", "T=300 K", "T=100 K",

> "T=0 K"]);
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According to this plot, n. decreases abruptly from 1 to O within a narrow range about € = i,
but is nearly constant elsewhere.

The number of particles is

gV (4V2mm3/%) [ gl/2

N="""% |, oen® (17.75)
and the internal energy is

gV (4V2mm3/2) [ g3/2

V=" N (17.76)

Both these quantities appear in an integral of this form:

oo ES
I, = /0 mds. 17.77)

We expand I, as

H s © 1 s o es

We interpret these integrals as follows: the first signifies the step function, which gives the
major contribution; the second and third constitute deviations from that step function.

Introducing a parameter 7,

n =B — ), (17.79)
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we find that the third integral above becomes

> . * (p+ kTn)°
/ ﬁdgquv/ (p+ KTy
m € K41 0 em+1

For the second integral, we first express a deviation from the step function as

- 1 eBle—n) 1

eBle—n) 11 - eBle—n) 41 - eBlr—e) 1 1°
Introducing another parameter 7/,
' =Bu—e),

we find that the second integral becomes

" 1 0 — kTn)* * (p—kTn)*
/ - | e = —kT/ = FTU)" s kT/ Mdn’.
0 eBle—m) +1 wkr €l A+ 1 0 en” +1

As this approximation is based on our condition of interest, x> k7', we replace p/kT by oco.
The expanded integral becomes

n [e7e] Tn)s — — kTn)®
I, :/ ssda+kT/ (o KTm)° = (= KT0)” (17.80)
0 0 em+1

The deviation from a step function is appreciable only when ¢ is near p, such that for only
small 7 is there a significant contribution; we expand the integral as a series. Defining

() = (u+kTn)* — (u— kTn)*,

we write

dp 1 (0% s 1 (0% 3
<p77:1—|—<—) 77+—(— "+ |53 N+
() o/ ,—o 20\0n* ), 31\om* ), o

Coefficients

()
om' ), —o

are a function of y; integral I therefore takes the form

00 !
n

d

| g

which is readily evaluated with Maple. We have

gV (4/27m3/2)
e 1/2

_dmgV (2m\*? 4, L L (kTN T (T
“T3 \n2) M s\ u 620\ n )

N =
(17.81)
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V (4v/2mm3/2
- 9V« ke ) I)s

_dngV (23 o,
3 h? 5

(17.82)

148 kT 2_L kT 4+
8\ u 384 \ pu U

To express p in terms of N/V and T, we again take progressive steps until we attain the
desired precision. At zeroth order,

drg (2m\>/? N 3N \*/3 2
—2 [ — /1,3/2 = — = — = E¢F.
3 \ h? v’ AwgV 2m

This result is identical to equation (17.72), which applies to a Fermi system at absolute zero
of temperature. In the next approximation, we have

- - —-2/3
ang (20\*? oy (N[ 1 (AT vy i L (@Y
3 \n2) " v e e A I =
We then expand p as a series of € p:
72 (KT’

Applying this expression to eliminate x4 from U/N, we proceed to expand it at £ = o00; the
result is

U _ I3p 3 572 (KT ?
R 14+ [ = 17.84
N T, 5f T\ (17.84)
The pressure remains two-thirds of the energy density,
20 2N 5e2 (kT
2z _z20 1422 (2= 17.85
3V sV TNt 12 (EF) ’ (17.83)
and the specific heat is
CV 7T2 kT
—_— = 17.86
N 2 EFR ( )

Worksheet 17.10 The integrands of equation (17.80) are defined as phil and phi2, respec-
tively. After expanding the integrands in a Taylor series at 7 = 0, we evaluate the integral of
equation (17.80): Eye[1/2] is for I; 5 and Eye [3/2] is for I3/,. With regard to finding the
chemical potential 1, Eq13 is the zeroth order, and Eq15 the first order; j is solved in Eq16.
To expand p as a series of €, in Eq17 we use the series command and set €y at infinity. In
Eq33, again we expand U/N atep = oc.
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> assume(k>0, T>0, mu>0);
> phil := s -> epsilon”s;

Pl =5 — ¢’

> phi2 := (s,eta) -> (mu + k*Txeta)”s - (mu - k*xTxeta) s;
$2:=(s,m) = (p+kTn)* — (u—kTn)°
> Eprl := convert(taylor(phi2(1/2, eta), eta=0, 4), polynom);
kT K313 3
Eprl = el o
VA 8
> Epr2 := convert(taylor(phi2(3/2, eta), eta=0, 4), polynom);
k3 T3

Epr2 =3 /ukTn— W
> Eyel[1/2] := int(phil(1/2), epsilon=0..mu) +
> kxT*(int (expand(Eprl/(exp(eta) + 1)), eta=0..infinity));
2 u/2) (kTwZ‘ N TE3TS w4>
3 12/ 960 pu®/2)
> Eyel[3/2] := int(phil1(3/2), epsilon=0..mu) +

Eye, )y =

> kxT*(int (expand (Epr2/(exp(eta) + 1)), eta=0..infinity));
(5/2) kT 2 373 4

2 1 L RT VEET T Tk W
5 4 960 1(3/2)

> Eqgb := N = g*Vx4xsqrt(2)*m~(3/2)*Pi/h~3*Eye[1/2];

2 p3/2) kTn? T7k3T3n*
G/ (2P
4gV2m w< 5 +kT 12\/ﬁ+960u(5/2)

Ey€3/2 =

Egb =N =

13
> Eprill := gxVU*x4xsqrt(2)*m~(3/2)*Pi/h~3*(int(phil(1/2),

> epsilon=0..mu));
89V vV2mB/2) 1, (3/2)

3 h3
> Eprl2 := gxVx4*xsqrt(2)*m~(3/2)*Pi/h~3

Epril =

>  x(kxT*(int(op(1,Eprl)/(exp(eta) + 1), eta=0..infinity)));
gV V2m/2) 13 k2 72

3h3 ./
> Eql3 := N = subs(mu=epsilon[F], Epril);

53/ 1 en(3/2)
Eql3 = N = g gV V2m - wen

Epri2 =
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> Epril4 := simplify(Epr12/Epril);

> Eql5 := Eprll = subs({Eql3, mu=epsilon[F]}, N/(1 + Epri4));
8gVV2mB/D 1 uB3/2 8 gV /2mB/? repB/2)

FEql5 = =
1 3h3 3 1 72 k2 T?
R (1+=-———
8 EFQ
> Eql6 := isolate(Eql5, mu);
(2/3)
(3/2)
EF
Eql6 == =
q 1 ) N 1 7'(2 k.2 T2
8 EFQ

> Eql7 := mu = convert(series(rhs(Eql6), epsilon[F]=infinity, 3),

> polynom) ;

1 w2k272

Eql7 .= = -_—— =
q H=er 10 en

> Eq31 := U/N = Eye[3/2]/Eye[1/2];

(5/2) ET 72 33 4
2u5 CRT <\/,L_L 7T 7kT7T)

U 4 960 pB/2)
Eq31 .= — =
Bl=N="5,06m kT2  Tk3TPnt
3 12 /i 960 /D
> Eq32 := subs(Eql6, Eq31);
U
E = —
q32 N
(5/3) (1/3)

2 (ep®/? et (L (S ez 1 KTt
5\ %1 4\ %1 960 ep(3/2)
2ep®® |1 kTR 7 KT

3 %l 12 /2N 3 960/ (3/2) B/
%1 %1
1 72 k2 T2
li=14-—"—
% +8 p—

> Eq33 := 1lhs(Eq32) = convert(series(rhs(Eq32),

> epsilon[F]=infinity, 3), polynom) ;

Uu 3 1 w2 k2712
Eq33 := — = = ——
4 N 5EF+4 Syl



538 17 Quantum Satistics

> Eq34 := P = expand(2/3*N/V*rhs(Eq33));
2 Nep 1 N=2k2T?
Eq34 := P = — —
s 5V 6 Ver
> Eq35 := C[V]/N = diff(rhs(Eq33), T);
CV 1 7T2k2T
Eq85 = — = =
v N 2 Er

As mentioned, conduction electrons in a metal can be modeled as an ideal Fermi gas. At low
temperature, the specific heat C'y of a metal at constant volume is linearly proportional to 7'.

17.5 Relativistic Gases

Quantum statistics is applicable to extremely relativistic particles at high density. Such a
condition would have occurred within seconds after the big bang. At this limit, the integrals
can be evaluated exactly.

According to special relativity as explained in Chapter 12, the relation between energy and
momentum is

e? = (mc*)? + (pe)?. (17.87)

Ignoring the rest mass m of the particle, we express the energy of an extremely relativistic
particle as

€ = pc. (17.88)

The element of momentum space is readily derived as
4me?

de.
o3

d®p = dnp?dp =

Our concern here is with a temperature that is extremely high; under such a condition we
ignore the chemical potential,

E—p o, €

kT kT
Applying the formulation of quantum statistics, we directly perform an integration to obtain
our desired quantities. For bosons,

N

0o 2 33
gV / 1 dme?  BgVrkPT3((3) (17.89)
0

= s =
13 /KT _ 1 3 B33 '

where ((3) = 1.202 is again the Riemann zeta function.
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The internal energy is

gV [ e Awe?  AgVmOkiT?

U= 3 Jy e/FT —1 3 de = 15h3¢3 (17.90)
From equation (17.12), we calculate

pde 1

- = _6;

3dp 3
for a relativistic gas, the pressure is therefore one-third of the energy density:

1U  14gn°kiT?
e AL (17.91)

T3V 3 15h3c3

We perform the same calculations for fermions, using the corresponding distribution. The
number of particles is

gV [ 1 4me? 38gVrk3T3((3)
N = ﬁ‘/o 7@‘5/]9T n 1—03 & = Z_ h3c3 ) (1792)
and the energy is
7 4me? 749V kAT
v="L L P A (17.93)
h3 Jo e/FT 41 3 8 15h3¢3
the pressure is still one-third of the energy density
LU  174gr°k4T?
e (17.94)

T3V 38 15h3e3
Worksheet 17.11 To evaluate all integrals above with Maple, we must specify the sign of
k, T and c, using the assume command. The symbols nbe, nfd and Epr1 signify the Bose—
Einstein distribution, the Fermi—Dirac distribution and the element of momentum space, re-

spectively. All the integrals are evaluated analytically, with results containing the Riemann
zeta function.

> assume(k>0, T>0, c>0);

nbe := 1/(exp(epsilon/(k*T)) - 1);
1
"be"'gCE;TiTI
> nfd := 1/(exp(epsilon/(k*T)) + 1);
1
nfd'_';?§§7§ji
> p := epsilon/c;

€
pi=-
Cc
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> Eprl := 4%Pi*p~2*diff (p, epsilon);
4 2
Eprl = 7T3€
@
> Eqll := En =gxV/h~3*int(nbe*epsilon*Eprl, epsilon=0..infinity);
4gV S ktTt
Eqll == En = —————
1 " 15 h3 ¢3
> Eql2 := N = gxV/h"3*int (nbe*Eprl, epsilon=0..infinity);
8gV mk3T3((3)
Eqi2 := N = Ty
> Eql3 := En = g*V/h~3*int (nfd*epsilon*Eprl, epsilon=0..infinity);
TgVmdktT
Eql13 = FEn=———F——
I T
> Eql4 := N = gxV/h~3*int (nfd*Eprl, epsilon=0..infinity);
6gV Tk3T3((3)
FEql4 .= N = B

The chemical potential of a photon is zero; the Bose—Einstein distribution under such a condi-
tion (px = 0) is called the Planck distribution. A photon has spin 1 and no rest mass. The above
calculations for bosons are applicable to photons at any temperature and density. Although
a particle of spin 1 has three possible orientations of that intrinsic angular momentum, for a
photon g = 2, because the photon is polarized perpendicular to its direction of propagation;
this condition eliminates one degree of freedom. The energy density for a photon is then

U 8roktT?
- =0 17.95
1% 15h3¢3 7 ( )
or the net flow of radiation per unit area of an aperture is
2 51.4
Rp= U 20K pa_ o (17.96)

T UV T 15h32

which is the Stefan—Boltzmann law for radiation from a blackbody at temperature 7". From
equation (17.90), we obtain the energy spectrum,

8w el
pTdE = mmd&, (1797)

where
e = hv. (17.98)

Applying quantum statistics thus enables one to derive the spectral distribution of the black-
body radiation.
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Equations (17.90) for bosons and (17.93) for fermions differ by a factor: a fermion contributes
7/8 as much energy as a boson. Making use of the thermodynamic identity

U-TS+PV =Ny, (17.99)
we find the entropy to be
S = %7 (17.100)

for 4 = 0. Because both U and PV are proportional to 7, entropy per unit volume is
proportional to T'3:

S 2 . 8rokt

= =Np———T° 17.101

Vo3 TR ( )
where Nt is defined as the effective number of species:

Ny — {f x g x 1, for aboson, (17.102)

fxgxZ forafermion.

This quantity gives the relative contribution of each type of particle to the total energy, pressure
and entropy. We calculate the effective number of species Nt as a product of three factors:
the first factor f is 2 or 1 depending whether the particle has or lacks an anti-particle; the
second factor g specifies the number of possible spin orientations, and the third factor takes
into account whether the particle is a boson or a fermion: the former is counted as 1, and the
latter 7/8.

As mentioned earlier, extremely relativistic conditions would have occurred moments after
the big bang. Results in this section are pertinent to the cosmology of the early universe.
For an interested reader, The First Three Minutes’ is highly recommended. According to the
standard model of cosmology, the universe in its present phase began with a singularity, com-
monly called the big bang; for details see Section 18.4.1. Within one second after the big
bang, the universe was an extremely hot and dense plasma in a state of nearly perfect thermal
equilibrium. Major constituents of that plasma in thermal equilibrium were photons, elec-
trons, positrons, neutrinos and anti-neutrinos. The universe expanded and cooled, and about
one second after the big bang neutrinos and anti-neutrinos left that thermal equilibrium with
photons, electrons and positrons because their interactions are too weak to allow them to trans-
fer energy to and from other particles. About 10 seconds after the big bang, as the universe
was not hot enough for pair production of electrons and positrons, they rapidly disappeared.
The expansion of the universe is an adiabatic process, for which the entropy remains constant.
Annihilation of electrons and positrons decreased the effective number of species. According
to equation (17.101), if Nt decreases, 7' must increase to maintain the same entropy.

Because neutrinos were already decoupled from the system, the effective number of species

before annihilation was
11

7
Nbefore:2><2><§+1><2><1:?.

2S. Weinberg, The First Three Minutes, New York: Basic Books, 1993, Chapter V and Note 6.
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The first term of this formula pertains to electrons and positrons, the second term to photons;

see equation (17.102).

After annihilation, there remained only photons,
N, after — 2.

Annihilation clearly reheated the system, consisting then of only photons, by a factor

1/3
Tater _ (E) — 1.401.
Tbefore 4

The residual heat of the early universe is detected as a cosmic microwave background at 2.73
K; this observation provides strong evidence in favor of the big-bang model. The residual heat
is also expected to be manifest as the cosmic neutrino background. Because neutrinos did not
benefit from reheating during electron—positron annihilation, their temperature is expected to
be 1/1.401 that of photons, or 1.95 K. As neutrinos are fermions, their energy spectrum is
expected to appear as

4m el

This formula differs from that for blackbody radiation, with Fermi—Dirac statistics replacing
Bose—Einstein statistics. We leave it to the reader to plot such a spectrum. With present
and foreseeable future technology, it will be a daunting task to detect the cosmic neutrino
background at 1.95 K.

Exercises

1. At 4K, the density of liquid *He is 0.129 g cm™3, and its atomic mass is 4 u.
(a) Verify that the particle density is 1.94 x 10?8 m~3.
(b) Find the X point for *He treated as an ideal Bose gas using equation (17.46).

(c) Use equation (17.32') to obtain z of liquid *He at 4 K with Maple’s fsolve com-
mand.

2. Using equations (17.50) and (17.59), verify that the discontinuity of the specific heat at
the A point is

00V _(%CvY _ 2INKB)2)
( or )T— ( or )T; - 16nT. (17.104)
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3. The exact specific heat of an ideal Bose gas is given by an implicit formula:?

Cv _ 15g5/2(2)  993/2(2)

Nk 4 g32(2)  4g12(2)

(17.105)

Recall that n\* = ((3/2) at T., and n\* o T~3/2 with N and V fixed. Use equa-
tion (17.32") to find z at 1.5T,,, 2.0 T, and 3 T, with fsolve, so as to obtain Cy at these
temperatures; compare the results with those from equation (17.59).

Answer: the numerical method gives 1.71034 Nk at 1.57T,, 1.63138 Nk at 2.07, and
1.56923 Nk at 3.0 T..

4. Treating conduction electrons in silver as an ideal Fermi gas, apply the graphical method

(equation (17.64)) to find z and p. The density of silver is 10.5 g cm ™3, and its atomic
mass is 108 u; there is effectively one free electron per atom. Verify that the particle
density is 5.85 x 10?® m~3, and estimate z and y at 300 K.
Hint: because there is no restriction on z, application of the graphical method is awk-
ward and the fsolve command is inefficient. Than range of z is between 10°? and
103, and p from numerical solution is 5.51 eV. A much better way to find j is to use
equation (17.83).

5. Evaluate virial coefficients for an ideal Fermi gas.

6. Verify equations (17.72), (17.73) and (17.74) for chemical potential, internal energy and
pressure at absolute zero.

7. Obtain one more term for the chemical potential and the internal energy of a degenerate
Fermi gas in equation (17.83) and (17.84); show that in the second approximation,

| TRyt (RN
p=er 12 er 80 EFR

572 (ET\? =* (kT\"
I+ (=) - = (=
12 \ep 16 \ep

Determine also the 7°3-term correction of the specific heat.

(17.83")

and

(17.84")

8. Plot the energy spectra for the cosmic microwave background at 2.73 K, and for the
cosmic neutrino background at 1.95 K.

3Pathria 1996, p. 164.
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18 General Reativity

Guided by simple postulates, relativity is a particularly elegant and profound physical theory.
Comprehension of general relativity requires a knowledge of the geometry of curved space,
a subject with which many physicists are unfamiliar. Maple provides a tensor package that
greatly facilitates calculations of this kind. With this package, one can obtained geometrical
properties necessary in general relativity without knowing details of tensor analysis. On this
basis we outline the formulation of relativity, and illustrate some most useful solutions with
fascinating applications, such as the Global Positioning System, planetary motion near a black
hole and the evolution of the universe.

18.1 Basic Formulation

John Wheeler summarized general relativity in nontechnical terms as “geometry tells matter
how to move, and matter tells geometry how to curve.”! We elaborate this statement by
mathematical formulas, and use Maple to bridge the gap between principles and technical
details.

The properties of space are described by a metric. In three-dimensional Euclidean space, the
metric is the square of the infinitesimal separation between two points:

di? = da?* + dy* + dz*>. (18.1)

We can express this line element d! in alternative coordinates, such as spherical coordinates r,
0 and ¢:

di? = dr® + r?d6?* + r? sin? 0de?. (18.2)

From special relativity, we learn that space and time are inseparable: three spatial dimensions
and one temporal dimension form a four-dimensional space—time, or the Minkowski space.
The square of the space—time interval between a pair of events z* and z* + dx* (where the
Greek index p runs from 0 to 3) forms the metric in special relativity:

—ds? = —?dt* + da? + dy® + dz? = —(dz®)? + (dz')? + (dz?)? + (dz®)?. (18.3)

'Misner, Thorne, and Wheeler 1973, p. 130.

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Avoid any confusion over superscripts on coordinates, which are indices: see equation (12.3).
In general relativity this interval is extended to an arbitrary coordinate system,

—ds® = —dt* + dI* = G dat da” (18.4)

which is a quadratic form in differentials of coordinates. In this equation, and hereafter, we
invoke the Einstein summation convention introduced in Section 12.1: whenever a Greek in-
dex is repeated in a term, summation over this index from 0 to 3 is implied. We note that g,,,,
is the metric tensor introduced in special relativity; a convention g, = diag(—1,1,1,1) cor-
responds to the Minkowski space. In general relativity, g, depends on position; for example,
in spherical coordinates the metric is

—ds? = —2dt* 4 dr® + r?dh? + r? sin® 0d¢?. (18.5)
We label the coordinates as
D =ct, zt=r 22=0, 23=¢, (18.6)

and identify components of the metric tensor as

2 2 o2

goo=—-1, gun=1, ga2=7r", gz =r"sin" 0, (18.7)

and all off-diagonal components vanish. Matrix representation of a tensor of higher rank is im-
practical; we utilize the Einstein summation notation and express all formulas in components.

The inverse of g,,, is denoted by g"”; together they satisfy a relation
gng™ =6y, (18.8)

where 5Z is the Kronecker delta. Extending the nomenclature introduced in Section 12.1, g,,,,
is a covariant tensor of the second rank, having two subscripts as indices; similarly g"” is a
contravariant tensor of the second rank, having two superscripts as indices. The Kronecker
delta is a mixed tensor of the second rank, because it contains both subscript and superscript
as indices.

In Chapter 3, we derive the equation of the shortest path between two points on a spherical sur-
face, called a geodesic, using the principle of least action. Analogously, in a four-dimensional
space—time, a geodesic corresponds to the minimal space—time interval:

—5/ds =0. (18.9)

Recall that ds measures the proper time: ds = ¢ dr. The techniques of calculus of variations
are the same, and the differential equations describing equations of motion are obtainable on
employing the Euler—Lagrange equation, of which we omit the derivation. It is convenient to
express the geodesic equation in terms of the Christoffel symbols, defined as

1 agozl/ agﬁl/ agaﬁ
o v _ .
rty = g0 (G + G - 3 1810
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the condition § | ds = 0 results in

dr2 YA dr dr

Christoffel symbols do not form a tensor, so they cannot have an intrinsic geometrical mean-
ing, or appear in equations of basic physical laws. According to geometry in curved space,
the Riemann curvature tensor represents the intrinsic property of space:

=0. (18.11)

ort,  gre
H = v . ra 12 o _ TH 1O
vafB T axa axﬂ + Fa'a vB I‘Jﬁrlja' (1812)

The importance of the Riemann curvature tensor is that 12}, ; = 0 if and only if the space is
flat. The fourth-rank Riemann tensor becomes “contracted” (through summation of a covariant
and a contravariant index) to the Ricci tensor, which is

Ry, = R (18.13)

pnrod

and further to the Ricci scalar,
R=g""R,.. (18.14)

Because these definitions are not universally agreed, various signs arise according to which
convention is adopted at various stages. The contraction that we employ is consistent with
Maple’s practice.

The Einstein tensor is defined as

1
G,ul/ = R,ul/ - §gpl/R- (1815)

Both momentum and energy contribute as the source of the gravitational field. The Einstein
field equation is

1 8rG
R, — 5gWR =—— Ty, (18.16)

where 7T),,, is the energy-momentum tensor; G is the gravitational constant, distinct from the
symbol for the Einstein tensor.

The energy-momentum tensor is constructed from the four-velocity dz* /ds, energy density £
and the pressure P,

T =(P+E&—

+ Pg,,. (18.17)

Although this definition might vary among authors, the quantity 75, which is the energy
density, is always positive.

We can lower the index of a contravariant four-vector using the metric tensor:

Ty = G’ (18.18)
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Analogously we can raise an index of a covariant tensor
S5 =g""S,s, (18.19)

to form a mixed tensor. To eliminate g,, from the Einstein field equation, because of
the prospectively conflicting definition, we express the mixed components of the energy-
momentum tensor as

v dzx,, dz¥ y
T, =(P+ 5)E$ + Pd,,. (18.20)

The Einstein field equation in mixed components is then

D 8rG .,

The left-hand side of the equation is the Einstein tensor, which we write in terms of the Ricci
tensor and Ricci scalar to avoid confusion between the Einstein tensor G, and gravitational
constant G.

To summarize general relativity, “geometry tells matter how to move” means that an object
moves such that its proper time between two end conditions is a maximum,? or explicitly
the geodesic equation (18.11), and “matter tells geometry how to curve” means that matter
is the source of the curvature described by the Einstein field equation (18.21). In theory, if
we are given an energy distribution, we find the curvature from the Einstein equation, and
extract the metric tensor g,,,,. Knowing the metric, we determine the particle motion. In prac-
tice, the Einstein field equation comprises coupled nonlinear differential equations, for which
only few exact solutions exist. For the remainder of this chapter, we discuss three of the best
known metrics, from which we can learn much about general relativity. Maple is extremely
helpful: once we have the metric tensor g,,,,, there exist explicit formulas, specifically equa-
tions (18.10), (18.12), (18.13) and (18.14) (g, — I‘Zﬁ — R,’jaﬁ — R,, — R), which
involve first and second partial derivatives with respect to coordinates z*, for the Ricci tensor
R, and Ricci scalar R. Even though symmetry conditions reduce the number of independent
components of the Riemann curvature tensor from 4* = 256 to 20, the calculation is consid-
erable; such a tedious but straightforward task is certainly the ultimate strength of computer
algebra.

n
Faﬁ
n

?Because — [ ds is a minimum, ¢ [ dr = [ ds is a maximum.
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18.2 Newtonian Limit

The square of the space—time interval that is associated with a weak field takes this form,
29 29
—ds® = — (1 + —2) Fdt* + (1 - —2> (dz? + dy?® + d2?), (18.22)
c c

where @ is the gravitational potential. We use this metric as an example to illustrate how
to obtain the Einstein tensor using Maple. Many authors set the speed of light ¢ to unity to
simplify the expression, but we maintain c explicitly in this chapter so that we can use Maple
to find the corresponding Newtonian limit by setting ¢ to infinity. In the limit of ®/c? < 1,
this space—time interval reduces to that of the Minkowski space. If we define our coordinates
in the Minkowski space as

' = (t,z,y, 2), (18.23)
we can absorb c in the metric,

G = diag(—c?, 1,1, 1).
With this assignment, we have

Ty = g’ = (—c2t,x,y,z).

It is convenient to use this definition of coordinates and metric tensor in Maple; later on we
can avoid g,,,, in the field equation by expressing the Einstein tensor in mixed rank.

Returning our attention to the weak field, we identify the metric tensor as

20 2% 2(1)) . (18.24)

—q; 2
g#,,—dlag<—c —201- -l

Once we provide the metric, Maple calculates the Christoffel symbols and the Riemann tensor
directly from equations (18.10), (18.12), (18.13) and (18.14).

Worksheet 18.1 This worksheet, which is a modification of an example in Maple’s help
files under tensor, serves as a satisfactory template for most relativity calculations. Given
9uv, the tensor package implements the entire calculation with the tensorsGR command.
One needs to supply the coordinates (denoted coords in our example) and the metric tensor
(metric), and tensorsGR returns the rest 9 arguments such as I' ; and G ;... To conform
to Maple’s notation, we adjust the index to run from 1 to 4, instead of from 0 to 3 discussed
in the text; be aware of this shift. The index character (index_char), having values —1
or +1, specifies an index as covariant (subscript) or contravariant (superscript), respectively.
Because Maple returns the Einstein tensor (GEin) as a covariant tensor (having index char-
acter [-1,-1]), to produce a mixed-rank tensor, we use the contravariant metric tensor g"”
(denoted contra_metric), and the raise command.
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>

>

18 General Relativity

with(tensor):

coords := [t, x, y, z]:

g := array(symmetric, sparse, 1..4, 1..4):

gli,1] := -c”2 - 2%Phi(x,y,z): gl[2,2] := 1 - 2xPhi(x,y,z)/c"2:
gl3,3] := g[2,2]: gl4,4] := g[2,2]: metric := create([-1,-1],
eval(g));

metric := table([compts

[ —c? —2®(z, y, 2) 0 0 0 i
20
0 1 _ (:E?zy? Z) O 0
@
= 20(x, vy, ,
0 0 1 (xgy 2) 0
G
20
0 0 0 1 (:E,zy, z)
L C J
index_char = [—1, —1]
)
> tensorsGR(coords, metric, contra_metric, det_met, C1, C2, Rm, Rc,
> R, GEin, C):
> rGEin := raise(contra_metric, GEin, 1):
> comp_rGEin := get_compts(rGEin):
> comp_rGEin[1,1];
2 2 2
(2L Dz, y, 2)) ¢ +2(Lx D(a, y, ) +2(Lx D(a, y, 2) ¢
+3 (&% (2, y, 2))* +3(& (x, y, 2))* +3(F; B(z, y, 2))°
—4(Z: B(w, y, 2)) B(x, y, 2) — 4 (25 B(w, y, 2)) B(x, y, 2)
—4(Z 0, y, 2) 8w, y, 2)) (& —20(, y, 2))’
> limit(comp_rGEin[1,1]*c"2, c=infinity);

2 (& Bz, 3, 2)) +2 (i Bz, 9, 2)) +2 (2 B3, y, 2))

We omit listing all components of the Einstein tensor, but restrict our attention to the 0-0
component. We are interested in the limit ¢? > ®:

lim ¢*GY = 2

Cc— 00

(a2<1> 2o 90

= PN _ 52
o T T 822) 2V70. (18.25)

The energy density £ is related to the mass density p as & = pc?, thus T = —pc?; substituting
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this into the Einstein field equation, we have the 0-0 component:

8tG 2 81G

distinguish G, which is the temporal component of the Einstein tensor, from G, the gravita-
tional constant. The above equation is none other than the Poisson equation:

V2® = 4G, (18.27)

which is Newton’s law of gravitation.

18.2.1 Gravitational Redshift

The Poisson equation is well studied in electromagnetism. From the solution of the electric
potential, we can directly write the solution of equation (18.27) as

P = —/Mdvg. (18.28)

T12
In particular, outside a spherical object of mass M, the potential is

o M (18.29)

r

The metric equation (18.22) yields the proper time 7, when the spatial components vanish:

2G M\ H/? M
dr = (1 _ fc2 ) dt = (1— %) dt. (18.30)

This equation indicates the gravitational redshift: as a clock runs more slowly in a gravitational
field than in its absence, time elapsed in the absence of a gravitational field, d¢, is always
greater than that in a gravitational field, dr.

Example 18.1 Consider a satellite that orbits the earth on a circular path with a period of
12 hours; this configuration resembles that of the Global Positioning System. Evaluate the
discrepancy of time between one clock on this satellite and another on the equator on earth,
due to both special and general relativity, after one day of operation. The reference is a clock
at the geocenter, for which one assumes no motion and no gravitational field.

Solution Knowing the period of the satellite, we can calculate the orbiting radius and the
velocity from Newtonian mechanics as an approximation. For circular motion with a force
according to the inverse-square law,

GM
= e, (18.31)

r
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where
27
W=
thus we obtain the radius and velocity of the satellite:
1/3
Tsat = %, VUsat = WsatT'sat - (18.32)
Wsat

Knowing the radius of the earth r.,, we calculate the velocity on the equator to be

Vearth = WearthTearth - ( 1 833)

In addition to the effect of gravitational redshift which appears in equation (18.30), the effect
of dilation of time due to the motion of the clocks must be considered as well. Because
ds = cdr, from equation (18.22) we derive

2GM 02
dr = \[1- = - Zat, (18.34)
rc C

Note that in the absence of M, this equation becomes

2
v
dr = 1-— -5 dt7
c
a familiar result in special relativity.

In sum, the time difference is

2GM 2 2GM v
AT — ATeartn = \/1 o Da \/1 _ 2 Yan At. (18.35)

TcarthC c?

We have all the information required concerning the radius and the velocity.

Worksheet 18.2 This worksheet involves only basic algebra. Because the relativistic modi-
fication is typically small, to ensure sufficient precision we use the command Digits := n,
which serves to calculate and to display subsequent answers with n digits.

> Eql := G*Mxm/r"2 = mkw~2%r;
GMm %
o

Eql =
> Solnl := solve(Eql, r);
1
oing o GM )P (G Mw)D g [ V3EMu)TD
olnl = w y T 2w + w ?
1
(@Mw)0/H  FTV3(G M)/

2w w
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> rsat := Solni[1];

(G M w)(/3)
rsat ;= ——

> G:=6.673e-11; c:=299792458; M:=51f)974e24; rearth:=6.38e6;
G = 0.667310~1°
c = 299792458
M :=0.597410%
rearth := 0.638 107
> Tsat := 12%x60*%60; Tearth := 24*60%60;
Tsat := 43200
Tearth := 86400
wsat := 2xPi/Tsat:
rsat := eval(rsat,w=wsat):
rsat := evalf(rsat);

rsat ;= 0.2661121476 108

vsat := wsat*rsat:
vsat := evalf(vsat);
vsat 1= 3870.444295
vearth := 2*Pix*rearth/Tearth:
vearth := evalf (vearth);

vearth = 463.9666929
> Digits := 20:
> tdf := (sqrt((1 - 2*G*M/(rsat*c~2)) - (vsat/c)~2) - sqrt((1 -

> 2%GxM/ (rearth*c~2)) - (vearth/c)~2))x*Tearth;
tdf := 0.00003856918904294400

This calculation indicates that the difference between times on a clock on the satellite and on a
clock on earth is 38.6 us each day, with the clock on earth running more slowly. It is necessary
to calibrate a clock carried by a satellite so that it remains synchronized with a clock on earth.
We leave it to the reader to discern that general relativity makes a greater contribution to this
difference than does special relativity.

18.3 Schwar zschild Solution

As mentioned earlier, the Einstein equation consists of a system of coupled nonlinear partial
differential equations, and there are no general methods for obtaining the solutions. Indeed,
very few solutions of physical interest have been found; among them, the Schwarzschild so-
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lution is perhaps the most useful one:

2GM 2
—ds* = — <02 — Ci ) dt* + d+GM — r2(dh? + sin® 0dp?). (18.36)
1—
c2r

This solution represents the exterior of a spherically symmetric gravitational source M. The
Schwarzschild solution facilitates the treatment of the two-body problem in general relativity.
In this section, we first use Maple to calculate the Christoffel symbols so that we obtain the
geodesics; as an alternative, we employ the techniques developed in our discussion of the
Lagrangian formulation of mechanics to find the trajectory of a particle near a compact object
such as a neutron star or a black hole.

The metric tensor is

2GM 2GM\ !
G = diag | —c* + G—, (1 — G2 > .2, 72 sin? 9] , (18.37)
T cr
with spherical coordinates
' = (t,r,0,0). (18.38)

We first evaluate the Christoffel symbols, which are defined in equation (18.10), and then the
geodesic, equation (18.11); tensor accomplishes all of this task.

Worksheet 18.3 We simply modify the worksheet in the preceding section, by supplying g
and coords corresponding to the Schwarzschild metric.

> with(tensor):
> coords:=[t, r, theta,phi]:

> g := array(symmetric, sparse, 1..4, 1..4):
> gl1,1] := -(c~2 - 2xG*m/r): gl[2,2] := -c~2/gl[1,1]:
> gl[3,3] := r~2: g[4,4] := r~2+sin(theta) 2:

> metric := create([-1,-1], eval(g));
metric := table([index_char = [—1, —1],
_ 9 -
_2 4 2O 0 0 0
i
2
compts = 0 - 5Gm ° 0
—c?2 4+ —
0 0 r? 0
i 0 0 0 r%sin(f)? |
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> tensorsGR(coords, metric, contra_metric, det_met, C1, C2, Rm, Rc,

> R, GE, C):
> displayGR(Christoffel2, C2);
The Christoffel Symbols of the Second Kind
non — zero components :

Gm
{1, 12} = r(c2r—2Gm)
(cr—2Gm)Gm
(2,11} = o
Gm
2 = = — )
Ar—2Gm
{2,33} = B E—
(c2r — 2Gm)sin(6)?
{2744} = = &
(3,29} = %
{3, 44} = —sin(0) cos(6)
1
(©)
U3} ==
sin(0)
> Eqns := geodesic_eqns(coords, s, C2 );

Eqns = {(;—; o(s)) +

2 Ar—2Gm)Gm(<t(s))? Gm (L r(s))?
(%r(s))—i—( 031"3 ) _7"(021"(11—82(6’)1)71)

d

(2r—2Gm) (d% 0(s))?> (c*r —2Gm)sin(h)? (% o(s))?

L 26m (t(s)) (& 1(s)) _ 0}

r(c2r—2Gm)

— sin(6) cos(9) (5 ¢(s))* = 0,
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According to our notation, the Christoffel symbols are

GM 1

2 2 _ 2CiM J

t
Ftr_

T

GM [, 2GM oM 1
tt = 52 \¢ — ) Prr:_

” 72 2 _ 2GM°
. r( o 2GM . r(, 2GMY .,
99:—0—2<c— . ), ‘W:_c_?(c_—?“ sin” 6,
r? :1 % = —sinfcosf
r6 T" dP ’
1
rY, ==, T§,=cotd, (18.39)
r

where we use t, r, 0 and ¢ as indices instead of 0, 1, 2 and 3. We let the reader list components
of the Riemann curvature tensor Ry, , ; and of the Ricci tensor R, ; the latter can be considered
the average curvature, which is zero even though there are nonvanishing R’, | -

The geodesic equations are

d20  2dr df do\?

2 &ing 01 ==L) =0 18.40
ds? rdsds 0% (ds > ’ ( %)
B¢ 2drdo 9 de

I L 9coth=E = 18.4
ds? + rds ds +acot ds ds 0 (18.40b)
d*t  2GM 1 dt dr
bl T 18.4
ds? r2 2 — 26M (s ds 0, (18.40c)

d?r c2—@GM<dt>2_ 1 GM(dr)2
2

&t & 7 \ds — M 42 \ds
C2 _ 2GM do 2 02 _ 2GM -y dd) 2
— 762 T (%) — TT’ sin“ 0 <£> =0. (1840d)

Although these equations appear complicated, with given initial conditions we can numeri-
cally solve these four differential equations to obtain the trajectory. Analogously to the method
used for the Kepler problem, we make some rearrangement of these equations to decouple
them. Because it is inconvenient to manipulate equations from the output of the tensor pack-
age, as they arise in a form not directly amenable to application of the dsolve command, we
apply instead the method developed in Chapter 3 to obtain geodesic equations directly from
the metric, using the principle of least action.

To simplify the problem, we solve equation (18.40a). If at one instant § = /2, then

do d?o
=0, cosf|,=0, e .

il - =0
ds |,
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thus 6 remains constant, which confines particle motion to the same plane.

For a constant value § = /2, the metric becomes

2GM dr?
g (cz - ) Y (18.41)
P

The geodesic equation specifies a path that minimizes the integral of ds, for which it is equiv-
alent to find functions that make

ds?
5/7_0.

We let s be the independent variable, and ¢, r, and ¢ dependent variables; hence

2GM\ [ dt\? 1 dr\? do\?
_de2 — | 2 _ o i e i 2 [ ¥ 2
o (c r )(dS) +1_2GM (d$> o (d8> o
c2r

We apply the Euler-Lagrange equation to function f, identified as

1 , 2GM\ [dt\’ 1 AN A
I=3 _(C_T><E> 1_%(@) trlas) |
c?r

to obtain the equations of motion; this function is the Lagrangian for the Schwarzschild solu-
tion.

For the ¢ and ¢ coordinates, because f contains no explicit dependence on ¢ and ¢, we exploit
the symmetry property by introducing two constants a and h,

of _ a 2 2GM\ di _a
8(%)_ ’ ¢ r ds ¢’

and

9 _h ado
8(@) c ds ¢

ds

For the r coordinate,

d_of _of
dsa(%) or

RS £ S A S N S AN
1—23T]de52 "\ s ds (1_2GM)202 ds

c2r

GM
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To rearrange the above three equations, we first isolate dt/ds and d¢/ds,

dp 1h
R 18.42
ds cr?’ ( )
dt 1 a
- = pora—eIg (18.43)
We then decouple the r equation:

d2r 2GM\ b2 [a?  [(dr\® 1 GM
2

O T R Y (= I ) 18.44
© ds? < c2r ) 73 + lc‘l <d8) 1 — QCGQJTW r2 ( )

Equation (18.42) resembles Kepler’s law in classical mechanics; the constant / that we intro-
duce corresponds to the angular momentum per unit mass. We list equations (4.20) and (4.21)
of the classical Kepler problem for comparison,

o _ L
dt — r?’
dr B GM _
dtz2 3 r2

where [ is the angular momentum per unit mass, [ /m.

0,

Just as for the Kepler problem before, we can numerically solve equations (18.42) and (18.44).
To compare our result with the literature, we invoke additional information about the energy,
although to find the trajectory of a particle, such knowledge is not required. Because the
metric has no dependence on time, the energy of the system is conserved, which is related to
the constant a that we assigned. According to Gravitation by Misner et al. 1973, p. 660, this
constant a that we introduced corresponds to the energy per unit mass,

a? dr\? V2

0_4 = (E) + C_47 (18.4521)
where

V2 2GM h2

L (1 - ) (1+ _02r2>. (18.45b)

This equation arises from the fact that the scalar product of four-velocity with itself is an
invariant. We generally refer to ' as the “effective potential.” A plot of the effective potential
allows us to examine the range of radial motion, and to determine turning points, at which
a=1V.

Worksheet 18.4 The technique of employing the Euler-Lagrange equation is extensively
discussed in Chapter 4. The equations of motion of the ¢, r and ¢ coordinates are Eq14,
Eq26 and Eq34, respectively. The algebraic manipulation to decouple differential equations
are the same as the Kepler problem in Chapter 4. We set G and ¢ equal to unity, and assign
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initial values rq, 79, ¢o and éo; thus we can calculate the angular momentum h and the
energy a (both per unit mass). We solve two differential equations, namely Eq54 and Eq55,
numerically. For reference, a plot of the effective potential and total energy is included. The
dsolve and polarplot commands apply in the same way as for the Kepler problem.

> f := 1/2%x(-(c”2 - 2xGx*M/r(s))*diff(t(s),s) 2 +

> 1/(1 - 2%G*M/(c~2*r(s)))*diff(r(s),s) 2 +
r(s)~2xdiff (phi(s),s)"2);

4 1(s))?2
rim g (- 20 ) GO g Ty + g (o)

©2r(s)

> f1 := subs({t(s)=varl, diff(t(s),s)=var2, r(s)=var3,
> diff(r(s),s)=var4, phi(s)=var5, diff(phi(s),s)=var6}, f):
> Eprill := diff(f1, var2):
> Eprl2 := diff(f1, varl):
> Epril3 := subs({varl=t(s), var2=diff(t(s),s), var3=r(s),
> varb=phi(s), var4=diff(r(s),s), var6=diff (phi(s),s)}, Epril):
Eql4 := Eprl3 = -a/c;
2G M a
Eql} = — (2 ——— 24 t(s)) = ——
otd == (- 250) (4 o)) = -2
Epr21 := diff(f1, var4d):
> Epr22 := diff(f1, var3):
> Epr23 := subs({varl=t(s), var2=diff(t(s),s), var3=r(s),

> varb=phi(s), var4=diff(r(s),s), var6=diff (phi(s),s)}, Epr21):
> Epr24 := subs({varl=t(s), var2=diff(t(s),s), var3=r(s),
varb=phi(s), var4=diff(r(s),s), var6=diff(phi(s),s)}, Epr22):
Epr25 := diff(Epr23, s):
Eq26 := Epr2b5 - Epr24 = 0;

(&)’ GM | fex(s)

Epr31 :
Epr32 :

diff (f1, var6):
diff (f1, varb):
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subs ({vari=t(s), var2=diff(t(s),s), var3=r(s),

> Epr33 :=
varb=phi(s), vard4=diff (r(s),s), varb=diff (phi(s),s)}, Epr3i):

>
> Eq34 := Epr33 = h/c;
Bq34 = x(s)? (& 6(s)) =
> Eqgb3 := isolate(Eql4, diff(t(s),s));
Eq53 := L t(s) = — 2a2GM
c|—c*+
< r(s) >
> Eqb4 := isolate(Eq34, diff(phi(s),s));
Eqs = 2 ¢(s) = créy
> Eqgbb := eval(Eq26, {Eq53, Eq541});
YN ¢ 1.C) 2 S 1.
2GM\* , _2GM
(-55) @ e
G M a? h?
e aem e
r(s)2e (—c + s) >
> M :=1; G :=1; c := 1;
M:=1
G:=1
e= 1
> Eq77 := r(0) = 11;
Eq77 :=1r(0) = 11
> Eq78 := D(r)(0) = 0;
Eq78 :=D(r)(0) =0
> Eq79 := phi(0) = 0;
Eq79 := ¢(0) =0
> Eq80 := D(phi)(0) = 0.0295;
Eq80 :=D(¢)(0) = 0.0295
> h := eval(lhs(Eq34), {r(s)=rhs(Eq77), diff(phi(s),s)=rhs(Eq80)1});
h = 3.5695

sqrt((1 - 2*M/rhs(Eq77))*(1 + h~2/rhs(Eq77)"2));
a := 0.9509661236

=

> Vsq := sqrt((1 - 2«M/x)*(1 + h~2/x72)):
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> plot([Vsq, al, x=2..25, a-0.01*a..a+0.01*a, legend=["effective

> potential, "energy"l);

0.96 1
0.958 -
0.956 -
0.954
0.952 -

0.95 -
0.948 1
0.946 -
0.944 -
0.942 4

5 10 15 20 25

effective potential
energy

> ini := Eq77, Eq78, Eq79;
ini :=1(0) = 11, D(r)(0) = 0, ¢(0) =0

> Eq91 := dsolve({Eq54, Eq55, ini}, {r(s), phi(s)}, numeric,
> output=listprocedure) ;
Eq91 := [s = (proc(s) ... end proc), ¢(s) = (proc(s) ... end proc),
r(s) = (proc(s) ... end proc), <& r(s) = (proc(s) ... end proc)]
> with(plots):

Warning, the name changecoords has been redefined

> polarplot([rhs(Eq91(s) [3]), rhs(Eq91(s)[2]), s=0..500],

> scaling=constrained);
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> pl := plot3d([x*cos(t), x*sin(t), sqrt(8*(x-2))], x=2..14,

> t=0..2%Pi, style=hidden):
> p2 := spacecurve([rhs(Eq91(s)[3]), rhs(Eq91(s)[2]),

> sqrt(8*(rhs(Eq91(s) [3]1)-2)), s=0..500], coords=cylindrical,

color=black, numpoints=400) :

> display([pl, p21);

> animate(polarplot, [[rhs(Eq91(s)[3]), rhs(Eq91(s)[2]), s=0..tl],

> t=0..500, scaling=constrained);
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> p3 := animate(spacecurve, [[rhs(Eq91(s)[3]), rhs(Eq91(s)[2]),

Vv

sqrt (8% (rhs(Eq91(s) [3])-2))]1, s=0..t, coords=cylindrical,

> numpoints=400, color=black], t=0..500):
display([pl, p31);

Vv

From the plot of the effective potential, the particle should be confined in an annular region
specified by 5.5M < r < 11.0M (geometrized unit), which we verify from the plot of the
trajectory based on numerical solution. We observe a precession of the particle’s motion. In
general relativity the space is curved. To visualize a curved space, we include an embedding
diagram of a slice of the equatorial plane, with depth z to accommodate the actual radial
distance, which is greater than the coordinate 7 by a factor of (1 — 2M/r)~1/2. With G =
c = 1, the embedding formula for the Schwarzschild metric is

z2=+/8M(r —2M); (18.46)

see Appendix B.5 for a derivation. We also list in the worksheet the code used to implement
animation for this motion.

18.4 Robertson—Walker Metric

We introduce a metric that depends on time. On a large scale, our universe is homogeneous
and isotropic; the Robertson—Walker metric, on which standard cosmology is based, describes
these properties:

2

1 — kr?

—ds® = —2dt* + a* (1) ( + r2df* + 1% sin® 9d¢2> . (18.47)
In this metric, the time-dependent parameter a(t) is the cosmic scale factor; the time-
independent parameter &k determines the intrinsic curvature of space, which can be positive,
zero or negative. The metric tensor is

2
g = diag <—c2, ﬁ a?r?, a%r? sin® 9) , (18.48)
with coordinates
' = (t,r,0,9). (18.49)
Having Maple perform the calculations, we obtain the Einstein tensor from this metric:
22
0o _ a k
Gp=3 (m + E) , (18.50)
2a > k
1_ 2 _ 3
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Worksheet 18.5 After we provide g and coords, Maple evaluates the Einstein tensor; see
the worksheet in Section 18.2 for an explanation.

> coords := [t, r, theta, phil:
> g := array(symmetric, sparse, 1..4, 1..4):
> gl1,1] := -c~2: gl[2,2] := (a(t))"2/(1 - k*r~2):
> gl[3,3] := (a(t)*r)~2: gl[4,4] := (a(t)*r*sin(theta))"2:
> metric := create([-1,-1], eval(g));
—c? 0 0 0
£)2
, o 20 0 0
metric := table([compts = 1—Fkr? ,
0 0 a(t)? r? 0
0 0 0 a(t)? r? sin(9)?

index_char = [—1, —1]])

> tensorsGR(coords, metric, contra_metric, det_met, C1, C2, Rm, Rc,
> R, GEin, C):
> displayGR(Einstein, GEin);

The Einstein Tensor
non — 2€ro components :
3((& a(t)? + ke?)
a(t)?
2a(t) (4 a(t)) + (£ a(t))® + k
(=14 kr?)c?

r2 (2a(t) (L a(t)) + (& a(t)? + k ?)

G11 = —

G22 = —

G383 =

r?sin(0)? (2 a(t) (;—:2 a(t)) + (% a(t))? +kc?)
2

G4q =

character : [—1, —1]
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> rGEin := raise(contra_metric, GEin, 1);
d
3((LFa(t)*+kc?) i o a
c?a(t)?
rGEin = table([compts = 0 %1 0 0 |,
0 0 %1 0
0 0 0 %1

index_char = [1, —1]])

2a(t) (L a(t)) + (2 a(t))? + k2
a(t)? 2

%1 =

18.4.1 Evolution of the Universe

The much-discussed expansion of the universe refers to the increase in the cosmic scale factor
a with respect to time ¢. Observationally, a is proportional to the separation between two
galaxies. We can loosely consider that a is a measure of the “size of the universe.” Our
objective in this section is to find @ as a function of ¢, so that we can understand the past,
present and future states of the universe.

From our intuitive perspective, the universe contains stars and galaxies, but on a large scale
the universe is approximately homogeneous and isotropic. To simplify the calculations, we
treat the constituents of the universe as a perfect fluid. According to this approximation, we
can choose a comoving frame and express the energy-momentum tensor as a diagonal matrix
consisting of the energy density £ and pressure P,

T = diag (—&, P, P, P). (18.52)

Because Ty is always positive, 73 has the same sign as g°°, which is negative according to
our definition.

The 0-0 component of the Einstein equation gives the Friedmann equation,

a? ke 871G

-+ —=—-=¢ 18.53
a? + a? 3c2 ( )
which governs the evolution of the universe. This first-order differential equation is in princi-
ple solvable if £, generally a function of a, is known.

We first perform a calculation by considering a toy model: a universe consists of only matter.
According to this model, the mass density p = £/c? is inversely proportional to the volume,
s0 p = poa~3, where pg is the mass density at present and a at present time (¢) is set to unity.
The Friedmann equation becomes

a? ke _ 871G po

— = . 18.54
a? a? 3 a’ ( )
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We eliminate cumbersome parameters with these substitutions: a = [87Gpo/(3¢?)]as and
t = [8mGpo/(3c?)]t.. With such rescaling of the coordinates, k becomes —1, 0, or +1 for
negative, zero, or positive spatial curvature, respectively:

da.\* 1
( a ) th=— k=-1,0 1. (18.55)
dty s
This equation can be solved analytically. For £ = 0,
1
Qs = 1(12’5*)2/3' (18.56)

Worksheet 18.6 We use dsolve to attack the differential equation directly. Maple returns
several solutions, from which we choose the real positive solution.

> Eql := diff(a(t),t)"2 = 1/a(t);
1
Eql = (& e —0
ol = (Fa) = o
> Eq2 := dsolve({ Eql, a(0)=0}, a(t));
12(2/3) $(2/3) 12(1/3) $(1/3)  q 2
Eq2 =at)=—— alt) = ————— + =~ 1+/312(1/3) 4(1/3)
4 4 4
—124)@/3) “124)/3) 1 °
uw:L—f——ﬁ@:(—L—f——+11ﬁ%4mwﬁv,

2

12(1/3) 1(1/3)
at) = (—f

2
_ i[\/g12(1/3)t(1/3))

Therefore, for a flat universe dominated by matter, the size of the universe is proportional to
time to the two-thirds power: a oc t2/3.

For k = 1, we also directly solve the differential equation.
Worksheet 18.7

diff(a(t),t)"2 + 1 = 1/a(t);

> Eql :

Eql = (% a(t))?+1= %

> Eq2 := dsolve({Eql, a(0)=0}, a(t));
Eq2 :=a(t) = —% sin(RootOf(2_Z — 4t +2/cos(_Z)? — 7)) + %,

1 1
at) = = sin(RootOf (=2 _Z + 4t + 2 \/cos(_Z)%? —m)) + >
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On rearranging terms, we express this solution in parametric form. From the condition
—2Z +4t, 4+ 2cosZ —m =0,

we have
1

1 0
t 2 2 cos 4

Defining a parameter 7 as

™
= Z —
Ui + 5
we obtain
1 .
te = 5(77 —sinn), (18.57a)
1
ay = 5(1 —cosn). (18.57b)
The solution for the case & = —1 can be similarly obtained with Maple. There is an alternative

way to solve this problem by using 7, the “conformal time,” to parametrize a, which we leave
as an exercise at the end of the chapter.

We summarize the solutions in three scenarios, which all have a reference point such that
a4(tx = 0) = 0, of the Friedmann equation for a universe of only matter:

e flat universe (k = 0)

Qs = 2(127:*)2/3; (18.58)

e closed universe (k > 0)

1

te = 5(7] —sinn), (18.59a)
1

a. = 5(1 - cosn); (18.59b)

 open universe (k < 0)

t, = —(sinhn —n), (18.60a)

(coshn — 1). (18.60b)

1
2
1
CL*—E

We plot the dependence of the cosmic scale factor a. on time ¢, for an open, a closed and a
flat universe.
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Wor ksheet 18.8

>

with(plots):

Warning, the name changecoords has been redefined

>

>
>

pl:=plot([-1/2*(theta - sinh(theta)), -1/2*%(1 - cosh(theta)),

theta=0..2xPi], 0..3, color=green, legend="open"):
p2 := plot(1/4*(12*t)~(2/3), t=0..Pi, 0..3, color=blue,

legend="flat"):
p3 := plot([1/2*(theta - sin(theta)), 1/2*(1 - cos(theta)),

theta=0..2*Pi], color=red, legend='"closed"):
display([pl, p2, p31);

33
25-
2-
15-
L
05-

0 0.5 1 15 2 2.5 3
open

flat
closed

This plot demonstrates the result of general relativistic cosmology: other than at a later stage
for k > 0, the universe is expanding. Furthermore, in all scenarios one can trace the universe
back to a singularity a = 0, which implies infinite density and temperature; this singularity is
called the big bang. Although currently known physical laws fail at this singularity, that fact
does not preclude our defining a zero of time at this singularity merely as a reference point.
According to this definition, the age of the universe is finite.

Before 1998, cosmologists thought that this toy model did indeed reflect our universe, and
that the fate of the universe would depend on the intrinsic geometry: k£ < 0 for perpetual
expansion, or k > 0 for eventual collapse. Observations of type la supernovae indicate that
our universe is expanding at an accelerating rate!> One implication is that the universe might

3A. G. Riess et al., “Observational evidence from supernovae for an accelerating universe and a cosmological
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contain energy in a form similar to the cosmological constant proposed by Einstein, called the
vacuum energy. An acceleration is understandable from the -2 component (¢ = 1, 2, 3) of the
Einstein equation:

..2 . 2 k 2 8 G
2 L 2 - Tp (18.61)
a a a c
We combine this and the Friedmann equation to obtain an equation for acceleration ¢ only:
a2 AnG
—=———=BP+¢). 18.62
=7 BP+E) (18.62
The relation between £ and P is an equation of state, for which a simple relation suffices:
P =wé€. (18.63)
For matter, w = 0; for radiation, w = 1/3 (see Section 17.5); for vacuum energy, w = —1.

With the vacuum energy, 3P + £ < 0, thus @ > 0, and expansion of the universe is acceler-
ating. The nature of vacuum energy remains the greatest unsolved problem in physics. Any
energy with w < —1/3, commonly refer to as the dark energy, causes accelerated expansion.

The first law of thermodynamics provides the relation dU = —PdV for an adiabatic process.
The volume is proportional to the cube of scaling factor a: V oc a®; hence we write

d(Ea®) = —Pd(a®) = —w&d(a®).
Solving this differential equation yields
£ =pc? x q—30+w), (18.64)

To describe our universe accurately, we must consider energy in all forms: for matter, p o
a~3; for radiation, p oc a—*, and for vacuum energy, p = constant. While the energy density
contributed from matter and radiation decreases as the universe expands, that from the vacuum
energy remains constant. If the vacuum energy in the above simple model (w = —1) is
correct, it will control the destiny of our universe. A model of the universe containing only
matter serves as a satisfactory approximation for much of the history of our universe, but it is
inadequate to describe the future; the discussion of the connection between k and an open or
closed universe discussed a few years ago was obsolete.

In observing galaxies or supernovae for cosmological investigation, astronomers measure their
brightness and redshift: from the brightness of an object we deduce its distance; from the
redshift we deduce the scale factor a(t) at that time. A plot of redshift versus distance for
a collection of supernovae constitutes a Hubble diagram, which provides a test of a solution
a(t) of the Friedmann equation. Astronomers prefer to express results of data reduction in
terms of the Hubble parameter H, and dimensionless density parameter {2; thus we express
the Friedmann equation to conform to these quantities. The Hubble parameter is defined as

_a (18.65)

constant,” Astronomical Journal, 116, 1009-1038 (1998); S. Perlmutter et al., “Measurements of 2 and A from 42
high-redshift supernovae,” Astrophysical Journal, 517, 565-586 (1999).
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which is a function of time; the present value is denoted H. The density parameter is defined
as

81Gp

=3

(18.66)

which is also a function of time; with pg and Hy, its present value is £2g. The significance of
Q is that 2 = 1 corresponds to & = 0, £ < 1 corresponds to k < 0, and 2 > 1 corresponds
to k£ > 0. The redshift parameter is defined as

alto) _ 1 (18.67)

a(t)’

At present z = 0, so y = 1. It is convenient to set a to unity at the present time, to; i.e.,
a(ty) = 1.

According to this notation, the Friedmann equation becomes

k2
H2+a—2:H29.

Because £ is a constant, we express it in terms of the present values of the Hubble parameter
and the density parameter,

kC2 = Hg(QO - 1)

Supposing that €y pertains to energy in the three possible forms listed above, we decompose
it into

Qo = Qm + Q + Qa, (18.68)
where (), pertains to matter, ), to radiation, and €25 to vacuum, all present values.

Each component of energy density among these three depends on the scaling factor a differ-

ently: p oc a—3(1+%); the density p as a function of a is expressed as

8r& = H2(Qma 2 + Qa4+ Qp) = H2(y® + Uyt + Qn) (18.69)
3 p = y(ilina a A) = g (dimY Y A)- .

The Friedmann equation terms of currently observable parameters, Hy, (), €2;, {25, become:

a2 H2(Q—1)
2 2

= HZ(OQma™® + Qa4+ Qp) | (18.70)
a

This equation includes energy in three possible forms: at an early stage when a was small,
the universe was dominated by the radiation term €);; as the universe expanded, it became
dominated by a matter term €2,,; it will eventually be overtaken by a vacuum energy term 2, .
Although we can obtain no analytic solution of the Friedmann equation that includes energy
in all possible forms, we can solve it numerically.
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The solution of the Friedmann equation a(t) indicates how the universe evolves; conversely,
we invert the function to obtain ¢(a), which indicates the age of the universe. To find ¢y =
t(ao), we evaluate an integral:

ll(to) d /!
to = / =, (18.71)
0 a
With the following change of variables,
1 d
a=—, da= ——3;,
Y Y
1 1 y
a aH H’

from the Friedmann equation, we obtain
H = Ho[Quy® + Qy* + Qa — (0 — 1)y%/2.

We express equation (18.71) in terms of currently observable values:

1 [ dy
to = — . 18.72
" H, /1 Y[Omy? + Lyt + Qp — (Qo — 1)y?]1/2 ( L

Finally, we employ equations (18.72) and (18.70) to find the age of our universe and its evolu-
tion according to a currently popular model. As mentioned, the universe is believed to contain
dark energy that accelerates its expansion. A widely used model conforming to currently
available observations is a flat universe with matter and vacuum energy, ignoring the contribu-
tion of radiation (€2, = 0) because it was important for only a brief epoch in the entire history
of the universe. According to this model, 2o = 1, or 24 + O, = 1. We have

1 [~ dy
to = — . 18.73
o A ey R
We can evaluate this integral exactly:
2 1n-1/2 1+9,/”
to = gHO QA In W (1874)

With a recently obtained value* Q5 = 0.73, and Hubble parameter Hy = 0.71 x
(9.77813 Gyr)~!, see Table A.2 in Appendix A, the age of the universe t is 13.7 bil-
lion years.

The Friedmann equation for such a model is

C.L2

— = HZ(0.27a72 +0.73), (18.75)

which we can solve numerically.

“From the Wilkinson Microwave Anisotropy Probe (WMAP) mission; see http://map.gsfc.nasa.gov and
C. L. Bennett et al., Astrophysical Journal Supplement, 148, 1 (2003).
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Worksheet 18.9 The age of the universe, based on the model Q5 + Q,, = 1, can be exactly
integrated; the result is Epr4, which is measured in terms of H !, Adopting a commonly
cited value, H; b= 9.77813 /0.71 Gyr. For the Friedman equation, instead of using an ini-
tial condition a(0) = 0 as in preceding worksheets, we shift the zero of time to the present
(to = 0) in the dsolve command, and use a condition a(0) = 1 to avoid a singularity as the
initial condition for numerical solution. From the plot, we trace back to a big bang for which
a(—to) =0.

assume (Omega [Lambda]>0) :
Eprl := 1/(y*sqrt((1 - Omega[Lambda])*y~3 + Omega[Lambdal));
1

FEprl =
Yy — y3 Qa +

> Epr2 := int(Eprl, y=1..infinity);
arcsinh _ Ve
V1—Qxp
Epr2 .= -
3 VAN
> Epr3 := convert(simplify(Epr2), 1n);
VQ
oy (A LTy N U1
2 AR 1—Qp
Epr3 .= -
3 VAN
> Epr4 := eval(Epr3, Omega[Lambda]=0.73);

Epr4 = 0.9926868740
> t0 := Epr4/0.71%9.77813;
10 = 13.67129761
> Eqll := diff(a(t),t) = sqrt((1l - Omega[Lambda])/a(t) +

> Omega[Lambda]*a(t)~2);

1—Qxp
Eqll == % a(t) = Q 2
q dt a(t) \/ a(t) +82p a’(t)
> Eql2 := eval(Eqll, Omegal[Lambda]=0.73);
0.27
Eq12 .= & = ,[/— : 2
q12 == 3 a(t) \/a(t) +0.73a(t)

dsolve({Eql12, a(0)=1}, a(t), numeric);
Eq13 := proc(z_rkf45) ... end proc

> Eql3 :

> with(plots):

Warning, the name changecoords has been redefined
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> odeplot(Eql3, [t, a(t)], -Epré4..2xEpr4, axes=BOXED);

If the model Q,, + Q5 = 1 is correct, then from the plot we are currently, at time 0, in an
epoch of accelerating expansion.

Exercises

1. In Section 18.1 we state that the Riemann tensor, not the Christoffel symbols, represents
the intrinsic nature of geometry, and a space is flat if the Riemann tensor vanishes. Em-
ploy Maple’s tensor package to evaluate the Christoffel symbols and components of the
Riemann tensor for the metric in equation (18.5), and verify that such a space is flat but
that there exist nonvanishing Christoffel symbols.

2. A centrally symmetric metric in a general form is
—ds® = —c*e’dt® + e Ndr® 4 r*(d6? + sin® 0d¢?), (18.76)

where both v and A are functions of r and ¢. Employ the tensor package to evaluate
all the Christoffel symbols and components of the Einstein tensor. One can verify the
answer with that in Misner et al. 1973, p. 360ff.

3. Compare the result of planetary motion in Section 18.3 based on general relativity,
with that from the calculation based on Newton’s law of gravitation introduced in Sec-
tion 4.3.1.
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The Kerr metric describes a rotating object; it is characterized by mass M and spin
angular momentum .J. In the equatorial plane, the Lagrangian is (setting c = G = 1)

1 oMY ., 2aM .. 12 1 2a2M\ -
JA— (1__) (el Y R <r2+a2+a—) 3, (18.77)
T T

2 r 2A 2
where
A=7r2—2Mr+d (18.78)

Consider the motion of a particle under this metric using the technique introduced in
Section 18.3.3

The Robertson—Walker metric for a space of negative curvature can alternatively be writ-
ten as

—ds? = a®(n)[dn* — dx? — sinh? x(d6? + sin® 0 d¢?)]; (18.79)

in this form, 7 is the “conformal time” which is related to ¢ as

dt
dn = . (18.80)
a
(a) From this metric, verify that
3.
Gl = ~2(a* - ),
where the dot denotes differentiation with respect to 7.
(b) The Friedman equation is thus
8rG 3.
0—45 = E(GQ — az).
For a matter-only universe (€ oc a~2), we rewrite the above equation as
1 8rGpa?
C'= a(dz —a?), C'= Wgcga = constant.
Solve this differential equation to verify that
C/
a= 7(cosh77—1), (18.81a)
and
1 c’
t= —/adr]: — (sinhnp — 7). (18.81Db)
c 2c

SSee F. Y. Wang, “Relativistic orbits with computer algebra,” American Journal of Physics, 72, 10401044 (2004).
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Replacing sinh y with sin x gives a space of positive curvature; repeat the above proce-
dure and obtain equation (18.59).

6. Consider a flat universe k = 0 that is dominated by radiation; therefore & oc a~*. This
condition applied for the early universe; the Friedmann equation is

day 2 1
(dt ) = (18.82)

*

Solve this equation to prove that a, o t'/2,

7. If the model Q0 + Q = 1 is correct, the universe will eventually be dominated by the
vacuum energy. Under these conditions, the Friedmann equation becomes

da

2
(E) = HZOpa®. (18.83)

Solve this equation to prove that a oc eV ot
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A Physical and Astrophysical Constants

This appendix contains values of the physical and astrophysical constants relevant to the
calculations in this book; the figures in parentheses after the values give the 1-standard-

deviation uncertainties in the last digits.

Comprehensive tables and a discussion are

available in the Review of Particle Physics, Physics Letters, B 592, 1 (2004), or through

the internet at http://pdg.lbl.gov.

An alternative source of physical constants

recommended by the Committee on Data for Science and Technology is available at
http://physics.nist.gov/constants.

Table A.1: Physical constants.

Quantity Symbol Value

speed of light in vacuum c 299792458 ms~!

Planck constant h 6.626 068 76(52) x 107** I's
Planck constant, reduced h=h/2m 1.054 571 596(82) x 1073* I's
electron charge magnitude e 1.602 176 462(63) x 1077 C
electron mass Me 9.109 381 88(72) x 1073 kg
proton mass mp 1.672 621 58(13) x 10727 kg
unified atomic mass unit u 1.660 538 73(13) x 10727 kg
permeability of free space 1o 4t x 107" NA™2=12566... x 107" NA~?
permittivity of free space €0 =1/poc*  8.854187817...x 107 ? Fm™!
gravitational constant Gn 6.673(10) x 107" m* kg™! 572
standard gravitational acceleration g, 9.806 65 m s~ 2

Bohr magneton pup = eh/2m.  9.27400899(37) x 1072* Am?
Avogadro constant Na 6.022 141 99(47) x 10** mol ™"
Boltzmann constant k 1.380 6503(24) x 1072* JK~*

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

ISBN: 3-527-40640-9
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Table A.2: Astrophysical constants.

A Physical and Astrophysical Constants

Quantity Symbol  Value
solar mass Mo 1.9889(30) x 10°° kg
solar equatorial radius Ro 6.961 x 10° m
Earth mass Mg 5.974(9) x 10** kg
Earth mean equatorial radius Rg 6.378140 x 10° m
parsec pc 3.085 677 5807(4) x 10'° m
Hubble parameter Hy (717%) km s~* Mpc™*
= (0.71%552) x (9.77813 Gyr) ™"
cosmic background radiation temperature’  7p 2.725£0.001 K

T Subscript 0 indicates present-day values.
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B Mathematical Notes

B.1 Legendre Equation and Series Solutions

In Chapter 5, we encounter many special functions that arise as solutions of particular second-
order differential equations. These solutions are obtained by expressing a trial solution as a
power series. By substituting that series into the differential equation, and comparing coeffi-
cients, one deduces a recurrence relation that allows evaluation of successive coefficients.

As an illustrative example, we solve the Legendre equation first seen in Section 5.4:

2
(1—1:2)% —ZxZ—gyC—Fl(l—Fl)y:O. (B.1.1)

Let the solution take the form of a power series,
o0
y=> ap’; (B.1.2)
k=0

we directly find the first and second derivatives,

_ k—1 _ k—2
A ; kaga* ™!, o5 = kz_; k(k —1)apz"2. (B.1.3)

Substituting equations (B.1.2) and (B.1.3) into the Legendre equation (B.1.1), we have
(1—2") Y k(k = Daga?™? =20 " kaa™' +10+1)) apa® =0, (B.1.4)
and further arrangement yields

Zkk Dagz"~ Zkk Dagz® —ZQkakx +1(1+1) Zakx =0. (B.1.5)

k=2 k=1 k=0
For convenience in comparing coefficients, we shift the index of summation in the first term
by making a change k — k + 2:

oo

> (k+2)(k+1)ax 22" = k(k—1)az —ZZkaka: +(14+1) Zakx =0. (B.1.6)
k=0 k=2 k=1 k=0

Physics with Maple™: The Computer Algebra Resource for Mathematical Methods in Physics. Frank Y. Wang
Copyright © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 3-527-40640-9
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Collecting coefficients of the term 2%, we discover that, for any k > 2, the condition
k(k—1)+2k—1(l+1)
(k+2)(k+1)

must be satisfied. This formula is the recurrence relation, according to which we can evaluate
successive coefficients.

Akt2 = ag (B.1.7)

Deriving the recurrence relation involves a straightforward, but typically tedious, comparison
of coefficients. For a second-order differential equation, one can employ Maple to generate
a sum containing five consecutive terms, then collect coefficients to produce the recurrence
relation.

Worksheet B.1 We write a polynomial that is a sum of five terms, and insert this directly
into the differential equation. With Maple’s command coeff we collect coefficients of x to
kth power to derive the recurrence relation.

>y = Sum(a[i]*xhi, i=k—2.-k+2);

yi=ap_ox® 2 £a_1 2R Lap 2k +ay 2R 4ogp o 22

EqP := (1-x"2)*diff (y,x$2) - 2*x*diff(y,x) + 1x(1+1)*y=0:
Eql := simplify(EqP):
Eq2 := map(coeff, Eql, x"k);

Eq2 ::2ak+2+ak+2k2+3ak+2k—|—lak+lgak—akkg—akk:0
> Eq3 := isolate(Eq2, al[k+2]);
—lap —Pay+apk®+apk
2+ k2+3k

Eq3 = apyo =

> Eq4 := factor(Eq3);
ap (I +1+k)(l—k)

k12 1tk

Eq4 = apy2 = —

Maple rearranges the recurrence relation to give

(k+1+1)(k—1)

IR (B.1.7)

Ap42 =

Although our solution is originally expressed as an infinite series, if [ is a positive integer,
the series terminates when k = [. Therefore, an infinite series as a solution to the Legendre
equation becomes a polynomial of degree [ if [ is zero or a positive integer.

We must exercise care about the lowest terms, i.e., the constant term and the linear term,
because they might not conform to the recurrence relation. For this problem, the constant
term, with k = 0, gives

(l+1)

az = —=——a, (B.1.8)
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and the next term, with k = 1, gives

2—1(1+1)

az = 6

ai; (B.1.9)

both terms conform to a general recurrence relation. Because the recurrence relation relates
ak+2 and ay, (second one before), we have an even series with coefficients ag, a9, aq, . . ., and
an odd series with coefficients a1, as, as, . ... We employ Maple to find explicit solutions for
the Legendre equation when [ is a positive integer.

Worksheet B.2 We define a polynomial explicitly, and insert it into the Legendre equation,
from which we find the recurrence relation. For the even series, we set ag = 1 and a; = 0;
for the odd series we set ap = 0 and a; = 1. For a positive integer [, we obtain solutions
expressed as a polynomial of degree [. A simple FOR loop serves to generate the polynomials.

> y := add(al[il*x~i, i=0..8);
y:=a0+a1:z:+a2:z:2—|—a33:3+a4:z:4—|—a53:5+a6:z:6+a73:7+a83:8

> Eqll := (1-x"2)*diff(y,x$2) - 2*x*diff(y,x) + 1*(1+1)*y=0;

Eql1 .= (1 —22)(2az +6azx + 12a4 2% + 20 a5 3 + 30 ag v* + 42 a7 2° + 56 ag 2°)
—2x (a1 +2azx+3a3x® +4as2® +5a52* +6ag2® + Tar 2%+ 8ag ")

+1(l+1D(ap+arx+azz?+az2® +asx* +asx® +ag2® +arx” +agaxd) =0
> Eql2 := collect(Eqll, x);

Eqi12 := (—72as+1(l+1)ag)z® + (=56a7 +1(I +1)ay) 2"

+ (56as —42ag +1 (I + 1) ag) 2® + (=30 a5 + 42a7 + 1 (1 + 1) a5) 2°
+ (@ (+1)as—20as+30ag) z* + (=12a3 +20as +1 (I +1)a3) 2*
+(12a4 —6az +1(1+1)az)z®+ (6as+1(l+1)a; —2a1)xz+2as+1(1+1)ag
=0

> a[2] := -1x(1+1)/2*a[0];

(_
(_

as :z—%l(l—i—l)ao

> for i from 1 to 6 do
> map(coeff, Eql2, x~1);
> isolate(%, ali+2]);

> assign(%);

end do:
al1] := 0; al[0] := 1;
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> for 1 from O by 2 to 8 do y end do;
1
1— 322
35
1-102% + — z*
3
231
1-2122 +63z* — — 2f
1— 362+ 198 z* —
> al0] := 0; all] := 1;

1716 6_|_1287 3
— —
5 7

an =0
aq =1
> for 1 from 1 by 2 to 7 do y end do;

In Table B.1 we list several solutions that are called Legendre polynomials P;(z). Note that
our listing here differs from Table 5.1 by a constant factor.

Table B.1: Solutions to the Legendre equation.

[ Solution

0 1

1 =z

2 1-—3z2
5

3 x-— §x3

4 1—102%2+ =—z*
14 21 .

5 - —2° °
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B.2 Whittaker Function and Hypergeometric Series

If we use Maple to directly solve those well-known Schrédinger equations that admit analytic
solutions, we often obtain the Whittaker function. In this section we first discuss the Whittaker
functions and their connection to the hypergeometric series, then apply this knowledge to three
common problems in quantum mechanics.

The Whittaker equation is

d*W (z) 1k L-m?
gt (i we =0 @20

its solution is

%—Fm—kx (%+m—k)(%+m—k)x2+
112m + 1) 212m + 1)(2m + 2)

Mk,m(x) — $1/2+me—w/2 |:1 +
(B.2.2)
This solution can be written in terms of the confluent hypergeometric function, defined as

ar ala+1)a?

Fla,v;z) =1+ ——=+ —— B.2.3
(@ 7:2) I A1) 2! B2
The solution M}, ,,, () thus becomes
1
My () = e72/2gm+1/2p (5 +m—k1+2m; x) . (B.2.4)

In the preceding section we have learned that we can solve a differential equation using power
series; therefore it is not surprising that a solution to the Whittaker equation can be expressed
as a hypergeometric function, which is a power series.

We employ Maple to solve the Whittaker equation directly.
Worksheet B.3

> Eql := diff (W(x), x$2) + (-1/4 + k/x + (1/4 - m~2)/x"2)*W(x) = 0;

k ——m

: 1
Bl = (g W(@) + [ =7+~ + = = | W@ =0

> Solnl := dsolve(Eql, W(x));
Soln1 := W(z) = _C1 WhittakerM(k, m, z) + _C2 WhittakerW (k, m, z)

Because the Whittaker equation is a second-order differential equation, there must exist a
second independent solution. From the symmetry of m, which appears as m? in the differen-
tial equation, another solution is readily obtained as M}, _, (z). Maple returns two functions:
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WhittakerMand WhittakerW. From Maple’s help facility, one finds that WhittakerMcan be
converted to a hypergeometric function as stated above. The second solution WhittakerW is
related to KummerU, which is not explicitly defined in Maple help. Instead of using My, _,, (x)
as the second solution, WhittakerW is actually a combination of My, ,,, (z) and My, _, (2):

I'(—2m) My (2) + I'(2m)

Wem(®) = F gy M T3 +m—k)

My —m (). (B.2.5)
Although not directly affecting our discussion of quantum mechanics, we consider a somewhat
complicated situation of the Whittaker equation. Using the power series to find solutions, we
must remain aware of the singular point. Near a singular point, instead of writing a general
solution such as equation (B.1.2), we must use

y=a"y apt, (B.2.6)
k=0

where ¢ is to be determined by the indicial equation; see our discussion of the Coulomb
potential in Section 16.4. There is a mathematical theorem that, if roots (say r; and r3) of
the indicial equation differ by an integer, the solutions in the form of equation (B.2.6) are
not independent of each other. In the current example, if 2m is an integer, then M, ,,, () and
My, —m () are not independent. To find the second independent solution, one needs to include
a logarithmic term:'

y2 = gyr Infa] + x| |1+ Ckxk] : (B.2.7a)
k=1
where
y1 = || Z apx”. (B.2.7b)
k=0

The coefficients g, ay and cj, can be determined by the method introduced in the preceding
section. We refrain from elaborating this equation further, because for most physical appli-
cations the second solution is unsuitable. The situation is similar to the Bessel functions, for
which we typically use the Bessel function of the first kind J, (x), not of the second kind
Y, (z) because the latter diverges at the origin.

B.2.1 Harmonic Oscillator

We use Maple to solve the problem of the harmonic oscillator; the pertinent differential equa-
tion is

h? d? 1
_Z dwx(f) + §Mw2$2’t/1($) = By (). (B.2.8)

Boyce and Diprima 2001, p. 277ff.
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Worksheet B.4
> Eql := -h_"2/(2*mu)*diff (psi(x), x$2) + 1/2*mu*omega”~2*x~2*psi(x)
> = Enxpsi(x);
182 (L, 1
Eql = —= M + Z pw?2?P(z) = Eni(z)

2 W 2
> Solnl := dsolve(Eql, psi(x));

Solnl :=(x) =

E 2 En 1 2
_c1 WhittakerM( " poT ) _ 02 WhittakerW (2 o o “‘;x )

1
2wh_ 4 h_ N wh
VT VT

According to this Maple output, we obtain functions WhittakerMand WhittakerW; we retain
the former. First, we define a parameter &,

_ B (B.2.9)

then convert WhittakerM into a hypergeometric function. With this notation,
M (2) = M(k;m; 2), (B.2.10)

from Maple we have

1 1E 1 1 3 1E 3

—M (o8 ) = —e 2GR (2 - - — 58 B.2.11

NG (2%’4’5) NG ¢ 1 2m 2 ) ( )
and the other solution is

1 1E 1 1 1 1E 1

M (== 22 ) = e 22 (2 - 2 22 B.2.12

Ve <2hw’ 4’€> NG ¢ 1 2m 3¢ ( )

Examining the hypergeometric functions, we see that, if « is a negative integer or zero,
F(a,, z) reduces to a polynomial of degree |«|. We have encountered this condition in
attacking the Hermite equation in Section 15.4, for which the series terminates only if A is
zero or a positive integer. From the first solution, we must have

3 1F 1

- _ = — _ E,= (2 1 - , B.2.1
1 57 n, [( n+1)+ 2] hw ( 3)
and from the second solution, we must have

1
=-n, F,= (2n + 5) hw, (B.2.14)

e

1 1
4 2
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where n is an integer, so that the solution remains finite when = approaches infinity. Combin-
ing these formulas, we obtain discrete energies as

E, = (n+ %) hw. (B.2.15)

We can express the Hermite polynomials in terms of the hypergeometric functions, namely

2n)! 1
Hap(z) = (—1)"%)F (—n, 5;22> , (B.2.16)
and
Honsr(2) = (—1)" (2"717‘?1)2 F( 3;22). (B.2.17)

We thus have the wave functions of the harmonic oscillator. According to this example,
we conclude that careful analysis of the Maple output enables us to obtain solutions of the
Schrodinger equation in certain cases.

B.2.2 Morse Potential

We apply the dsolve command to solve the Schrodinger equation for the Morse oscillator:

h2 de( ) —ax\2 _
“op da? + Wl —e ) Y(x) = Ey(z). (B.2.18)
Worksheet B.5
> Eql := -h_"2/(2*mu)*diff (psi(x), x$2)

> + VO*(1 - exp(-alphax*x)) ~2*psi(x) = Enxpsi(x);

% h? (fr ¥(@)) + V0 (1 - e (a) = Bnyp(w)

> Solnl := dsolve(Eql, psi(x));

FEql = —

Solnl :=(z) =
/ (—ax)
_C1 (5") WhittakerM \[\/— ,\f\/_m AL
ah_ ah_
g E 2 / —QaxT
+_C2 e(*5) WhittakerW (f\/_ ) \/—\/_0\[/;:/07” \/_\/_ah . )
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We again obtain WhittakerM and WhittakerW, of which we discuss the former. Defining

V 2u(Vo — FE
€ = 2¢/2pV0 e g = /1'( 0 )’ (B.2.19)
ah ah

we convert WhittakerM to a hypergeometric function,

L < V2uVo, v 2“(:2_ E);€> (B.2.20)

VE ah '
_ L e <1 VB VI | V2 B), 5)
VE 2 ah ah ah i

To have the hypergeometric function terminate at one term, we must have

1 2 —F
L Vo= F) v (B221)
2 ah ah

where n is an integer. From this result, we obtain the discrete energies,

2Vpa2 1 2p2 1\?
En = Iy Voo <n+ —) _ah (n+ —) . (B.2.22)
W 2 2 2

Adopting the abbreviated notation above, we express the wave function as

Un(z) = e7¢/265F(—n, 25 + 1;£). (B.2.23)

In Section 15.7, we plot these wave functions.

B.2.3 Coulomb Potential

The radial equation that arises in a wave-mechanical treatment of the hydrogen atom is

R? d [ 4dR(r) I(1+1)h? e?
— — — =F . B.2.24
2ur? dr [T dr ]4—{ 2ur? Ameqr R(r) R(r) ( )
Wor ksheet B.6
> Eql := -h~2/(8*Pi~2*muxr~2)*diff (r~2*diff (R(r), r), r)
> + (1x(1+1)*h~2/(8*Pi~2*muxr~2) - e~2/(4*Pi*epsilon*r))*R(r)
> = -EnxR(r);
1h22r (LR()+r2 (L R(r) [I(I+1)h2 ¢
Eal = —= dr dr _
Y 8 w2 pr? + ( 872 r? 47r£7“> )

= —EnR(r)
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> Solnl := dsolve(Eql, R(r));

§ 2 427 VE
_C1 WhittakerM ﬂ,l 1’ \/_7" n\//_n‘
4hevEn 2 h

Soln1 :=R(r) =

4hevVEnR 2 h

r

-
VY2 427 VE
_C2 WhittakerW (ﬂ L 42 n\/ﬁr>

_|_

Maple again provides two solutions, WhittakerM and WhittakerW, and only the former is
relevant in our discussion. Defining

2m\/2ukE
_ ATV A r, (B.2.25)
h
we convert the solution to a hypergeometric function as
1 V2ue? 1 V2pe?
- (—i;u —;Qp) — e PR (l p14+ Y 94 2;2p) . (B.2.26)
P 4h60\/§ 2 4h€0\/§
To ensure that the series terminates at one term, we must have
2 2
L4144 Y2 (B.2.27)
4h60\/§
where 7, is an integer. Let n = n,. + [ + 1; the discrete energies become
1 pet
E,=———. B.2.28
n? 8h2e3 ( )

This result, the same as from Bohr’s model, is expected. We let the reader verify that Laguerre
polynomials can be converted to a hypergeometric series,

(0 + )12

Ll o) = (n—1—1)(20+ 1)

n+l

F(l+1-n,20+2;p). (B.2.29)

We express the radial part of the wave function for the hydrogen atom in terms of Laguerre
polynomials in Section 16.5.

Exer cise Prove that for the potential

2
Vi) =A (% - g) . forz >0, (B.2.30)

the energy levels are

/ 8A 1 1 8m.Aa? 8m.Aa?
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For this potential, sometimes referred to as the Davidson—Klein potential, intervals between
adjacent energy levels are equal, like those of the harmonic oscillator, but with a greater resid-
ual energy.

B.3 Clausius-Mossotti Equation

We derive the Clausius—Mossotti equation mentioned in Section 13.5, which relates the di-
electric constant to the atomic polarizability. As definitions of dielectric quantities are not
universally agreed, and as units in various systems might cause confusion, we first clarify the
terminology. Adopting SI units, the electric displacement D is defined as

D = E +P. (B3.1)
In linear media, the polarization P is proportional to the electric field E:
P = ¢ox.E, (B.3.2)

where € is the permittivity of free space and y. is the electric susceptibility. When this equa-
tion holds, typically when the field is weak, the electric displacement becomes proportional to
the electric field,

D (E, (B.3.3)

where ¢ is the permittivity; we must be aware that this equation is valid for a linear medium
only. We further define the dielectric constant, or relative permittivity, for such a linear
medium,

P
= =14 ye=14—: (B.3.4)
€0 EQE

which is the ratio of the permittivity to the permittivity of free space.

When an atom is placed in an electric field, a dipole moment p is induced. The atomic
polarizability is defined as

p = aEca. (B.3.5)

The polarization P signifies the total net dipole moment per unit volume; with n atoms per
unit volume, we have

P = np = naEca- (B.3.6)

The origin of an induced dipole is that an atomic nucleus is displaced in the direction of
the field, while the electronic density is displaced in the opposite way. For this reason, we
denote Ej,, for the field experienced by a particular atom, which differs from the averaged
macroscopic field E.
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Determination of a local field Ejo, is complicated because it combines the effects of the
externally applied field and the fields produced by neighboring atoms. For a gaseous sample
at low density, we can ignore the latter because atoms are far apart from each other, and use the
macroscopic field E as local field Ej,.,. The dielectric constant is related to the polarizability
as

P no
P=naF, xe=¢—1=——=—. (B.3.7)
EQE €0
For a condensed state, interactions between atoms play an important role. We express the
local field as

Elocal =E+ E17 (B38)

where E; accounts for contributions from neighboring atoms. According to a simplified
model, a polarized medium under uniform field E develops uniform P, and each atom oc-
cupies a spherical cavity. To calculate the electric field inside a spherical cavity, we need to
consider merely the surface charge density on the sphere, which is the “bound charge” dis-
cussed in most textbooks on electromagnetism.> Choosing the z axis to coincide with the
direction of P, we express the surface charge density as

o, =P -n= Pcosf. (B.3.9)

Recall Coulomb’s law in equation (6.7):

E(ry) = — /0(r2)e12da2. (B.3.10)

- 2
4meq 1o

With o}, for o(r2), at the center of the spherical cavity, 12 is the radius R; the z component of
the unit vector e;5 is cos 8; the area element is das = 2w R? sin 6 df. We evaluate the electric
field to be

E, —— cosH(2rR?*sinh) df = —

R2 N 360 '

1 / Pcos6 P BA3.11)
0

" 4reg

We conclude that the field in a spherical cavity is greater than the average field by an amount
P / 360.

To proceed to relate atomic polarizability to dielectric constant, the local field according to the
above approximation is

1
B = E+FE1 = FE+ ?P’ (B.3.12)
0

therefore equation (B.3.6) becomes

1
P = naBigca = na (E + —P) . (B.3.13)
360

2Griffiths 1999, p. 167.
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With the dielectric constant as defined in equation (B.3.4):
P

Fr=14+—. B.3.14
€ + oF ( )
we obtain the Clausius—Mossotti relation:
€ — 1 n
= — . B.3.15
€+ 2 3€0 @ ( )

Worksheet B.7 The calculations in this worksheet are straightforward.

> 3l g=
> 1/(4*Pixepsilon[0]) *int (P*cos(theta)/R~2*cos (theta)*2*¥Pi*R~2

> *sin(theta), theta=0..Pi);

E1 ::15
350
> E[loc] := E + E1;
1P
Eloc =14 = —
380

> Eql := P = n*alpha*E[loc];

1P
Eql :==P=na« (E—I———)

3 €o
> Eqg2 := epsilon[r] = 1 + P/(epsilon[0]*E);
P
Eq2 =¢, =14+ —
q € + o E
> Eq3 := solve({Eql, Eq2}, {alpha, P});

3eg(er—1)
Eq3 .= P=¢c,c0F — , = ——=
q3 { Er €0 o F, o n 2t }

The Clausius—Mossotti equation works reasonably well for gases and liquids consisting of non
polar molecules. To apply it solids, one must consider crystalline structure; see reference.’
Modifying the Clausius—Mossotti equation to take into account a contribution of molecules
with permanent dipole moments produces the Debye equation for dielectric constant; see
Section 13.5. The shortcomings of the Clausius—Mossotti relation root from the oversimplified
assumption about the local field; a correct expression for this local field is a vexing issue,
which is a topic of condensed matter physics.

In Section 10.6, we state that the speed of light in a vacuum is
1 .
v Ho€o 7

3C. Kittel, Introduction to Solid State Physics, 7th ed., New York: Wiley, 1996, p. 390.

CcC =

(B.3.16)
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the speed of light in media is naturally

1
= ) (B.3.17)
e
In optics, the index of refraction is defined as
e = <; (B.3.18)
v
thus the index of refraction is the square root of the dielectric constant:
e
Ny = —— = /€, = . (B.3.19)
Tioto (1= pio)

To relate the index of refraction to the atomic polarizability, equation (B.3.7) becomes

no= |1+ %142 (B.3.20)
€0 260

which is applicable to nonpolar molecules in a dilute gaseous state. We obtain the Lorenz—
Lorentz equation directly from the Clausius—Mossotti equation,

2
ng—1 n

= — B.3.21
n2+2  3e ( )

Q,

which applies to nonpolar molecules in a condensed state.

B.4 Bose-Einstein Integral Function

This section closely follows a method demonstrated by Robinson.*

The Bose—Einstein integral function is defined as

(2) = 1 /Oo "y (B.4.1)
go(z T /), 11 x. 4.

We expand this integral as a series in z to the positive powers,

22 22 24

gg(z):z+2—g+3—g+4—d+.... (B.4.2)

When z 2 1, it is more suitable to use another parameter

a=—Inz, (B.4.3)

4J. E. Robinson, “Note on the Bose—Einstein integral functions,” Physical Review, 83, 678-679 (1951).
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which is a small positive number. The series becomes

e—2o¢ e—30¢ e—4o¢

go(a) = e + 5o + 3 + e +.... (B.4.4)

Applying the Mellin transformation to ¢, («), defined as

—mao

G(o, :/WU =1, :/w ¢ s~1dq, B.4.5
(0,9) ; Jgo (@) o) ; Z e ol ( )

m=1

we can evaluate each term of the integral,

I(s)  T(s)  T(s)
9s+o 3s+cr gsto Tt

Glo,s) = T(s) +

from this trend, we deduce that the series is a product of a gamma function and a Riemann
zeta function,

G(o,s) =T(s)C(s +0). (B.4.6)

The inverse Mellin transformation is defined as

1 c+100 1 c+100
go () —/ G(o,s)a™%ds = — T'(s)((s +o)a"?ds, (B.4.7)

2T Sl ioo 270 J oo

where c is positive.

In the situation of our interest, o is positive but not an integer. For instance, o = 3/2 for
particle density, and o = 5/2 for internal energy. To evaluate the integral of the inverse
Mellin transformation, we choose a contour in Figure B.1. According to the complex residue
theorem, we must find the poles of the function I'(s)((s + o) in the region

R{s} < c.

We observe that the Riemann zeta function {(¢) has a simple pole at ¢ = 1, with residue 1, and
the gamma function I'(s) has simple poles at s = 0 or s = —n, where n is a positive integer,
with residue (—1)™/nl.

The Bose—Einstein integral function can thus be expanded near z = 1 as
(@) =T —0)a”! + i (_I)ZC(U —a! (B.4.8)
Yo Il . 4.
1=0

Worksheet B.8 Although we fail to directly obtain the Mellin transformation of the Bose—
Einstein integral function, we can perform the integration term by term and deduce the trend,
which gives a product of gamma and Riemann zeta functions. We plot the gamma and Rie-
mann zeta functions, and observe the locations of poles. The residue command serves to
find the residue of a contour integral.
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Figure B.1: Contour for evaluating the inverse Mellin transformation.

> assume(sigma>0);

> g := (sigma, z) -> 1/GAMMA(sigma)*int(x~(sigma-1)/(exp(x)/z - 1),

> x=0..infinity);
1 oo . (0—1)
g:z(o,z)—>—/ xw—dx
0

L(o) 6__1

> Eql := convert(taylor(g(sigma, z), z=0, 6), polynom);

Fol- - LR

FEql = — 4+ — 4+ — + —

q Z+2a+30+40+50

> Eq2 := subs(z=exp(-alpha), Eql);
(—a))2 (e(—a))3 (e(—a))4 (e(—a))5
E 0= (=) (6
q2€+20+30+40+50

> Eq3 := int(Eg2*alpha~(s-1), alpha=0..infinity);
Eq8 :=T(s) + 2(=9=9) T'(s) 4 3(=9=) ['(s) + 2(=29-25) ['(s) 4 5(-7=3) ['(s)
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> plot(GAMMA(s), s=-5.2..1.2, -5..5, discont=true);

> plot(Zeta(t), t=0..5,

-5..5, discont=true);

: \
4+ \
21
0 1 2 3 4
i t
—2
o
-4 \
1 |
> residue(Zeta(t), t=1);
1
> residue(GAMMA(s), s=0);
1

> residue(GAMMA(s), s=-1);

595
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> residue(GAMMA(s), s=-2);

1
2
> residue(GAMMA(s), s=-3);
-1
6
> residue(GAMMA(s), s=-4);
1
24
B.5 Embedding Formula
The Schwarzschild metric is
2GM dr? .
_ds? = (c2 - ) dt* — IW —7r?(df* + sin? 0d¢?). (B.5.1)
c2r

To visualize this geometry, we use an embedding diagram, for details see Misner et al. 1973,
p. 613. At one instant, a slice through » = 0 divides the space symmetrically into two halves;
such a slice is a curved two-dimensional space. If we keep 6 (= 7/2), ¢ and ¢ fixed, the metric
becomes

dr?
2 _
ds® = - ST (B.5.2)

c2r

Because the space is curved, the ratio of the circumference to the radius is less than 27; that is,
the radius is larger than that of a flat space. To accommodate the actual radius, we introduce
an artificial dimension z, so that

I iy B.5.3
—qar 9 A (B.5.3)
1— 2
c’r
therefore,
1/2
dz =+ 1 1 d
2=+ —aar r
1= 2
c?r

The depth z is the embedding formula, which is readily solved from the integral
1/2

z= / ﬁ -1 dr’ = 86'2]\4 (r — 2G2]V[>. (B.5.4)
2GM/e? | | _ 2 c c

62 r!
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Worksheet B.9 The integral is simple. To restore the freedom in ¢, we plot the surface of
revolution of z(r).

> z := int(sqrt(1/(1 - 2%G*M/(c~2*u)) -1), u=2*G*M/c"2..r);

[ GM )
2\/§ m(c 7"—2GM)

c2

B o=
> with(plots):

Warning, the name changecoords has been redefined
> pl := plot3d([r*cos(phi), r*sin(phi), sqrt(8*(r-2))],
> phi=0..2*%Pi, r=2..15):
> p2 := plot3d([r*cos(phi), r*sin(phi), -sqrt(8*(r-2))1],
phi=0..2%Pi, r=2..15):
display([pl, p2], style=hidden);

We plot the “Schwarzschild wormhole,” sometimes called the “Einstein—Rosen bridge,” which
connects two asymptotically flat universes together. One need not be excited about this topol-
ogy: causality prevents the possibility of “time travel” using such a solution; for details, again
see Misner et al. 1973, p. 837.

Exercise In 1988, Morris and Thorne devised a wormhole solution which would be stable if
negative-energy material could be manufactured.’ Their four-dimensional wormhole space

SM. S. Morris and K. S. Thorne, “Wormholes in spacetime and their use for interstellar travel: A tool for teaching
general relativity,” American Journal of Physics, 56, 395412 (1988).
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time is

1
2 26 7,2 2207002 4 win2 0742
ds® = —e“®dt* + =52/ dr® + r2(d” + sin” 0d¢~), (B.5.5)

where by is the radius of the throat. Find the embedding formula for this solution in the
equatorial plane at a fixed time.

Answer: z = by In (T/bo ++/(r/bo)? — 1).
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Bose-Einstein statistics 510, 515
boson 510, 541
brachistochrone 74, 98
bremsstrahlung 318
Brillouin function 393
Brusselator 68

Cartesian coordinates 173

catenary 81

Cauchy—Riemann equations 209

Cavendish’s apparatus for inverse square law
186

central-force problem 108, 465

chaos 64, 133

chemical potential 510, 540

Christoffel symbols 546

circuits

delta-star (A-Y) transformation, 259
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impedance bridge, 277
Maxwell bridge, 281
RC circuit, 264, 280
RL circuit, 265
RLC circuit, 266, 281
Wheatstone bridge, 260
classical radius of electron 68, 318
classical radius of the electron 397
Clausius—Mossotti equation 392, 589
coherent state 421, 450
completeness relation 146
complex notation 271, 290
complex number 3, 208, 271
polar form, 271
complex residue theorem 593
complex scalar product 291, 325, 402
Compton effect 383
Klein—Nishina formula, 397
Compton wavelength 384
conformal time 574
conic sections 116
constraint force 89
contravariant vector 356
Cornu spiral 347
cosmic scale factor 563
Coulomb potential 472, 587
Coulomb’s law 169
covariant vector 356
Curie law 391
curl 180, 244, 317
in spherical coordinates, 247, 308
curvilinear coordinates 172
cycloid 76, 238
cyclotron frequency 236
cylindrical coordinates 178

d’Alembert solution 284
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damped oscillation 45, 266
critical damping, 49, 267
overdamping, 46, 267
underdamping, 48, 267
damping coefficient 45, 266
damping force 45
Davidson—Klein potential 589
de Broglie wavelength 386, 404
Debye equation for dielectric constant 392
density parameter 569
dielectric constant 392
diffraction 334
electron, 386
diffraction grating 340
dipole moment 193, 243, 250, 306, 317, 390,
461, 504, see electric dipole, mag-
netic dipole
Dirac delta function 147
distribution
Bose-Einstein, 510
classical, 512
Fermi—Dirac, 510
Maxwell-Boltzmann, 390, 512
Planck, 540
divergence 180
Doppler shift 363
transverse, 366
double pendulum 102
double-well potential 450
driven oscillation 50, 271
driving frequency 52, 274
Duffing equation 128

eccentricity 116
effective number of species 541
eigenfunction 403, 471
eigenvalue 32,403, 471
eigenvector 32
Einstein field equation 547
Einstein summation convention 356, 546
Einstein tensor 547
Einstein’s theory of gravitation 548
elastic collision 12
relativistic, 368
electric dipole 198, 250, 257
difference between electric and magnetic
dipoles, 257
electric displacement 589
electric field 169, 253, 305, 321, 329, 373

Index

electric potential 181, 205, 244, 253, 492
multipole expansion, 190, 492
retarded, 306

electric susceptibility 392, 589

electric-dipole radiation 306
average power, 311, 387

elliptic integrals 127, 243

embedding diagram 563, 596

embedding formula 563, 596

energy-momentum tensor 547, 565

equipotential 197, 207

Euler angles 118

Euler formula 48, 290, 426, 494

Euler method 62

Euler—Lagrange equation 72, 74, 78, 80, 84,

86, 87,91, 94, 557

Fermat’s principle 351
Fermi energy 531
Fermi—Dirac integral function 529
Fermi—Dirac statistics 510, 528
fermion 491, 502, 510, 541
field point 170, 239, 306
fine-structure constant 397, 505
finite potential well 428
fluid motion 212
force response 56, 129
forced oscillation 52
four-tensor 373, 546
four-vector 354

contravariant, 356

covariant, 356
Fourier integral 143, 344, 415
Fourier series 139, 216
Fourier transform 143, 415
Fourier—Bessel series 158, 302
Fourier—Parseval theorem 166
Fourier-transform spectrometry 343
Fraunhofer diffraction 346
Fresnel diffraction 346
Friedmann equation 565
fugacity 513

Galilean transformation 353
gamma function 516, 593
Gauss’s law 181, 205
Gaussian function 37, 165, 295, 345, 415
Gaussian wave packet 297
in quantum mechanics, 415
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generalized coordinates 86, 401
generating function 151, 167
geodesic equation 77, 547, 556
Gibbs phenomenon 146
gradient 180, 199, 205
in cylindrical coordinates, 224
in spherical coordinates, 219, 251, 308
Green’s function 422
group velocity 292, 416

Hamilton’s principles seeprinciple of least ac-
tion
harmonic oscillator see simple harmonic os-
cillator
Hartree method 491
hartree unit 472
helium atom 507
Helmholtz coil 254
Hermite equation 436
Hermite polynomials 437
generating function, 167
Hubble diagram 569
Hubble parameter 569, 578
hydrogen atom 387, 472, 474
Bohr model, 387
hypergeometric series 446, 583
hysteresis 131

impedance 271
impedance bridge 277
index of refraction 351, 592
indicial equation 472
infinite potential well
one-dimensional, 426
three-dimensional, 497
interference 325
interferometer 343
International System of Units (SI) 306, 388,
589

jump phenomena 131

K meson 39

Kepler problem 109, 558
Kerr solution 573
Kirchhoff’s rules 261
Klein—Gordon equation 504
Klein—Nishina formula 397
Kratzer potential 504

Kronecker delta function 31, 147, 546
Kummer function 583

Lagrangian 82, 90, 376, 557
Laguerre polynomials 475, 588
associated, 475
generating function, 167
Rodrigues’ formula, 475
lambda point 528, 542
Lambert function 382, 395
Langevin function 391
Laplace equation 206
in Cartesian coordinates, 214
in cylindrical coordinates, 223, 301
in spherical coordinates, 218
Laplacian 180, 283
in cylindrical coordinates, 224, 301
in spherical coordinates, 219, 465
Legendre equation 147, 579
generalized, 221, 467
Legendre polynomials 147, 221, 582
associated, 256, 467
generating function, 151, 192
Rodrigues’ formula, 151, 467
length contraction 357
Lissajous figure 269, 281
Lorentz force law 235, 253, 373
Lorentz transformation 353, 373
Lorenz—Lorentz equation 592

magic numbers 502
magnetic dipole 250, 255, 390
difference between electric and magnetic
dipoles, 255
magnetic field 235, 253, 305, 373
magnetic susceptibility 391, 393
magnetic-dipole radiation 317
magnetization 235, 390
Maple
arrow notation, see Maple commands ->
assigning, 4
ditto operator, See Maple commands %
infinity, see Maple commands infinity
list, 8, 76
parametric plot, 76, 104, 110, 121, 236,
269, 323, 558, 568, 571
quotation mark, 141, 430, 452
sequence, 8
set, 5, 8
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unassigning, see quotation mark

Maple commands

->, 51, 406, 408, 409, 411, 430, 452

$, 8

% 1,3

abs, 274, 276

add, 141, 150, 159, 161, 216, 221, 227,
229, 288, 303, 326, 581

additionally, 25, 176, 179, 246

AiryAi, 441, 443

AiryBi, 441

algsubs, 236, 308, 334, 337, 338

animate, 284, 286, 288, 298, 303, 411,
418, 449, 452, 558

arccos, 11

argument, 274, 276

assign, 25, 188, 236, 268, 384, 406,
408, 409, 411, 430, 452

assume, 25, 44, 116, 127, 171, 176, 179,
183, 185, 188, 210, 213, 240, 242,
246, 247, 298, 308, 348, 406, 408,
409, 416, 418, 487, 498, 514, 539,
571, 593

assuming, 15, 140, 188, 191

BessellJ, 20, 153, 154, 156, 159, 161,
165, 227, 229, 303, 338, 499

BesselJZeros, 153, 156, 159, 161,
227,229, 303

BesselK, 315

BesselY, 20

coeff, 436, 473, 580

collect, 22, 88, 104, 308, 384, 436
520

combine, 91, 104, 251, 325, 449

conjugate, 325, 327, 331, 406, 408,
409, 411, 416, 418, 449, 452

contourplot, 207

convert, 44, 308, 334, 391, 393, 418,
520, 535, 571, 593

CrossProduct, 32, 236, 240, 242, 246,
251, 308

Curl, 247, 256, 308

D, 5, 406, 408, 409, 411, 430, 452

dchange, 503

denom, 334

DEplot, 65

DEtools, 62, 65

dfieldplot, 62

Index

diff, 5, 73, 75, 78, 80, 84, 88, 91, 94
110, 121, 236, 240, 242, 308, 381,
393, 467, 523, 525, 535, 558

Digits, 552

display, 62, 128, 199, 207, 210, 213,
216, 221, 227, 229, 268, 411, 430,
443, 452, 527, 568, 597

DotProduct, 28, 251

dsolve, 5, 18, 20, 22, 41, 42, 45, 46, 48,
50, 53, 62, 65, 73, 75, 78, 80, 101,
104, 110, 121, 128, 131, 220, 224,
236, 264, 265, 268, 427, 441, 498,
558, 566, 571, 583, 584, 586, 587

Eigenvectors, 32

EllipticK, 127

eval, 18, 94, 188, 207, 298, 358, 359
364, 381, 418, 552, 571

evalc, 28, 144, 210, 274, 276, 278, 325,
327, 331, 409, 449

evalf, 1, 381, 523, 525, 552

exp, 3

expand, 3, 51, 56, 147, 195, 196, 251,
286, 439, 525, 535

factor, 436, 473, 580

factorial, 439, 467, 475

fieldplot, 199, 216

fieldplot3d, 199, 247

for, 141, 150, 154, 156, 159, 161, 216,
221,227, 229, 288, 303

fsolve, 154, 430, 443, 452, 499

GAMMA, 517, 525, 529, 593

Gradient, 199, 216, 218, 223, 251, 257,
308

Heaviside, 348, 418

HermiteH, 165, 167, 439

hypergeom, 446

identity, 51, 56

Im, 210,213,278, 348

implicitplot, 130, 199, 207, 210,
213, 216, 221, 227, 229, 487

implicitplot3d, 487

infinity, 15

Int, 9, 493

int, 5, 15, 116, 127, 140, 141, 144, 150,
159, 161, 171, 176, 179, 183, 185,
188, 195, 196, 221, 227, 229, 240,
242, 246, 288, 293, 296, 298, 303,
311, 315, 337, 338, 345, 370, 381,
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391, 416, 418, 446, 514, 517, 535
539, 571, 591, 597

inttrans, 143

isolate, 79, 84, 88, 91, 94, 110, 121,
278, 358, 359, 362, 364, 430, 436
452, 473, 514, 535, 580

LaguerreL, 165, 167, 475

LambertW, 381

Laplacian, 218, 223

LegendreP, 147, 150, 164, 195, 196,
221, 256

lhs, 362, 430, 452, 535

limit, 240, 369, 393, 549

linalg, 24

LinearAlgebra, 24, 25, 28, 32, 171,
176, 179, 183, 185, 188, 199, 236
240, 242, 246, 247, 251, 308, 354,
358, 359, 362, 364, 374

map, 199, 236, 240, 242, 251, 308, 436
473, 580

maximize, 326

Norm, 171, 176, 179, 183, 185, 188, 199,
240, 242, 246

Normalize, 32, 171, 176, 179, 183, 185,
199, 216, 240, 242, 246, 247

numer, 334

odeplot, 22, 62, 104, 128, 131, 571

op, 56

PDEtools, 503

pdsolve, 283, 289

Pi, 1

piecewise, 144, 293, 411, 430, 452

plot, 3, 5, 76, 131, 144, 221, 236, 268,
269, 311, 323, 326, 331, 334, 338,
341, 345, 348, 370, 381, 393, 411,
430, 439, 443, 446, 452, 475, 499
512, 527, 529, 532, 558, 568, 597

plot3d, 3, 81, 199, 216, 298, 478, 495,
558

plots, 22, 62, 104, 110, 121, 128, 130,
131, 136, 199, 207, 210, 213, 216
221, 227, 229, 247, 268, 284, 286
288, 298, 315, 323, 411, 418, 430,
443, 449, 452, 487, 527, 558, 568,
571, 597

plottools, 104, 199, 213

polarplot, 110, 136, 558

Re, 210, 213, 276, 278, 298, 345, 348,
452

residue, 593

restart, 3

rhs, 5, 362, 430, 452, 514

ScalarMultiply, 236, 246, 251, 308

ScientificConstants, 68, 396

semilogplot, 315

seq, 56, 131, 154, 156, 159, 161, 207,
236, 326, 393

series, 535

SetCoordinates, 247, 308

simplify, 25, 28, 88,91, 116, 144, 391,
393, 409, 416, 418, 520, 535, 571

solve, 3, 11, 13, 18, 25, 51, 56, 188,
207, 260, 261, 263, 369, 370, 381,
384, 388, 406, 408, 409, 411, 427,
430, 520, 552, 591

spacecurve, 121, 323, 558

sphereplot, 121

sqrt, 1

subs, 18, 62, 65, 73, 75, 78, 80, 84, 88,
91, 94, 101, 104, 110, 121, 221,
308, 359, 364, 467, 520, 523, 525,
535, 558

sum, 393, 436, 473, 580

taylor, 44, 127, 152, 188, 191, 308,
334, 391, 393, 418, 493, 520, 525
535,593

tensor, 549, 554, 563

tensorGR, 549, 554, 563

Transpose, 32

unapply, 51, 56, 331, 341, 393

value, 9, 493

VariationalCalculus, 72

VectorCalculus, 24, 199, 216, 218
223, 246, 247, 251, 308

VectorField, 247, 308

WhittakerM, 583

WhittakerW, 583

Zeta, 522, 525, 593

Maxwell bridge 281

Maxwell equations 181, 205, 253
time-dependent, 305, 321

Maxwell-Boltzmann statistics 512

mean occupation number 510

mean thermal wavelength 516

method of images 206

metric tensor 356, 546

Michelson interferometer 343

modes 287, 302

603
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moment of inertia 31, 119
Morse potential 445, 586
multipole expansion 190, 255, 492

natural frequency 48, 52, 274
nonlinear system, 127
Newton’s law of gravitation 109, 551
Newton’s second law 17, 24, 41, 83, 235
relativistic modification, 367
noble gases 491
nonlinear oscillation 126
normalization of wave function 429, 446
nuclear shell model 502

Ohm’s law 259, 271
orbital 494, 506
orthogonal condition 148
orthonormal condition 146

paramagnetism 390
particle density 513
partition function 393, 509
path integral 97, 423, 462
Pauli’s exclusion principle 491, 502, 530
period-doubling 133
permeability 239, 305
permittivity 169, 305, 589
phase space 62, 108, 133, 510
phase velocity 292
phasor diagram 328
Planck constant 297, 380
plane wave 285, 321, 363, 403
Poincaré section 133
Poisson distribution 450
Poisson equation 205, 551
polar coordinates 108, 182, 301
polarizability 391, 589
polarization (of a medium) 390, 589
polarization (wave) 322
circular, 322
elliptical, 322
linear, 322
Poynting vector 308
precession 117, 126, 137, 563
predator—prey equations 68
principle of least action 82, 351, 423, 556

principle of superposition 169, 284, 329, 414,

449, 494
probability density 402, 478

Index

projectile motion 24, 395
propagator 422
proper time 361, 373, 377, 546

quadrupole moment 193, 233
quantum number 387, 487
angular momentum, 471, 487
magnetic, 471, 487
principal, 473, 487, 505
radial, 473, 478
quasi-frequency 48

Rayleigh scattering 318
Rayleigh’s criterion 336, 340, 350

for circular aperture, 340
Rayleigh—Jeans law 380, 395
recurrence relation 436, 473, 580
redshift

cosmological, 569

Doppler, 366

gravitational, 551
redshift parameter 569
reduced mass 108, 389, 465
resonance 60, 274, 460
Ricci scalar 547
Ricci tensor 547
Riemann tensor 547
Riemann zeta function 518, 522, 593
Robertson—Walker metric 563
root-mean-square current 273
root-mean-square voltage 273
Runge-Kutta method 62
Rydberg constant 387
Rydberg correction 504
Rydberg energy 388, 472

scalar field 180, 197

scalar potential see electric potential

Schrodinger equation 401, 465, 471
relativistic correction, 504
time-independent, 403, 425

Schwarzschild solution 553

selection rules 461, 506

separation of variables 215, 219, 224, 287,

301, 402, 465

separation vector 170, 239, 306

series solution 436, 472, 579

similarity transformation 35, 373

simple harmonic oscillator 41
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quantum mechanics, 438, 584 gravitational, 551
small oscillation 43, 61, 101 transient 56
small-angle approximation 61, 101 transpose of matrix 35, 373
Snell’s law 352 twin paradox 377
source point 170, 239, 306 two-state system 450
specific heat 511, 519, 525, 531, 535, 542
spherical Bessel functions 499 uncertainty principle 292, 316, 344, 386, 404,
spherical coordinates 28, 93, 174 511
spherical harmonics 221, 466 uniqueness theorem 206
addition theorem, 192, 470 i
standing wave 286, 427 van der Pol equation 65

vector field 180, 197
vector potential 244, 253
retarded, 306
velocity addition rule 361, 375
virial coefficients 519, 531
virial expansion
ideal Bose gases, 518
ideal Fermi gases, 530
virtual work, principle of 90, 250

stationary state 387, 403, 411
steady-state solution 56
Stefan—Boltzmann constant 379, 540
Stefan—Boltzmann law 379, 540
Stern—Gerlach experiment 250, 392
strange attractor 133

Sturm-Liouville system 164
supernovae of type Ia 568

surface of revolution 81, 478, 487, 597
symmetric top 118

ot wave equation 283, 305, 321
synchrotron radiation 312

wave—particle duality 385, 404
Wheatstone bridge 260

Taylor series 44, 308 Whittaker function 583
tensor 31, 373, 546 Wien’s displacement law 379
theory of potential 205 wormhole 597

Thomson scattering 67, 318 Morris—Thorne, 597

cross-section, 67, 398
time dilation 359, 373, 377 Yukawa potential 202
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